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ABSTRACT

New tests for checking asymptotic stability of positive
1D continuous-time and discrete-time linear systems
without and with delays and of positive 2D linear
systems described by the general and the Roesser
models are proposed. Checking of the asymptotic
stability of positive 2D linear systems is reduced to
checking of suitable corresponding 1D positive linear
systems. Effectiveness of the tests is shown on
numerical examples.

INTRODUCTION

A dynamical system is called positive if its trajectory
starting from any nonnegative initial state remains
forever in the positive orthant for all nonnegative inputs.
An overview of state of the art in positive theory is
given in the monographs (Farina and Rinaldi 2000;
Kaczorek 2002). Variety of models having positive
behavior can be found in engineering, economics, social
sciences, biology and medicine, etc..

New stability conditions for discrete-time linear systems
have been proposed in (Bustowicz 2008) and next have
been extended to robust stability of fractional discrete-
time linear systems in (Bustowicz 2010). The stability of
positive continuous-time linear systems with delays has
been addressed in (Kaczorek 2009c) The independence
of the asymptotic stability of positive 2D linear systems
with delays of the number and values of the delays has
been shown in (Kaczorek 2009d). The asymptotic
stability of positive 2D linear systems without and with
delays has been considered in (Kaczorek 2009a and
2009b). The stability and stabilization of positive
fractional linear systems by state-feedbacks have been
analyzed in (Kaczorek 2010).

In this paper new tests for checking asymptotic stability
of positive 1D continuous-time and discrete-time linear
systems without and with delays and of positive 2D
linear systems described by the general and the Roesser
models will be proposed. It will be shown that the
checking of the asymptotic stability of positive 2D linear
systems can be reduced to checking of stability of
suitable corresponding 1D positive linear systems.
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The paper is organized as follows. In section 2 new
stability tests for positive continuous-time linear systems
are proposed. An extension of these tests for positive
discrete-time linear systems is given in section 3.
Application of the tests to checking the asymptotic
stability of positive 1D linear systems with delays is
given in section 4. In section 5 the tests are applied to
positive 2D linear systems described by the general and
Roesser models. Concluding remarks are given in
section 6.

The following notation will be used: R - the set of real
numbers, R™" - the set of nxm real matrices, Ry -
the set of nXxm matrices with nonnegative entries and
R =R, M, - the set of nxn Metzler matrices (real
matrices with nonnegative off-diagonal entries), I, - the

nxn identity matrix.

CONTINUOUS-TIME LINEAR SYSTEMS

Consider the continuous-time linear system

#(t) = Ax(t) @2.1)

where x(z)e R" is the state vector and Ae R™" .
The system (2.1) is called (internally) positive if
x()eR,, =20 for any initial

x(0)=x,e R, (Farina and Rinaldi 2000; Kaczorek

2002).

Theorem 2.1. (Farina and Rinaldi 2000; Kaczorek 2002)
The system (2.1) is positive if and only if A is a Metzler
matrix.

The positive system is called asymptotically stable if

conditions

lim x(#) =lime*'x, =0 for all x,e R

1—00 t

Theorem 2.2. (Farina and Rinaldi 2000; Kaczorek 2002)
The positive system (2.1) is asymptotically stable if and
only if all principal minors M,, i=1,...,n of the matrix

—A are positive, i.e.

—a; —dp

M, =-a,>0, M, =

2.2)

—dy; —dap

M, =det[-A]>0



Theorem 2.3. (Farina and Rinaldi 2000; Kaczorek 2002)
The positive system (2.1) is asymptotically stable only if
all diagonal entries of the matrix A are negative.

Let A=[qg;]e R™" be a Metzler matrix with negative

diagonal entries (a,; <0, i=L...,n).

