Real Time Temporal Logic: Past, Present,Futur e*

OdedMaler!, DejanNickovic! andAmir Pnuel?-3

1 Verimag,2 Av. deVignate,38610Giéres France
[ Dej an. Ni ckovic | COded. Mal er] @nag. fr
2 Weizmanninstituteof ScienceRehaot 76100,Israel
3 New York University, 251 MercerSt. New York, NY 10012,USA
Ami r. Pnuel i @s. nyu. edu

Abstract. This paperattemptso improve our understandingf timedlanguages
andtheir relationto timed automataWe startby giving a constructve proof of
thefolk theoremstatingthattimed languagespecifiedby the pastfragmentof
MITL, canbe accepteddoy deterministictimed automataOn the otherhandwe
provide a proof that certainlanguage&xpressedn the future fragmentof miTL
arenot deterministic! andanalyzethe reasorfor this asymmetry

1 Intr oduction

In this paperwe comparethe pastandfuture fragmentsof the real-timetemporallogic

MITL [AFH96] with respectto the recognizabilityof their modelsby deterministic
timedautomataTo put ourwork in context we first discusgastandfuturein untimed
temporallogic, the questionof online and offline monitoringaswell assomerelated
work onreal-timelogicsandtimedlanguages.

1.1 Pastand Futurein LTL

Propositionalineartime temporallogic (LTL) is acommonly-acceptetbrmalismfor
specifyingpropertief finite-statediscretesystemgMP95b]. The semantianodelsfor
LTL aretypically sequencewhich areinfinite toward the future andfinite toward the
past® Onthis semantidomainthereis a“typing” asymmetnjpetweermodelsof prop-
ertiesexpressedn the pastfragmentof LTL, which are starfree® regular languages
and modelsfor formulaewritten using the future fragmentwhich are starfree regu-
lar w-languages To facilitate a closercomparisorof the expressve power of the two

* This work was partially supportedby the EuropeanCommunity project IST-2003-507219
PROSYD (Property-base&ystemDesign).

4 As far aswe know, no systematidechniquedor proving suchfactshave beendevelopedfor
timed automatasincetheirintroduction15 yearsagountil recently

5 In otherwordsthe“carrier set”is isomorphido N, notZ. Languagesver bi-infinite sequences
have beenstudiedin [NP86].

5 Theword star-freecomesrom thecharacterizatioof thesdanguagesisthosedefinableusing
aspecialclassof regular expressionghe do not usethe Kleenestarbut allow intersectiorand
complementatiorsee[MNP71].



formalisms,one canunify their semanticdomainsby interpretingfuture LTL over fi-
nite sequenceslhis canbe done,for example,by extendingLTL semanticgo include
“truncated”(finite) pathsasin [EFH*03]. Gettingrid of thew-dimensiorwe canfocus
onthedifferencedetweerthe two formalismswhich arerelatedto the directionof the
temporalmodalities.

Whenanautomatorreadsa sequencethe currentstateof theautomatorrepresents
(theequivalenceclassof) theprefixreadsofar. PastLTL fits naturallythis point of view
assatisfctionis determinechow by what happenedrom time zerountil now. Future
LTL, onthe otherhand,statesat time zerowhat it expectsto seeor not to seein the
future. As time progressessomeof those“obligations” arefulfilled (or violated)and
somenew onesare generatedSatishctionis establishedf all obligationsare met at
the end of the sequenceThe translationfrom LTL formulaeto automatahat accept
their modelsis one of the cornerstone®f formal verification [VW86], and most of
thework on the topic focusedon future propertiesandw-automataFroma future LTL
formulaonecanconstrucnaturallyanalternatingor anon-deterministi@automatorihat
acceptghelanguage Suchanautomatorcanbe determinizeceitherby the non-trivial
constructionof Safrafor w-automatgdSaf88], or by the simplersubsetconstructionf
we take the finitary interpretationThe translationfrom pastLTL to automatas more
folklore, but it is not hardto seethatit translateshaturally to deterministicautomata,
a fact the also explainsthe simplicity of the online monitoring proceduren [HRO2].
Sothebottomline for LTL is thatboththe pastandfuture fragmentscanbe eventually
translatednto deterministicautomatd.

