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Abstract. Thispaperattemptsto improveourunderstandingof timedlanguages
andtheir relationto timed automata.We startby giving a constructive proof of
the folk theoremstatingthat timed languagesspecifiedby the pastfragmentof
MITL, canbe acceptedby deterministictimed automata.On the otherhandwe
provide a proof thatcertainlanguagesexpressedin thefuture fragmentof MITL

arenot deterministic,4 andanalyzethereasonfor thisasymmetry.

1 Intr oduction

In this paperwe comparethepastandfuturefragmentsof thereal-timetemporallogic
MITL [AFH96] with respectto the recognizabilityof their modelsby deterministic
timedautomata.To put our work in context we first discusspastandfuturein untimed
temporallogic, the questionof online andoffline monitoringaswell assomerelated
work on real-timelogicsandtimedlanguages.

1.1 Past and Futur e in LTL

Propositionallinear-time temporallogic (LTL) is a commonly-acceptedformalismfor
specifyingpropertiesof finite-statediscretesystems[MP95b].Thesemanticmodelsfor
LTL aretypically sequenceswhich are infinite toward the future andfinite toward the
past.5 Onthissemanticdomainthereis a“typing” asymmetrybetweenmodelsof prop-
ertiesexpressedin the past fragmentof LTL, which arestar-free6 regular languages,
andmodelsfor formulaewritten using the future fragmentwhich arestar-free regu-
lar 	 -languages. To facilitatea closercomparisonof the expressive power of the two
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4 As far aswe know, no systematictechniquesfor proving suchfactshave beendevelopedfor
timedautomatasincetheir introduction15 yearsagountil recently.

5 In otherwordsthe“carrierset” is isomorphicto � , not � . Languagesoverbi-infinite sequences
havebeenstudiedin [NP86].

6 Thewordstar-freecomesfrom thecharacterizationof theselanguagesasthosedefinableusing
a specialclassof regularexpressionsthedo not usetheKleenestarbut allow intersectionand
complementation,see[MNP71].



formalisms,onecanunify their semanticdomainsby interpretingfuture LTL over fi-
nite sequences.This canbedone,for example,by extendingLTL semanticsto include
“truncated”(finite) pathsasin [EFH



03]. Gettingrid of the 	 -dimensionwecanfocus

on thedifferencesbetweenthetwo formalismswhicharerelatedto thedirectionof the
temporalmodalities.

Whenanautomatonreadsasequence,thecurrentstateof theautomatonrepresents
(theequivalenceclassof) theprefixreadsofar. PastLTL fits naturallythispointof view
assatisfactionis determinednowby whathappenedfrom time zerountil now. Future
LTL, on the otherhand,statesat time zerowhat it expectsto seeor not to seein the
future.As time progresses,someof those“obligations” arefulfilled (or violated)and
somenew onesaregenerated.Satisfaction is establishedif all obligationsaremet at
the endof the sequence.The translationfrom LTL formulaeto automatathat accept
their modelsis one of the cornerstonesof formal verification [VW86], and most of
thework on thetopic focusedon futurepropertiesand	 -automata.Froma futureLTL
formulaonecanconstructnaturallyanalternatingor anon-deterministicautomatonthat
acceptsthelanguage.Suchanautomatoncanbedeterminizedeitherby thenon-trivial
constructionof Safrafor 	 -automata[Saf88],or by thesimplersubsetconstructionif
we take thefinitary interpretation.The translationfrom pastLTL to automatais more
folklore, but it is not hardto seethat it translatesnaturally to deterministicautomata,
a fact the alsoexplainsthe simplicity of the online monitoringprocedurein [HR02].
Sothebottomline for LTL is thatboththepastandfuturefragmentscanbeeventually
translatedinto deterministicautomata.7