Let define
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Let us denote by L[i+ jXxc] the following elementary

row operation on the matrix A: addition to the i-th row
the j-th row multiplied by a scalar c. It is well-known
that using these elementary operation we may reduced
the matrix

ay  ap a,
a a .. a
21 2 2.n
A=| . . . 2.4)
an,l an,Z an.n

to the lower triangular form

i, 0 .. 0

~ |a, a

A= 77 (2.5)
5n,l 5n,2 an,n

It is easy to show that if the matrix (2.4) is Metzler
matrix with negative diagonal entries then the matrix
(2.5) is also a Metzler matrix.

Theorem 2.4. The positive system with the matrix (2.5)
is asymptotically stable if and only if all diagonal entries
of the matrix are negative.

Proof. The eigenvalues of the matrix (2.5) are equal to
its diagonal entries a,,,...,d,, and the positive system is

asymptotically stable if and only if all the diagonal
entries are negative. O
Theorem 2.5. The positive continuous-time linear
system (2.1) is asymptotically stable if and only if one of
the equivalent conditions is satisfied:
i) the diagonal entries of the matrices defined by
2.3)

AP fork=1,...n-1 (2.6)

are negative,
ii) the diagonal entries of the lower triangular
matrix (2.5) are negative, i.e.

dy <0 fork=1,...,n 2.7)

Proof. To simplify the notation we shall show the
equivalency of the conditions (2.2) and (2.6) for n = 3.
From Theorem 2.2 for n = 3 we have

_ 2 _
-M,=a,, <0, (-D)"M, =a,a,, —a,a, >0,
a4y 4y
3
=1)"'M, =det|a,, a,, ay
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(2.8)
By condition i) of Theorem 2.5 for n = 3 the diagonal
entries of the matrices

b(o)c(o) a a 1la
A _ 40 bycy” |4y 12 13
A=A - a0 = - las, ay]

33 Gy Ay | Gy |0y
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(2.9)
are negative. Note that the condition (2.8) are equivalent
to the conditions (2.9) since a,; <0, i=12,3 and the
inequalities

— _ G143 — Ay30y

— _ Gyls; —dyds,
ap =

<0, gy =—=——=-2<0
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and
a.a,, —d,a
117722 127721 < O

Ay

. . . a4, 4y
are satisfied if and only if det{ }>O and

ay Ay

1 | a,a53 —aiay,  a,a55 —aia
det |: 117733 13731 1233 13 32:| >0.
Q33 | Gy A33 — A3y Ayylsy — A3y
The proof can be also accomplished by induction with
respect to n. A different proof is given in (Narendra and

Shorten 2010).
To show the equivalence of the conditions (2.6) and

(2.7) note that the computation of the matrix A" by the

use of (2.3b) for k = 1 is equivalent to the reduction to
zero of the entries a ino j=1L..,n—1 of the matrix

(2.4) by elementary row operations since

Ay e Gy | A
@O _ : : .
A= : — :a,, a, ]
an,n
anfl,l anfl,nfl anfl,n
(2.10)
ai n . an ialn
Note that ——= >0 fori=1,....n—1and ————= >0
an,n an,n

fori=1,...,n - 1since a,, <0 and a; 20 for i = j.

Thus, the matrix A", is a Metzler matrix. Continuing

this procedure after n steps we obtain the Metzler lower
triangular matrix (2.5). Therefore, the conditions (2.6)
and (2.7) are equivalent. O

Example 2.1. Consider the positive system (2.1) with the
matrix

A=| 0 -1 1. @2.11)

Check the asymptotic stability using the conditions
(2.2), (2.6) and (2.7).
Using (2.2) for (2.11) we obtain

2 -1
M, =2>0, M2=0 { =2>0,

2 -1 0
M, =det[-A]=|0 1 -1=1>0
-1 -1 2

The conditions (2.2) of Theorem 2.2 are satisfied and
the positive system (2.1) with (2.11) is asymptotically
stable.

Using (2.3) for (2.11) we obtain

HO O
A(l) — A(O) _22 *2
PR
-2 1| 10 -2 1
= +—| |1 1]=
0 -1| 2|1 05 =05
.0
A = AD _bl%=_2+£=_1
ay, 0.5

The conditions (2.6) of Theorem 2.5 are satisfied and
the positive system is asymptotically stable.