1.2 Deterministic Automata and Online Monitors

Monitoringis theproces®f testingwhetheragivenbehaior ¢ satisfiesapropertyy (or,
equialently belonggo the correspondindanguagel’). This processanbeperformed
in two differentfashions.Offline monitoring startsafter the whole sequencés given.
Onlinemonitoringis interlearedwith theprocesof readingthe sequencandis similar
tothewaythesequencés readby anautomatonOnlinemonitorscandetectviolationor
satishictionas soonasthey happenwhich canbe aftera small prefix of the sequencé.
Thisis advantageoufor two reasonsfor monitoringreal systemgratherthansimulated
ones)offline monitoringis a post-ictumanalysisandcanbetoo lateto be useful.Even
for simulatedsystemswheremonitoringis usedasa lightweightalternatve to formal

" We mentionthe resultsof [MP90] which shov how to go from counterfree automateo past
LTL formulaeandfrom counterfree w-automatato mixed past-futureformulae which are
Booleancombinationf formulaeof theform [] <> ¢ wherey is a pastformula.An alter
native proof of the factthatall LTL formulaecanbe broughtto this normalform appearsn
[LPZ85].

8 To be more precise violation or satisictionof a propertybasedon a prefix canbe declared
whenall possiblecontinuationof the prefix areequialentwith respecto the formula. Such
a prefix is called“definitive” in [EFH'03]. If the correspondingautomatoris minimal, this
factcanbe easilydetectedby enteringa “sink”state, eitherrejecting(for violation of safety)
or acceptingsatishctionof eventuality).For non-minimalautomatahe analysisis a bit more
involved.



verification,earlydetectiormayreducesimulationtime significantly In analogcircuits,
theapplicationdomainthattriggeredthis work, simulationscanbeverylong.

In [MNO4] we have developedan offline monitoring procedurefor the real-time
logic MITL 4. This procedurewhich was usedto monitor propertiesof real-\alued
signals,scanghesignalfrom the endbackwardsandpropagtestruth valuesfrom sub-
formulae“upward” andfrom the presento the past.In orderto have anonlineversion
of this procedurewe somehav needto producean automaton-lie mechanismthat
readsBooleansignals,andwhosestateduring readingis sufficiently detailedto detect
acceptancer rejectionasthey occur To follow the samerecipeasin theuntimedcase,
onewould like to transforma formulato a timed automatorto be usedasa monitoring
procedureHowever, the naturaltranslationof MITL yieldsnon-deterministior alter
natingtimed automatawhich, in the generalcase,do not determinizefAD94]. There
areseveralremediedor this problem:

1. Usetheimportantobsenrationof Tripakis[Tri02,KT04] thaton-the-flydeterminiza-
tion with respecto a givennon-Zenosignalis possiblefor ary timed automaton.
Thereasorfor non-determinizabilityof certainautomatas the needto memorize
thetimesof all eventsthat have occurredwithin a boundedime window, without
ary a-prioriboundon theirnumberIn monitoring,we obsene asignalwith afixed
numberof events,which cangenerateonly a finite numberof non-deterministic
choicesand hencethe restriction of the automatonto this signalis amenableo
subsetonstruction.

2. Developapiecavise-backvardversionof the procedureén [MNO4] which afterev-
ery new eventor samplingpoint, restartdhe propagtionof truth valuesbackwards
(in mostcaseghe propagtionneednot go backtoo far).

3. Usespecificatiorformalismsthatcorrespondo deterministidimedautomata.

Thiswork is theresultof attemptingto follow thethird approach.

1.3 RelatedWork

The study of real-time specificationformalismsstartedin the eightiesand generated
numeroudogics, resultsand papers.Thereaderis advisedto look at sureys anddis-
cussionsof theselogics [AH92a,Hen98HR04], of timed automatgdAlu99] andtimed
languagesn general[Asa04. Without purportingto be exhaustve, we mentionsome
relevantresults.

The real-timelogic mITL wasintroducedin [AFH96] asa restrictionof the more
generalogic MTL (metrictemporallogic) of [Koy90Q]. The restrictionof time modal-
ities to positve-lengthintervals wasintendedto guarantealecidability but recentre-
sults[OWO05,LW05] shawv thatthis restrictionis not necessaryor decidingmTL over
finitary event-basedemanticsTheoriginal versionof miTL containednly futuretem-
poral operatorsand [AFH96] give a procedurefor translatingan m1TL formula into
a non-deterministidcimed automatorwith the satisfiabilityand model-checkingprob-
lemsbeingEXPSRACE-completeThe non-determinizabl@atureof MiTL is hintedin
thepaper

Event-recordingautomatawhereonly thetime of thelast occurrencef everyinput
lettercanberememberedy aclock, have beenshowvn to bedeterminizablén [AFH99].