1.2 Deterministic Automata and Online Monitors

Monitoringis theprocessof testingwhetheragivenbehavior � satisfiesaproperty� (or,
equivalently, belongsto thecorrespondinglanguage� ). Thisprocesscanbeperformed
in two differentfashions.Offline monitoringstartsafter the whole sequenceis given.
Onlinemonitoringis interleavedwith theprocessof readingthesequenceandis similar
to thewaythesequenceis readbyanautomaton.Onlinemonitorscandetectviolationor
satisfactionassoonasthey happen, whichcanbeafterasmallprefixof thesequence.8

Thisisadvantageousfor two reasons:for monitoringrealsystems(ratherthansimulated
ones)offline monitoringis apost-factumanalysisandcanbetoo lateto beuseful.Even
for simulatedsystems,wheremonitoringis usedasa lightweightalternative to formal

7 We mentiontheresultsof [MP90] which show how to go from counter-freeautomatato past
LTL formulaeand from counter-free � -automatato mixed past-futureformulaewhich are
Booleancombinationsof formulaeof theform ����� where� is a pastformula.An alter-
native proof of the fact thatall LTL formulaecanbe broughtto this normalform appearsin
[LPZ85].

8 To be moreprecise,violation or satisfactionof a propertybasedon a prefix canbe declared
whenall possiblecontinuationsof theprefix areequivalentwith respectto theformula.Such
a prefix is called“definitive” in [EFH� 03]. If the correspondingautomatonis minimal, this
factcanbe easilydetectedby enteringa “sink”state,eitherrejecting(for violation of safety)
or accepting(satisfactionof eventuality).For non-minimalautomatatheanalysisis abit more
involved.



verification,earlydetectionmayreducesimulationtimesignificantly. In analogcircuits,
theapplicationdomainthattriggeredthiswork, simulationscanbevery long.

In [MN04] we have developedan offline monitoring procedurefor the real-time
logic MITL � � � ��� . This procedure,which wasusedto monitor propertiesof real-valued
signals,scansthesignalfrom theendbackwardsandpropagatestruthvaluesfrom sub-
formulae“upward” andfrom thepresentto thepast.In orderto have anonlineversion
of this procedure,we somehow needto producean automaton-like mechanismthat
readsBooleansignals,andwhosestateduringreadingis sufficiently detailedto detect
acceptanceor rejectionasthey occur. To follow thesamerecipeasin theuntimedcase,
onewould like to transforma formulato a timedautomatonto beusedasa monitoring
procedure.However, thenaturaltranslationof MITL yieldsnon-deterministicor alter-
natingtimed automatawhich, in the generalcase,do not determinize[AD94]. There
areseveralremediesfor this problem:

1. Usetheimportantobservationof Tripakis[Tri02,KT04] thaton-the-flydeterminiza-
tion with respectto a givennon-Zenosignalis possiblefor any timedautomaton.
Thereasonfor non-determinizabilityof certainautomatais theneedto memorize
the timesof all eventsthathave occurredwithin a boundedtime window, without
any a-prioriboundontheirnumber. In monitoring,weobserveasignalwith afixed
numberof events,which cangenerateonly a finite numberof non-deterministic
choicesand hencethe restrictionof the automatonto this signal is amenableto
subsetconstruction.

2. Developapiecewise-backwardversionof theprocedurein [MN04] whichafterev-
erynew eventor samplingpoint,restartsthepropagationof truthvaluesbackwards
(in mostcasesthepropagationneednot gobacktoo far).

3. Usespecificationformalismsthatcorrespondto deterministictimedautomata.

This work is theresultof attemptingto follow thethird approach.

1.3 RelatedWork

The studyof real-timespecificationformalismsstartedin the eightiesandgenerated
numerouslogics,resultsandpapers.The readeris advisedto look at surveys anddis-
cussionsof theselogics [AH92a,Hen98,HR04], of timedautomata[Alu99] andtimed
languagesin general[Asa04]. Without purportingto beexhaustive, we mentionsome
relevantresults.