Using the elementary row operations to the matrix
(2.11) we obtain

-2 1 0 -2 1 0
A=l 0 -1 1 |9 505 -05 0
1 1 -2 1 1 -2

-1 0 0

L2l 505 —05 0 |

1 1 -2

The conditions (2.7) of Theorem 2.5 are also satisfied
and the positive system is asymptotically stable.

DISCRETE-TIME LINEAR SYSTEMS
Consider the discrete-time linear system

=Ax, ieZ, ={0],..} 3.1

i+l i

X

where x, € R" is the state vector and A € R"™" .

The system (3.1) is called (internally) positive if
x,€ R}, ie Z, for any initial conditions x, € R .
Theorem 3.1. (Farina and Rinaldi 2000; Kaczorek 2002)
The system (3.1) is positive if and only if Ae R7".

The positive system is called asymptotically stable if

limx, =limA'x, =0 for all x,e R
From Theorem 2.2 and 3.1 it follows that the
nonnegative matrix A is asymptotically stable if and
only if the Metzler matrix A -1, is asymptotically

sable.
Theorem 3.2. (Farina and Rinaldi 2000; Kaczorek 2002)
The positive system (3.1) is asymptotically stable if and

only if all principal minors M ;» i=1,...,n of the matrix

A= I - A= [a,;]e R™ are positive, i.e.

~

M, =a, >0 M—&” G,
1 =a; >0, 2 =

>0,...., M, =det[A]>0

ay Ay




Theorem 3.3. (Farina and Rinaldi 2000; Kaczorek 2002)
The positive system (3.1) is asymptotically stable only if

all diagonal entries of the matrix A are less than 1.

It is assumed that a, <1, i=1,...,n of the matrix
A =[a;]e RT" since otherwise by Theorem 3.3 the
system is unstable. Using (2.3) in a similar way as for
the matrix A we define for the matrix A=A — I, = [d,.j]
the matrices A*) for k=0,1..n-1. Using the

~

elementary row operations we reduce the matrix A to
the lower triangular form

~
a, 0 .. 0
-~ ~
~ a a
21 22
A= : (3.4)
~ -~ -~
a n,l a n2 a nn

Theorem 3.4. The positive discrete-time system with the
matrix (3.4) is asymptotically stable if and only if all

diagonal entries of the matrix A" are less than 1.
Proof is similar to the proof of Theorem 2.4.
Theorem 3.5. The positive discrete-time linear system
(3.1) is asymptotically stable if and only if one of the
equivalent conditions is satisfied:

i)  the diagonal entries of the matrices

A® fork=1,..n-1 (3.5)

are negative,
ii) the diagonal entries of the lower triangular
matrix (3.4) are negative, i.e.

a', <0 fork=1,..n (3.6)

Proof. The positive discrete-time system (3.1) is
asymptotically stable if and only if the corresponding
continuous-time system with the Metzler matrix

A=A- I, is asymptotically stable. By Theorem 2.5 the
positive discrete-time system (3.1) is asymptotically
stable if one of its conditions is satisfied. O

Example 3.1. Check the asymptotic stability of the
positive system (3.1) with the matrix

— 105 0.1
A= . (3.7
02 04
In this case
n -05 0.1
A=A-1I = . (3.8)
02 -0.6

Using (3.5) for n = 2 we obtain

s dpd 0.1%0.2
AV =gy, -2 = 05+ <

ay 0.6

1.

Condition i) of Theorem 3.5 is satisfied and the positive
system (3.1) with (3.7) is asymptotically stable.
Similarly, using the elementary row operations to the
matrix (3.8) we obtain

- [-05 01 ] |ZT
A= —— 15 .
02 -06 02 —0.6

The condition ii) of Theorem 3.5 is satisfied and the
positive system is asymptotically stable.