Event-clockautomatajntroducedin the samepaper constitutea generalizatiorof the
latter which allow also“event-predicting”clocks. Event-clocklogic is anotherdecid-
ablereal-timelogic which is equally expressie asmiITL [RSH98] andwhich canbe
naturallytranslatednto determinizableavent-clockautomataHowever thosebecome
non-deterministiavhenexpressedhsclassicalAlur-Dill automaté.

An investigation of pastandfuture versionsof MITL wascarriedoutin [AH92b]
wherethe “prediction” featureof event-clockautomatavasreplacedby the ability of
theautomatorto changehedirectionof reading.Theauthorsdescribeastricthierarcly
of timed languagedasedon the numberof direction reversalsneededto recognize
them (which correspondsoughly to the nestingdepthof pastand future operators).
The deterministicnatureof the pastfragmentof MITL is mentionedasa corollary of
thathierarcly but no explicit proofis given.

Real-timemonitoringtoolsoftenrely ontemporalogicsastheir propertyspecifica-
tion languagebut typically undera discrete-timenterpretationFor example, [KPAO3]
uselLTL,, standard_TL augmentedvith freezequantifies, while in [TR04] the moni-
toring procedureusesmTL. In [Gei02] the densesemanticss presered but additional
restrictionson MITL areimposedn orderto guarante@eterminizability Theseinclude
the restrictionof timed modalitiesto intervals of the form [0, d] anddisalloving arbi-
trary nestingof temporaloperators.

In [MP04] we startedocusingon deterministidimedautomatdecausef thebelief
thatsomefundamentatonceptof automataheoryarebetterstudiedin adeterministic
framewvork. We have definedtherea notion of recaynizability and have shawvn thatis
coincideswith acceptancey deterministidimedautomataThe currentpaperis partof
thequestfor a matchingspecificatiorformalism.

Therestof the paperis organizedasfollows. In Section2 we describesignalsalong
with thelogic MmiITL. In Section3 we definethevariantof timedautomatahatwe useas
signalacceptorsThe proof of determinizabilityof the pastfragmentof mITL is given
in Section4 followed, in Section5, by the proof of non-determinizabilityof the future
fragmentanda discussiorof thereasonsFurthercontemplationglosethe paper

2 Signalsand their Temporal Logic

Two basicsemanticdomainscanbe usedto describetimed behaiors. Time-eventse-
guencesconsistof instantaneougvents separatedy time durationswhile discrete-
valuedsignalsarefunctionsfrom timeto somediscretedomain.Thereademayconsult
theintroductionto [ACMO02] or [Asa04 for moredetailson thealgebraiccharacteriza-
tion of thesedomainsin thiswork we useBooleansignalsasthe semantiadomain,but
the extensionof the resultsto time-eventsequenceéwhich areequivalentto thetimed
tracesusedby Alur andDill [AD94]) neednot beadifficult exercise.

Letthetime domainT bethesetR>, of non-n@ative realnumbersA finite length
Booleansignal¢ is a partial function¢ : T — B™ whosedomainof definitionis an

® Onemay arguethat deterministicevent-clockautomatapresere one essentiafeatureof de-
terminism,namely auniquerun for every input signal,but this comesat the expenseof losing
the causalityof the runsdueto the predictionfeaturewhich amountsto going backandforth
in time.



interval I = [0,r), » € N. We saythatthe lengthof the signalis r and denotethis
factby |¢| = r. We use([t] for the value of the signal at time ¢ and the notation
ot - ok ... o for asignalof lengtht;, + - - + t; whosevalueis o attheinterval

[0,11), o2 in theinterval [¢1, 1 +¢2), etc.We uset & [a, b] to denotelt +a, t +b] N[0, )

andt © [a, b] for [t — b, t — a) N [0, r), thatis, the Minkowski sum(difference)of {¢}

and|a, b] restrictedto the domainof definition of the signalin questionWe call these
operationsrespectrely, forwardandbackward shifting.