The real-timelogic MITL wasintroducedin [AFH96] asa restrictionof the more
generallogic MTL (metric temporallogic) of [Koy90]. The restrictionof time modal-
ities to positive-lengthintervals wasintendedto guaranteedecidabilitybut recentre-
sults[OW05,LW05] show that this restrictionis not necessaryfor decidingMTL over
finitary event-basedsemantics.Theoriginalversionof MITL containedonly futuretem-
poral operatorsand [AFH96] give a procedurefor translatingan MITL formula into
a non-deterministictimed automatonwith the satisfiabilityandmodel-checkingprob-
lemsbeingEXPSPACE-complete.Thenon-determinizablenatureof MITL is hintedin
thepaper.

Event-recordingautomata,whereonly thetimeof thelastoccurrenceof everyinput
lettercanberememberedby aclock,havebeenshown to bedeterminizablein [AFH99].



Event-clockautomata,introducedin thesamepaper, constitutea generalizationof the
latter which allow also“event-predicting”clocks.Event-clocklogic is anotherdecid-
ablereal-timelogic which is equallyexpressive as MITL [RSH98] andwhich canbe
naturallytranslatedinto determinizableevent-clockautomata.However thosebecome
non-deterministicwhenexpressedasclassicalAlur-Dill automata.9

An investigation of pastandfuture versionsof MITL wascarriedout in [AH92b]
wherethe “prediction” featureof event-clockautomatawasreplacedby theability of
theautomatonto changethedirectionof reading.Theauthorsdescribeastricthierarchy
of timed languagesbasedon the numberof direction reversalsneededto recognize
them(which correspondsroughly to the nestingdepthof pastand future operators).
The deterministicnatureof the pastfragmentof MITL is mentionedasa corollary of
thathierarchy but noexplicit proof is given.

Real-timemonitoringtoolsoftenrely ontemporallogicsastheirpropertyspecifica-
tion language,but typically underadiscrete-timeinterpretation.For example,[KPA03]
useLTL � , standardLTL augmentedwith freezequantifiers, while in [TR04] themoni-
toring procedureusesMTL. In [Gei02] thedensesemanticsis preservedbut additional
restrictionson MITL areimposedin orderto guaranteedeterminizability. Theseinclude
the restrictionof timedmodalitiesto intervalsof the form � �! #"#$ anddisallowing arbi-
trarynestingof temporaloperators.

In [MP04]westartedfocusingondeterministictimedautomatabecauseof thebelief
thatsomefundamentalconceptsof automatatheoryarebetterstudiedin adeterministic
framework. We have definedtherea notion of recognizability andhave shown that is
coincideswith acceptanceby deterministictimedautomata.Thecurrentpaperis partof
thequestfor amatchingspecificationformalism.

Therestof thepaperis organizedasfollows.In Section2 wedescribesignalsalong
with thelogic MITL. In Section3 wedefinethevariantof timedautomatathatweuseas
signalacceptors.Theproof of determinizabilityof thepastfragmentof MITL is given
in Section4 followed,in Section5, by theproof of non-determinizabilityof thefuture
fragmentanda discussionof thereasons.Furthercontemplationsclosethepaper.

2 Signalsand their Temporal Logic

Two basicsemanticdomainscanbe usedto describetimed behaviors. Time-eventse-
quencesconsistof instantaneouseventsseparatedby time durationswhile discrete-
valuedsignalsarefunctionsfrom timeto somediscretedomain.Thereadermayconsult
theintroductionto [ACM02] or [Asa04] for moredetailson thealgebraiccharacteriza-
tion of thesedomains.In thiswork weuseBooleansignalsasthesemanticdomain,but
theextensionof theresultsto time-eventsequences(which areequivalentto thetimed
tracesusedby Alur andDill [AD94]) neednot bea difficult exercise.