LINEAR SYSTEMS WITH DELAYS

Consider the continuous-time linear system with g
delays (Kaczorek 2009c¢)

(1) = Ax() + ). Ax(t—d,) (4.1)

k=1

where x(f)e R" is the state vector, A, € R™",
k=0,1,...,q and d, >0, k=1,...,q are delays.
The initial conditions for (4.1) have the form

x(t) =x,(t) for te[-d,0], d = max d, 4.2)

The system (4.1) is called (internally) positive if
x(r)e R, + =0 for any initial conditions x, ()€ R’ .
Theorem 4.1. The system (4.1) is positive if and only if

AyeM, and A, e RY", k=1..q 4.3)

where M, is the set of nxn Metzler matrices.

Proof is given in (Kaczorek 2009c).

Theorem 4.2. The positive system with delays (4.1) is
asymptotically stable if and only if the positive system
without delays

9
i=Ax, A=) AeM, (4.4)

k=0

is asymptotically stable.

Proof is given in (Kaczorek 2009c).

To check the asymptotic stability of the system (4.1)
Theorem 2.5 is recommended. The application of
Theorem 2.5 to checking the asymptotic stability of the
system (4.1) will be illustrated by the following
example.

Example 4.1. Consider the system (4.1) with ¢ = 1 and
the matrices



-1 02 05 0.1
A, = A = . @5)
02 -14 02 08

The matrix of the positive system (4.4) with delays has
the form

-05 03
A=ayra=| 0 e M, (4.6)

Using (2.6) for the matrix (4.6) we obtain

04%0.3

AV =-05+
0.6

-03. 4.7)

Condition i) of Theorem 2.5 is satisfied and the positive
system (4.1) with (4.5) is asymptotically stable.

Now let us consider the discrete-time linear system with
q delays (Bustowicz 2008)

q
Xy = D AKXy, €2, (4.8)
k=0

where x,€ R" is the state vector and A, € R™,

k=0,1,...,q.
The initial conditions for (4.8) have the form

x_,€R" fork=0,1,....q. 4.9)

The system (4.8) is called (internally) positive if
x, e R}, ie Z, for any initial conditions x_, € R} for
k=0,1,...,q.

Theorem 4.3. (Kaczorek 2002) The system (4.8) is
positive if and only if A, € R, k=0,1,....q.

Theorem 4.4. The positive discrete-time system with

delays (4.8) is asymptotically stable if and only if the
positive system without delays

— — 9
Xy =Ax,, A=) A, ieZ  (4.10)

k=0

is asymptotically stable.

Proof is given in (Bustowicz 2008).

To check the asymptotic stability of the system (4.8)
Theorem 3.5 is recommended. The application of
Theorem 3.5 to checking the asymptotic stability of the
system (4.8) will be illustrated by the following
example.

Example 4.2. Consider the positive system (4.8) with
g = 1 and the matrices

A= 02 02 Y 02 0.1 @1
1o o020 Tt loa 03] '

The matrix of the positive system (4.10) without delays
has the form

A=A +A = 0403 (4.12)
- "102 05]° '
In this case
. -0.6 03
A=A-1I, = (4.13)
02 -05

and using the elementary row operation to (4.13) we
obtain

-0.6 037 | [-048 0
02 =05 02 -05]

The condition ii) of Theorem 3.5 is satisfied and the
positive system is asymptotically stable

2D LINEAR SYSTEMS

Consider the general autonomous model of 2D linear
systems

Xivt jrl = A()xi,j + Alxi+1,j + Azxi,j+1’ i,JEZ, (5.1

where x; ;€ R" is the state vector and A, € R™",

k=0,1,2.
Boundary conditions for (5.1) have the form

X,€R", ieZ, and xo’jei)?”, jeZ,. (5.2)

The model (5.1) is called (internally) positive if
x,; € Ry, i,je Z, for any initial conditions x,,€ R,
ieZ,, x,€R, jeZ,.