We definethelogic MITL, ;) asaboundedversionof thereal-timetemporallogic
MITL [AFH96], suchthatall temporalmodalitiesarerestrictedto intervals of the form
[a,b] with 0 < a < banda, b € N. Theuseof boundedemporalpropertiess oneway
to interprettemporallogic over finite-durationtraces.The basicformulaeof MITL 4 )
aredefinedby thegrammar

pi=p|=p |1V e2|e1Sapee] 1l ee

wherep belongsto asetP = {p,...,p,} of propositionscorrespondingnaturallyto
the coordinatef the n-dimensionalBooleansignal consideredThe future and past
fragmentsof MmITL useonly the ¢/ and S modalities respectiely. The satishctionre-
lation (¢, t) E ¢, indicatingthatsignal¢ satisfiesp atpositiont, is definedinductively
belav. We usep[t] to denotethe projectionof ¢[t] onthedimensiorthatcorrespondso
variablep.

&t Ep ctel0r)Aplt] =T
(&) =~ (G e
(gft) ':991\/@2 A (gat) }:Qol or (fvt) 'Z ®2

(6:1) F e1Sapp2 < It €t [a,b] (§1) = @2 andvt” € [t', 1], (§,") = ¢

(€:1) F erlliappa < I €1 [a,b] (1) = w2 @ndve” € [t,1], (€,1") = ¢

Thesatishctionof aformula by thewhole signal¢ is defineddifferentlyfor the past
andfuturefragmentsFor the pastit is definedoackwardsas® (¢, |¢]) = ¢ , andfor the
futureas(&, 0) | ¢.

FrombasicmITL, ;) Operatoronecanderie otherstandardooleanandtemporal
operatorsjn particularthe time-constrainedometiman the past alwaysin the past
eventuallyin the future andalwaysin the future operatorasvhosesemanticss defined
as

Gt Qupp 3t €tond (&) Fe
(f,t) ': E][a,b}(ro oVt eto [avb] (gat/) ): P
(gvt) }: <>[a,b] P = Elt/ €t [aab] (gatl) }: ®
(f,t) ': D[a,b}(ro oVteto [avb] (gat/) ): P

Notethatour definition of the semanticof thetime-boundedinceanduntil operators
differs slightly from their corventionaldefinitionin discretetime asit requiresa time
instantt’ whereboth (¢, 1) = ¢2 and(&,t') E ¢1.

19 To bemorepreciseijt is theright limit of (¢,t) = ¢ att — 7.



3 Timed Automata

We useavariantof TA whichdiffersfrom theclassicaldefinitions]AD94,HNSY 94 by
thefollowing features:

1. It readsmulti-dimensionaldenseBooleansignals,hencethe alphabetlettersare
associateavith statesratherthanwith transitions

2. Acceptanceconditionsaremorerefinedandmay includeconstrainton clock val-
ues.

3. Clockvaluesmayincludethespeciakymbol L indicatingthattheclockis currently
inactive

4. Transitionscanbelabeledby theusualresetsof theform z := 0 orz := 1 aswell
asby copyassignmentsf theform «; := z;.

The lastthreefeaturesdo not changethe expressie power of timed automatasee
[SV96], but allow usto treatclocksin amore“dynamic” fashion.Notethatclockinac-
tivity in a statecanbe encodedmplicitly by thefactthatin all pathsemanatingrom
thestate theclockis resetto zerobeforebeingtestedDY96]. Theuseof signalsis mo-
tivatedby our applicationdomainandreplicatingour resultsto event-basedemantics
is left asanexercise.

Thesetof valuationsof asetC = {1, ...,z,} of clockvariableseachdenotedas
v = (v1,...,v,), definesthe clock spaceH = (R>o U {L})™. A configuation of a
timed automatonis a pair of the form (¢, v) with ¢ beinga discretestate.For a clock
valuationv = (v1,...,v,), v + t is thevaluation (v}, ..., v]) suchthatv, = v; if
v; = L andv, = v; + t otherwise.A clodk constaint is a Booleancombinationof
conditionsof theformsz > d or z > d for someintegerd.

Definition 1 (Timed Automaton). A timed automatonover signalsis a tuple 4 =

(X,Q,C, )\ I, A, qo, F) wher X' is theinput alphabet(B” in this paper),Q is a finite

setof discretestatesand( is a setof clock variables.Thelabelingfunction\ : Q — X

associates letter of the alphabetto every statewhile the stayingcondition(invariant)

I assigngo every stateq a subset/, of H definedby a conjunctionof inequalitiesof

theform 2 < d, for someclock = and integer d. The transitionrelation A consists
of elementwf the form (g, ¢, p, ¢') where ¢ and ¢’ are discrete states,the transition
guard g is a subsef H definedby a clock constaint and p is the updatefunction,a

transformatiorof H definedby a setof copyassignmentandresetsonC. Finally ¢q is

theinitial stateand F' is theacceptanceondition,a subsebf ) x H definedfor eath

stateby a clodk constrint.