Let thetimedomain% betheset &('*) of non-negative realnumbers.A finite length
Booleansignal � is a partial function �,+-%/.1032 whosedomainof definition is an

9 Onemay arguethat deterministicevent-clockautomatapreserve oneessentialfeatureof de-
terminism,namely, auniquerun for every inputsignal,but thiscomesat theexpenseof losing
thecausalityof therunsdueto thepredictionfeaturewhich amountsto goingbackandforth
in time.



interval 4657� �8 :9<; , 9,=?> . We say that the lengthof the signal is 9 anddenotethis
fact by @ �<@A5B9 . We use �<� CD$ for the value of the signal at time C and the notationE �:F�HG E �JI�,G#GKG E �MLN for a signalof length C �PO GKG#G O C N whosevalueis E � at the interval
� �! MC � ; , E � in theinterval � C �  :C �!O C � ; , etc.WeuseC!QR�TSU #VM$ to denote� C O SU MC O V:$XWY� �8 :9<;
and C[Z\�]S^ #VM$ for � C[_`Va MC[_`S8;bWc� �! M9<; , that is, theMinkowski sum(difference)of deC#f
and �TSU #VM$ restrictedto thedomainof definitionof thesignalin question.We call these
operations,respectively, forwardandbackwardshifting.

We definethe logic MITL � � � ��� asa boundedversionof thereal-timetemporallogic
MITL [AFH96], suchthatall temporalmodalitiesarerestrictedto intervalsof theform
�TSU KV:$ with �hgiSkj6V and SU KV3=l> . Theuseof boundedtemporalpropertiesis oneway
to interprettemporallogic over finite-durationtraces.Thebasicformulaeof MITL � � � �m�
aredefinedby thegrammar

�n+o5npq@Ur-�c@s� �-t � � @s� �su � � � ��� � � @^� �wv � � � ��� � �
wherep belongsto a set xy5zdep �  K{#{K{K Mp 2 f of propositionscorrespondingnaturallyto
the coordinatesof the | -dimensionalBooleansignalconsidered.The future andpast
fragmentsof MITL useonly the v and u modalities,respectively. Thesatisfactionre-
lation }J�~ MCX;�@ 5i� , indicatingthatsignal� satisfies� atpositionC , is definedinductively
below. Weusep�� CD$ to denotetheprojectionof ��� CD$ on thedimensionthatcorrespondsto
variablep .

}J�! :CX;�@ 5np ��C�=n� �! M9<;��Yp�� CD$�5 T

}J�! :CX;�@ 5ir-� ��}J�~ MCX;��@ 5H�
}J�! :CX;�@ 5H� ��t � � ��}J�~ MCX;�@ 5H� � or }J�~ MCX;�@ 5i� �

}J�! :CX;�@ 5H� �wu � � � ��� � � ����CD�b=hC�Z`�]SU KV:$�}J�~ MCD��;-@ 5i� � and�*CD� �b=�� CD�� MCD$� X}J�~ MCD� �M;�@ 5i� �

}J�! :CX;�@ 5H� ��v � � � ��� � � ���3CD�b=�C�Q,�]S^ #VM$�}J�~ MCD��;-@ 5H� � and�*CD� ��=�� CK MCD��$� X}J�~ MCD� ��;-@ 5H� �
Thesatisfactionof a formula � by thewholesignal� is defineddifferentlyfor thepast
andfuturefragments.For thepastit is definedbackwardsas10 }J�~ #@ �<@�;�@ 5H� , andfor the
futureas }J�~ D�<;�@ 5i� .

FrombasicMITL � � � ��� operatorsonecanderiveotherstandardBooleanandtemporal
operators,in particularthe time-constrainedsometimein the past, alwaysin the past,
eventuallyin the future andalwaysin the future operatorswhosesemanticsis defined
as }J�! :CX;�@ 5�� � � � ��� ������CD�b=�C�Z,�TSU #VM$�}J�~ MCD��;-@ 5H�

}J�! :CX;�@ 5�� � � � ��� �i���8CD�b=�C�Z,�TSU #VM$�}J�~ MCD��;-@ 5H�
}J�! :CX;�@ 5�� � � � ��� ������CD�b=�C�Q,�TSU #VM$�}J�~ MCD��;-@ 5H�
}J�! :CX;�@ 5�� � � � ��� �i���8CD�b=�C�Q,�TSU #VM$�}J�~ MCD��;-@ 5H�

Notethatour definitionof thesemanticsof thetime-boundedsinceanduntil operators
differsslightly from their conventionaldefinition in discretetime asit requiresa time
instantCD� whereboth }J�~ MCD�M;�@ 5H� � and }J�! :CD��;�@ 5H� � .
10 To bemoreprecise,it is theright limit of �J�^���¡ �¢ £R� at ��¤z¥ .