Theorem 5.1. (Kaczorek 2002) The system (5.1) is
positive if and only if

A e R™ k=012 (5.3)

The Roesser autonomous model of 2D linear systems
has the form (Kaczorek 2002)

h h
o {A“ A‘Z} Nl i jez, (54
Xi i+l A, Ay Xij
where x/, € R" and x; € R™ are the horizontal and

vertical state vectors at the point (i,j) and A, , € R"™™,

k,1=172.
Boundary conditions for (5.4) have the form



xo, €R", jeZ, and x/,e R™,ieZ, . (55)

4

The model (5.4) is called (internally) positive if
x', e Ry and x/;€ R for any initial conditions

xo,€RY, jeZ, and x,e R, ieZ,.
Theorem 5.2. (Kaczorek 2002) The Roesser model (5.4)

is positive if and only if

|:All A12

eR™,n=n+n,. 5.6
Ay Azz} ’ 1 ? 60

The positive general model (5.1) is called
asymptotically stable if

. _ n o 0o
il}inwx,.,j =0 forall x,,eR},ieZ, ,x,,eR!,jeZ,.

(5.7
Similarly, the positive Roesser model (5.4) is called
asymptotically stable if

h

X

lim{ ‘;’} =0 forall x;, e R}, jeZ,,
X

ij—o| X, .

L]

x, e R ,ieZ (5.8)

4.

Theorem 5.3. The positive general model (5.1) is
asymptotically stable if and only if the positive 1D
system

Xy =Ax,, A=A +A+A, ieZ, (5.9)

i+l i

is asymptotically stable.

Proof is given in (Kaczorek 2009a and 2009d).

Theorem 5.4. The positive Roesser model (5.4) is
asymptotically stable if and only if the positive 1D
system

A Ap .
Xy = x;, I1€Z, (5.10)
Ay Ay

is asymptotically stable.

Proof is given in (Kaczorek 2009a and 2009d).

To check the asymptotic stability of the positive general
model (5.1) and the positive Roesser model (5.4) the
Theorem 3.5 is recommended. The application of
Theorem 3.5 to checking the asymptotic stability of the
models (5.1) and (5.4) will be shown on the following
examples.

Example 5.1. Consider the positive general model (5.1)
with the matrix

_[or02] o or] _fo2 03 S
AO_O.I o1 " lo o1l ' o1 02|

In this case

A=A +A+A, = 0.3 06 (5.12)
- 202 04 '
and
A -07 06
A=A-1I = . (5.13)
02 -06

Using the elementary row operation to (5.13) we obtain

. 07 06| s |05 O
02 -06 02 -06]

The condition ii) of Theorem 3.5 is satisfied and the
positive general model with (5.11) is asymptotically
stable.

Example 5.2. Consider the positive Roesser model (5.4)
with the matrices

A
A{ " 12} (5.14a)
AZI A22
And
0.3 02 0.1
A, = » Ap = >
0.1 04 0.2 (5.14b)
A, =[02 0.1], A,, =[0.8].
In this case
-07 02 01
A=A-1 =/ 01 -06 02 |. (515

02 01 =02

Using the elementary row operation to (5.15) we obtain

-07 02 017 . [-06 025 0
01 -06 02 |40 0063 _05 0
02 01 -02 02 01 -02

045 0 0

_ 03] of g3 —05 0

0.2 0.1 -0.2

The condition ii) of Theorem 3.5 is satisfied and the
positive Roesser model with (5.14) is asymptotically
stable.

In a similar way as for 1D linear systems using
(Kaczorek 2009b) the considerations can be easily
extended to 2D linear systems with delays and to
fractional 1D and 2D linear systems.



CONCLUDING REMARKS

New tests for checking asymptotic stability of positive
1D continuous-time and discrete-time linear systems
without and with delays and of positive 2D linear
systems described by the general and the Roesser
models have been proposed. The tests are based on the
Theorem 2.5 and Theorem 3.5. Checking of the
asymptotic stability of positive 2D linear systems has
been reduced to checking of suitable corresponding 1D
positive linear systems. The tests can be also extended
to 2D continuous-discrete linear systems and to 1D and
2D fractional linear systems. An open problem is
extension of these considerations to 2D positive
switched linear systems.
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