The behaior of the automatorasit readsa signal{ consistsof an alternationbe-
tweentime progresgeriodswherethe automatorstaysin a stateq aslong as¢[t] =
A(¢q) andI, holds, anddiscreteinstantaneoutransitionsguardedoy clock conditions.
Formally, a stepof theautomatoris oneof thefollowing:

— Atimestep:(q, v) i (g,v+1t),t € Ry suchthatA(q) = o andv + ¢ satisfies/,
(dueto thestructureof I, this holdsaswell for everyt’, 0 < ¢’ < t).

— A discretestep:(q, v) 2, (¢’,v"), for sometransitiond = (¢, 9, p,q") € 4, such
thatv satisfieyy andv’ = p(v)



A run of the automatorstartingfrom a configuration(qo, vo) is a finite sequencef
alternatingtime anddiscretestepsof theform

t t
1 61 o 2 tn

o n
¢: (qo,v0) 2, (qo,vo +t1) = (q1,v1) = (q1,v1 +t2) —> -+ Tn, (qf,vy)

A runis acceptingf thelastconfiguration(qs,vs) € F. Thesignalcarriedby therun
is ol . ok ... ot The languageof the automatonconsistsof all signalscarriedby
acceptinguns.

A timedautomatoris input-deterministidf everyinputsignaladmitsa uniquerun,
apropertyguaranteedby thefollowing two conditions:

1. Transitiondeterminismfor every two transitions(q, g1, p1, ¢1) and(q, g2, p2, ¢2),
Aa1) = Agz) implies gy N g2 = 0.

2. Time determinismfor every stateq andtransition(q, g, p, ¢'), if A(¢) = A(¢’) then
theinteriorof 1, N g is empty

Thesetwo conditionsimply thatwhile readinga givensignal,the automatorcannotbe
in two or moreconfigurationsimultaneouslyor ary positive-lengthduration.

4 FromPastMITL 4y to Deterministic Timed Automata

In this sectionwe shov how to build a deterministictimed automatonfor ary past
MITL 4 formula. The constructionfollows the samelines asthe compositionalcon-
structionof [Pnu03 for untimedfuture temporallogic, wherean automatorfor a for-
mulaobseresthe statef the automatahatcorrespondo its sub-formulaeThis con-
structionis particularly attractive for pasttemporallogic wherethe correspondence
betweerstatesn theautomatorandsatisactionof a subformulais moredirect.

We illustratethe ideaunderlyingthe proof on theformulae[ayb]  for somepast
formula . Intuitively, an automatorthat acceptssucha languageshouldmonitor the
truth value of ¢ and memorize usingclocks,the timeswhenthis value haschanged.
Memorizingall suchchangesnay requirean unboundedhumberof clocks,but aswe
shall see,only a finite numberof thoseis sufficient sincenot all occurrencdimes of
thesechangeseedto beremembered.

Considersignaly of Figure1-(a),aclock z; resetto zeroattheit" time ¢ becomes
trueandaclocky; resewheny becomesalse For thisexampleS (a5 ¥ IS trueexactly
when(z; > a Ay < b))V (z2 > a Ay <0b). Dueto themonotonicityof the clock
dynamicswheneery, goesbeyonds, its valuebecomesrrelevantfor the satishction
of the acceptanceondition, it canbe discardedogetherwith z;. By itself, this fact
doesnot guarantedinitenessof the numberof clocks becausave assumeno a-priori
boundon thevariability of .

Considemnow Figurel-(b),wherethesecondiseof ¢ is lessthanb—a time afterthe
precedingall. In this casecondition(zy > a Ay; < b) V (z2 > a A ya < b) becomes
equivalentto z; > a A y» < b. Sincethevaluesof y; andz, do not matterarymore
we may disactvatethemandforget this shortepisodeof —y. When falls again we
may re-useclock y; to recordthe occurrencdime andlet the acceptanceonditionbe
x1 > a Ayp < b. Hencethe maximalnumberof eventsto be rememberedbeforethe



oldestamongthemexpiresis m = b/(b — a) — 1 andat most2m clocksaresuficient
for monitoring sucha formula. Note that for a “punctual” modality wherea = b, m
goesto infinity.