3 Timed Automata

Weuseavariantof TA whichdiffersfrom theclassicaldefinitions[AD94,HNSY94] by
thefollowing features:

1. It readsmulti-dimensionaldenseBooleansignals,hencethe alphabetlettersare
associatedwith statesratherthanwith transitions.

2. Acceptanceconditionsaremorerefinedandmayincludeconstraintson clock val-
ues.

3. Clockvaluesmayincludethespecialsymbol ¦ indicatingthattheclockis currently
inactive.

4. Transitionscanbelabeledby theusualresetsof theform §n+o5¨� or §n+o5©¦ aswell
asby copyassignmentsof theform §�ª-+�5n§�« .
The last threefeaturesdo not changetheexpressive power of timedautomata,see

[SV96], but allow usto treatclocksin amore“dynamic” fashion.Notethatclock inac-
tivity in a statecanbeencodedimplicitly by the fact that in all pathsemanatingfrom
thestate,theclock is resetto zerobeforebeingtested[DY96]. Theuseof signalsis mo-
tivatedby our applicationdomainandreplicatingour resultsto event-basedsemantics
is left asanexercise.

Thesetof valuationsof a set¬n5©de§ �  K{#{K{K M§ 2 f of clock variables,eachdenotedas­ 5®} ­ �  K{#{K{K ­ 2 ; , definesthe clock spacē°5®}�&('*)²±�d�¦²fs;�2 . A configuration of a
timedautomatonis a pair of the form }:³´ ­ ; with ³ beinga discretestate.For a clock
valuation ­ 5B} ­ �  #{K{K{K ­ 2 ; , ­ O C is the valuation } ­ � �  #{K{#{a ­ �2 ; suchthat ­ �ª 5 ­ ª if­ ªA5�¦ and ­ �ª 5 ­ ª O C otherwise.A clock constraint is a Booleancombinationof
conditionsof theforms §¶µi" or §¶·©" for someinteger " .
Definition 1 (Timed Automaton). A timed automatonover signalsis a tuple ¸¹5
}:ºA K»Y :¬- K¼< :4� #½¾ #³D)s K¿À; where º is theinput alphabet(032 in this paper), » is a finite
setof discretestatesand ¬ is a setof clock variables.Thelabelingfunction ¼Á+*»Â.�º
associatesa letter of thealphabetto everystatewhile thestayingcondition(invariant)
4 assignsto everystate ³ a subset4´Ã of ¯ definedby a conjunctionof inequalitiesof
the form §�gÄ" , for someclock § and integer " . The transition relation ½ consists
of elementsof the form }:³´ MÅ� MÆ� K³Ç�M; where ³ and ³Ç� are discretestates,the transition
guard Å is a subsetof ¯ definedby a clock constraint and Æ is theupdatefunction,a
transformationof ¯ definedby a setof copyassignmentsandresetson ¬ . Finally ³D) is
theinitial stateand ¿ is theacceptancecondition,a subsetof »ÉÈq¯ definedfor each
statebya clock constraint.

Thebehavior of theautomatonasit readsa signal � consistsof an alternationbe-
tweentime progressperiodswherethe automatonstaysin a state ³ aslong as �<� CD$(5
¼�}:³w; and4´Ã holds, anddiscreteinstantaneoustransitionsguardedby clock conditions.
Formally, astepof theautomatonis oneof thefollowing:

– A timestep: }:³´ ­ ;`Ê^Ë_�.Ì}:³´ ­ O CX; , C�=c& 
 suchthat ¼�}:³w;-5 E and­ O C satisfies4´Ã
(dueto thestructureof 4´Ã this holdsaswell for every CD� , ��g�CD�bj¨C ).

– A discretestep: }:³´ ­ ;ÎÍ_�.Ï}:³Ç�� ­ ��; , for sometransition ÐA5z}:³´ :Å� MÆ� K³Ç��;P=¨½ , such
that ­ satisfiesÅ and­ ��5nÆb} ­ ;



A run of the automatonstartingfrom a configuration }:³D)w ­ )U; is a finite sequenceof
alternatingtimeanddiscretestepsof theform

�h+Ñ}:³D)s ­ )U; Ê Ë
FF_�.�}:³Ò)w ­ ) O C � ; Í F_b.�}:³ �  ­ � ; Ê Ë

II_�.�}:³ �  ­ ��O C � ; Í I_b. GKG#G Ê^ËJÓÓ_�.Ì}:³¡Ô! ­ Ô<;
A run is acceptingif thelastconfiguration}:³¡Ô! ­ Ô<;[=¨¿ . Thesignalcarriedby therun
is E �:F� G E �JI� GKG#G E � Ó2 . The languageof the automatonconsistsof all signalscarriedby
acceptingruns.

A timedautomatonis input-deterministicif every input signaladmitsa uniquerun,
apropertyguaranteedby thefollowing two conditions:

1. Transitiondeterminism:for every two transitions}:³´ MÅ �  MÆ �  #³ � ; and }:³´ MÅ �  :Æ �  K³ � ; ,
¼�}:³ � ;-5H¼�}:³ � ; implies Å � WYÅ � 5iÕ .

2. Timedeterminism:for everystate³ andtransition }:³´ :Å� MÆ� K³Ç�M; , if ¼�}:³w;-5H¼�}:³Ç�M; then
theinteriorof 4´ÃPWYÅ is empty.

Thesetwo conditionsimply thatwhile readinga givensignal,theautomatoncannotbe
in two or moreconfigurationssimultaneouslyfor any positive-lengthduration.

4 From Past MITL Ö ×bØ ÙÒÚ to Deterministic Timed Automata

In this sectionwe show how to build a deterministictimed automatonfor any past
MITL � � � �m� formula.The constructionfollows the samelines asthe compositionalcon-
structionof [Pnu03] for untimedfuture temporallogic, whereanautomatonfor a for-
mulaobservesthestatesof theautomatathatcorrespondto its sub-formulae.This con-
struction is particularly attractive for past temporallogic where the correspondence
betweenstatesin theautomatonandsatisfactionof asubformulais moredirect.

We illustratethe ideaunderlyingthe proof on the formula � � � � ��� � for somepast
formula � . Intuitively, an automatonthat acceptssucha languageshouldmonitor the
truth valueof � andmemorize,usingclocks,the timeswhenthis valuehaschanged.
Memorizingall suchchangesmayrequireanunboundednumberof clocks,but aswe
shall see,only a finite numberof thoseis sufficient sincenot all occurrencetimesof
thesechangesneedto beremembered.

Considersignal � of Figure1-(a),aclock §�ª resetto zeroat the Û �ÝÜ time � becomes
trueandaclock ÞUª resetwhen � becomesfalse.For thisexample � � � � �m� � is trueexactly
when }J§ � µÉSY�¾Þ � gÉV#; t }J§ � µÉSY�¾Þ � gÉVK; . Dueto themonotonicityof theclock
dynamics,whenever Þ � goesbeyond V , its valuebecomesirrelevantfor thesatisfaction
of the acceptancecondition, it canbe discardedtogetherwith § � . By itself, this fact
doesnot guaranteefinitenessof the numberof clocksbecausewe assumeno a-priori
boundon thevariability of � .