&1 Y1 T2 Y2

@

@[a,b] ¥

(b)

Fig. 1. Memorizingchangesn thetruth valueof ¢: (&) z2 —y1 > b —a; (b) z2 —y1 < b — a.

Theautomatordepictedn Figure2, is akind of an“eventrecoder” for accepting
signalssatisfying(%mb] . Its setof discretestateq?) is partitionedinto

Q-, = {(01)"0}i=g.m andQ, = {(01)"}i=1..m.

with theintendedmeaninghatthe Booleansequencethatencodestatescorrespondo
the qualitative historiesthatthey memorize thatis, the patternsof rememberedising
andfalling of ¢ thathave occurredessthanb time ago.Theclocksof theautomatorare
{z1,91,. .., Tm,ym }, €@ChMeasuringhetime sinceits correspondingvent.Naturally,
clock z; is active only at states(01)7 and (01)70 for j; > i andclock y; at (01)70
(01)7+1 for j > i.

When ¢ first occursthe automatonmovesfrom 0 to 01 andresetsz;. When ¢
becomedalseit movesto 010 while resettingy, . Fromtherethe following threecon-
tinuationsarepossible:

1. If o remainsfalsefor morethanbd time, thetrue episodeof ¢ canbeforgottenand
theautomatormovesto 0



2. If ¢ becomedruewithin lessthanb — « time, thefalseepisodes forgottenandthe
automatorreturnsto 01

3. If ¢ becomedrueaftermorethand — a time theautomatorresetsc, andmovesto
0101.

Transitionsof type 1 may happernin all stateghatrecord2 change®r more.They
occurwhenthefirst falling of ¢ is morethand time old andhencethe valuesof clocks
x7 andy; canbe forgotten.In orderto keepthe numberof clocksboundedthis tran-
sition is accompaniedby “shifting” the clocksvalues,thatis, applyingthe operations
xi := ;41 andy; = y;41 for all i aswell asz,, := y,, := L. Theeffectof this shift-
ing operationwhenatransitionfrom (01)? to (01)* ! is takenis illustratedin Table1.

C TL|Y1|* - [ Ti—1|Yi—1|Ti|Yi|" " |Tm|Ym
v ul’U1--~ui_1U¢_1uiJ_---L 1
s(v)||uz|va|---|us |L |L|L|---|L |L

Table 1. Theeffect of theclock shifting operatiorwhile takingatransitionfrom (01)* to (01)*=*.

Lemma 1. Theeventrecoder automatonyunningin parallel with theautomatonA,,,
acceptghesignalssatisfyingS (a,6] P wheneer z; is activeandsatisfiesr; > a.

Sketch of Proof: We needto shav thatin every stateof the form (01)?0 therehave
beeni risingsandfallings of ¢ thathave occurredlessthanb time agosuchthateach
falling haslastedfor morethanb — o time, andthatthe correspondinglocksrepresent
thetimeselapsedsincethey have occurred Whenthis is the caseandsincey; < b by
constructiong, > « attimet iff therewasatimet’ € tS]a, b] in which wastrue.The
proofis by inductionon the lengthof the run. The claim is trivially true at the initial
state.The inductive step startswith a configurationof the automatonsatisfyingthe
above,andproceeddy showing thatit is preseredundertime passagandtransitions.
The prooffor statesof theform (01)? is similar. a

Lemma 2. Givendeterministictimed automata A, and A, accepting[¢] and [+/],
respectivelyonecanconstructa deterministicimedautomatoracceptingy S, 5 ¢ -

Proof: Obserefirst thaty St canbe seenasarestrictionof < ¢ to periodswhereyp
holdscontinuouslyln otherwords,theautomatomeednotmeasurg¢imesof changesn
1 afterwhich ¢ becamdalse.Hencethe S-automaton(Figure3) consistsof anevent
recordeffor ¢ augmentedavith anadditionalinitial state—y. Wheneer p becomedrue
theautomatormovesto theinitial stateof the eventrecorderandwhenerer ¢ becomes
falseit moves(from ary state)backto —¢ while forgettingall the pasthistoryof ¢). &

Theorem1 (PastMITL is Deterministic). Givena pastmITL 4, formulay, onecan
constructa deterministidcimedautomatonA4 accepting]¢].



o]
y1 > b/s y1 > b/s
010
y1 <b —p ; y1<b o
y1 > b/s y1 > b/s
PpAy2 <b—a
01010 010101

wAy1>b—a/

yp<b-p| =0 yi<h o

K
(onmo |

y1 <b -

Fig. 2. An [a, b] eventrecorder Theinputlabelsandstayingconditionsarewritten on the bottom
of eachstate Transitionsaredecoratedy theinputlabelsof thetamgetstatesandby clockresets.
The clock shift operatoris denotecdby the symbols.

1) eventrecorder

—¢

Fig. 3. Theautomatorfor ¢ S, 417



Proof: By inductionon the structureof the formula. For a propositionp we build the
deterministictwo-stateautomaton4, which movesto and from the acceptingstate
accordingo thecurrentvalueof p. For ~¢ we take theautomatonA4,, andcomplement
its acceptanceondition while for ¢ V 3 we do a Cartesianproductof A, and A,
Combiningthis with the previouslemmatheresultis established. o

5 FuturemITL is Non-deterministic

In this sectionwe demonstrate¢he existenceof atimedlanguagel, definablein future
MITL, which cannotbe acceptedy ary deterministicautomatonConsidertheformula

Oio,a1(p = o )- 1

andthelanguagel consistingof all signalsof lengtha + b thatsatisfyit. Modelsof this

formula are two-dimensionaBooleansignalsthat satisfy somerelation betweenthe
timesp is truein theinterval [0, a] andtimeswheng holdsin [a, a + b] (seeFigure4).

An automatorfor L readsfirst thep partandmemorizesvhatis requiredto memorize
in orderto determinewhetherthe ¢ partis accepted.

L |
¢ | - ——
0 a a+b

Fig. 4. A candidatesignalfor satisfyingthe formula; valuesof p andq arespecifiedonly in the
relevantintervals, [0, a] for p and[a, a + b] for q.

Thesyntactic(Nerode)right-congruence- associateavith alanguagel is defined
as:
u~viffYwu-weLsv-we L.

For untimedlanguagescceptancdy a finite (deterministic)automatoris equivalent
to ~ having a finite numberof equivalenceclassesin [MP04] we have shavn that
for timed languagesfinitenesscan be replacedby somespecialkind of boundedness
which, amongotherthings,implies:

Proposition1 (MPO04). If alanguage is acceptediy a deterministictimedautomaton
thenthere is somen sud that all signalswith n changes are Nerde equivalentto
signalswith lessthann changes?!

11 Notethatthe corverseis nottrue: considerfor instancethe languageconsistingof all signals
wherep holds continuously andwhosedurationis a prime number All signalswith oneor
morechangesdn p valuearerejectecandhencesquivalent,yetthelanguageannotbeaccepted
by a deterministiglor non-deterministicjimedautomaton.



We now show thatthis is notthe casefor L, for which only signalswhich areidentical
areequialent.

Claim. Let v andwv be two p-signalsof lengtha. Then,u # v impliesu % v with
respecto L.

Proof: Let ¢ bethefirst time whenu andv differ. Assumethatp is trueon[t, ¢ 4 ¢] in
u andfalseon thatinterval in v. We canthenconstructa distinguishingsignalw such
thatuw ¢ L andvw € L. Letw betheg-signall? - 0b—2+= .19t~ j.e.asignalwhich
is true throughout|a, a + b] exceptfor theintenal [t + a,¢ + b + €] (seeFigure5).
Clearly uw will berejecteddueto unfulfilled eventualityin theinterval while vw will

be acceptedecause generatesio obligationsfor this interval which arenot fulfilled

by thetruevaluesof w on bothsidesof theinterval. o

t t+e t+a t+b+e t t+e t+a t+b+e

Fig. 5. Signalu, v andw suchthatu - w ¢ Landv - w € L

Hence while readingthe p-partthe automatorshouldmemorizethe exactform of
the signal,andsinceits variability is not boundedan unboundedhumberof clocksis
neededo memorizethetimeswhenp changes.

Corollary 1 (Future mITL is not Deterministic). Thele are languagesexpressiblein
future mi1TL which cannotberecaynizedby any deterministidcimedautomaton.

This raisesan intriguing question:why for specificationsexpressedn pastmITL, the
automatorcanforgetcertainsmallchangesn p thatpersistessthanb — a time?Below
we give ananswetto this question.