Considernow Figure1-(b),wherethesecondriseof � is lessthan V�_YS timeafterthe
precedingfall. In thiscase,condition }J§ � µ©Sß�²Þ � giVK; t }J§ � µiSß�²Þ � giV#; becomes
equivalentto § � µ�SÀ�AÞ � g�V . Sincethevaluesof Þ � and § � do not matteranymore
we may disactivatethemandforget this shortepisodeof r-� . When � falls again we
mayre-useclock Þ � to recordtheoccurrencetime andlet theacceptanceconditionbe
§ � µySY�AÞ � gÉV . Hencethemaximalnumberof eventsto berememberedbeforethe



oldestamongthemexpiresis à�56VÇá^}:V�_`S8;�_\â andat most ã´à clocksaresufficient
for monitoringsucha formula.Note that for a “punctual” modality where Sä5�V , à
goesto infinity.

å

�®æ çÇè éëê å

å

�®æ çÇè éëê å

ì F í�F ì I íÒI

ì F í�F
(a)

(b)

Fig.1. Memorizingchangesin thetruth valueof � : (a) î ��ïAð!��ñóòôïqõ ; (b) î �bïqð8�-öóòôïqõ .

Theautomatondepictedin Figure2, is a kind of an“eventrecorder” for accepting
signalssatisfying � � � � ��� � . Its setof discretestates» is partitionedinto

»�÷�øq5ids}ù�<âw; ª �~f#ª]ú�)wû û ü and » å 5ids}ù�<âw; ª f#ª]ú � û û ük 
with theintendedmeaningthattheBooleansequencesthatencodestatescorrespondto
thequalitative historiesthat they memorize,that is, thepatternsof rememberedrising
andfalling of � thathaveoccurredlessthan V timeago.Theclocksof theautomatonare
d¡§ �  MÞ �  K{#{K{K M§�üÀ MÞUükf , eachmeasuringthetimesinceits correspondingevent.Naturally,
clock §�ª is active only at states}ù�<âw; « and }ù�~âw; « � for ý©µ�Û and clock ÞUª at }ù�<âw; « �
}ù�~âw; « 
 � for ýAµ�Û .

When � first occursthe automatonmoves from � to �<â and resets§ � . When �
becomesfalseit movesto �<âe� while resettingÞ � . Fromtherethe following threecon-
tinuationsarepossible:

1. If � remainsfalsefor morethan V time, thetrueepisodeof � canbeforgottenand
theautomatonmovesto �



2. If � becomestruewithin lessthan Vb_nS time,thefalseepisodeis forgottenandthe
automatonreturnsto �<â

3. If � becomestrueaftermorethan Vb_nS time theautomatonresets§ � andmovesto
�<âe�<â .
Transitionsof type1 mayhappenin all statesthatrecordã changesor more.They

occurwhenthefirst falling of � is morethan V time old andhencethevaluesof clocks
§ � and Þ � canbe forgotten.In orderto keepthenumberof clocksbounded,this tran-
sition is accompaniedby “shifting” the clocksvalues,that is, applyingthe operations
§�ª�+�5�§�ª 
 � andÞUª�+�5�ÞUª 
 � for all Û aswell as§�üÉ+o5�ÞUü�+�5©¦ . Theeffect of this shift-
ing operationwhena transitionfrom }ù�<â�; ª to }ù�~âw; ª�þ � is takenis illustratedin Table1.

ÿ î � ð!� ����� î ���~� ð����<� î � ð�� ����� î�� ð �	 
 � 	 � ����� 
 ���<� 	 ���~� 
 � � ����� � �� � 	   
 � 	 � ����� 
 � � � � ����� � �
Table1.Theeffectof theclockshiftingoperationwhile takingatransitionfrom ��
���  � to ��
��X  ���~� .

Lemma 1. Theeventrecorderautomaton,runningin parallel with theautomatoņ å ,
acceptsthesignalssatisfying � � � � ��� � whenever § � is activeandsatisfies§ � µ©S .
Sketch of Proof: We needto show that in every stateof the form }ù�<âw; ª � therehave
beenÛ risingsandfallingsof � thathave occurredlessthan V time agosuchthateach
falling haslastedfor morethan V�_¨S time,andthatthecorrespondingclocksrepresent
thetimeselapsedsincethey have occurred.Whenthis is thecaseandsinceÞ � g�V by
construction,§ � µiS attime C if f therewasatime CD��=�CwZA�]SU KV:$ in which � wastrue.The
proof is by inductionon the lengthof the run. The claim is trivially true at the initial
state.The inductive stepstartswith a configurationof the automatonsatisfyingthe
above,andproceedsby showing thatit is preservedundertimepassageandtransitions.
Theproof for statesof theform }ù�~âw; ª is similar.