Consideffirst a“punctual” versionof thefutureformula (1), whereq shouldfollow
exactlyb time afterp:

O [0,a] (p = <>bq)
This formulaadmitsa “dual” pastformula

Hio,q)(—¢ = Epy—p)

which is semanticallyequivalenton signalsof lengtha + b. In otherwords, the first-
orderinterpretations

Yt € [0,a] plt] = q[t + V]



and
vt € [b,b+ a] —g[t] = —p[t" — D]

areequialent(seeFigure6).

t+bt t ®[a,b] t

Fig. 6. Punctuaimodalitiesare past-futuresymmetric;interval modalitiesarenot.

However, whenwe relaxpunctualityanduseinterval time modalities the symmetry
betweerpastandfutureis brokenandtheautomatorior thecorrespondingastformula

Eo,a](7q = 4 pP) (2

canignore shortepisodesThe reasonis dueto the inter-relationshipbetweenthe di-

rection of the implication and the Minkowski sum. In a future interval modality, an

eventthat happensat ¢ may createan obligation for somethingto hold somavhereor

throughoutthe futureintenal ¢t & [a, b] = [t + a,t + b]. In the pastmodality a future
eventattimet’ is implied by somethinghatcould/shoulchave happeneattheinterval

t' ©a,b] = [t' — b, t’ — a]. Anythingthatlastslessthenb — a doesnot generatéts own

specificobligations(obligationsthatarenotalreadygeneratedby neighboringsegments
of thesignal).Logically speaking(2) translatesnto thethefirst-orderformula

vt' € [bya+b] (—q[t'] = 3t € t' ©[a,b] —p[t])
or equialently
vt' € [bya+b] (Yt €' ©[a,b] p[t]) = ¢[t']).

Considemaw two p-signalsp; = £-0%11%20% andp, = £- 0% Ft2+ts thatdiffer only by
thetrueepisodeof lengtht, < b—a in p;. It is nothardto seethatfor any ¢’ € [b, a+ b)

Vet ©a, b pi[t] < Vt et ©a,b] palt]

becauseary t’ © [a, b] thatintersectghe true segmentl1’z in p, alsointersectsat least
oneof its neighboringfalsesegments Hencethe sameobligationsfor ¢ aregenerated
by p1 andp, andthey areNerodeequialent.

Soin conclusionthedifferencebetweerpastandfuturein real-timetemporallogic
turnsout to be dueto a syntacticartifact that generatesomeboundedvariability “fil-
tering” for pastinterval modalities but not for the futureones.



6 Discussion

It seemsthat the currentpaperdoesnot concludethe searchfor a specificationfor-
malismwhich is natural,poverful andyet determinizablePastmITL lacksthe first
propertyandfuture MITL is notdeterministic As anothercandidateve have explored
a starfree versionof the timed regular expressiongpresentedn [ACMO02]. The con-
catenatioroperatolis moresymmetricthenthesinceanduntil operatorsandit couldbe
interestingto seehow it behares.Howeverit turnsoutthatvariationson boththefuture
(1) andpast(2) formulaecanbe definedby expressionsuchas

(U (p-UA=(U - Qo -U)))

and
_'(U ' (U ‘pA _'(U : <q . U>[a,b])) . U)a

respectiely, whereU is a specialsymboldenotingthe universaltimed languageThis
shavs the starfree expressionsarenot deterministiceithet

It looksasif determinizabilitycanbe obtainedby enforcingsomeminimal duration
for sub-formulaghatimply somethingowardthe future,for examplep in (1). In past
MITL thisis automaticallyguaranteetby the structureof theformulae We arecurrently
contemplatingsufiicient syntacticconditionsthatwill guarantee similar propertyfor
thefuturefragment.n this contet it is worth mentioningtheinertial bi-boundedielay
operatorusedfor expressingdelaysin abstractmodelsof digital circuits, which was
formalizedusingtimed automatan [MP95a]. This operatorallows oneto relatetwo
signalsby aninclusionof theform

¢ € Diyy(6)

wherec < a, meaningthatevery changen ¢ thatpersistsfor at leastc time, is propa-
gatedto &’ within ¢ € [a, b] time. Obsere thatthis type of persistenceonstrainttanbe
expressedvithin MITL. For example thefutureformula(1) canbetransformednto

Oi0,a)(Oj0,p-a)p = pa,py@)

whichis determinizableFurtherinvestigationsof thesessuesbelongto the future.
AcknowledgmentsThis work benefitedfrom discussionsith E. Asarin, S. Tripakis
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