Lemma 2. Givendeterministictimedautomata̧ å and ¸�� accepting � �]��$ $ and � � �P$ $ ,
respectively, onecanconstructa deterministictimedautomatonaccepting� u � � � ��� � .

Proof: Observe first that � u � canbeseenasa restrictionof ��� to periodswhere �
holdscontinuously. In otherwords,theautomatonneednotmeasuretimesof changesin� afterwhich � becamefalse.Hencethe u -automaton(Figure3) consistsof anevent
recorderfor � augmentedwith anadditionalinitial stater-� . Whenever � becomestrue
theautomatonmovesto theinitial stateof theeventrecorderandwhenever � becomes
falseit moves(from any state)backto r-� while forgettingall thepasthistoryof � .

Theorem1 (Past M I TL is Deterministic). Givena pastMITL � � � ��� formula � , onecan
constructa deterministictimedautomatoņ accepting� �]��$ $ .
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Fig.2. An % õ � ò'& eventrecorder. Theinput labelsandstayingconditionsarewrittenon thebottom
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Theclockshift operatoris denotedby thesymbol � .
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Proof: By inductionon the structureof the formula.For a propositionp we build the
deterministictwo-stateautomatoņ65 which moves to and from the acceptingstate
accordingto thecurrentvalueof p . For r-� wetake theautomatoņ å andcomplement
its acceptanceconditionwhile for � t � we do a Cartesianproductof ¸ å and ¸6� .
Combiningthiswith thepreviouslemmatheresultis established.

5 Futur e MITL is Non-deterministic

In this sectionwe demonstratetheexistenceof a timedlanguage� , definablein future
MITL, whichcannotbeacceptedby any deterministicautomaton.Considertheformula

� � ) � � � }Jp87°� � � � ��� ³w;:{ (1)

andthelanguage� consistingof all signalsof length S O V thatsatisfyit. Modelsof this
formula are two-dimensionalBooleansignalsthat satisfy somerelation betweenthe
times p is truein theinterval � �! #SX$ andtimeswhen ³ holdsin �]SU KS O V:$ (seeFigure4).
An automatonfor � readsfirst the p partandmemorizeswhatis requiredto memorize
in orderto determinewhetherthe ³ partis accepted.

9

:
/ / � 2;

Fig.4. A candidatesignalfor satisfyingthe formula;valuesof < and = arespecifiedonly in the
relevantintervals, % 
8� õ>& for < and % õ � õ@?hòA& for = .

Thesyntactic(Nerode)right-congruenceB associatedwith a language� is defined
as: C B ­ if f ��D C G DÉ=¶�FE ­ G D�=¶�ô{
For untimedlanguagesacceptanceby a finite (deterministic)automatonis equivalent
to B having a finite numberof equivalenceclasses.In [MP04] we have shown that
for timed languages,finitenesscanbe replacedby somespecialkind of boundedness
which,amongotherthings,implies:

Proposition 1 (MP04). If a language is acceptedby a deterministictimedautomaton
then there is some| such that all signalswith | changes are Nerode equivalentto
signalswith lessthan | changes.11

11 Notethattheconverseis not true:consider, for instance,thelanguageconsistingof all signals
where < holdscontinuously, andwhosedurationis a prime number. All signalswith oneor
morechangesin < valuearerejectedandhenceequivalent,yetthelanguagecannotbeaccepted
by a deterministic(or non-deterministic)timedautomaton.



We now show thatthis is not thecasefor � , for which only signalswhich areidentical
areequivalent.

Claim. Let
C

and ­ be two p -signalsof length S . Then,
C
�5 ­ implies

C
�B ­ with

respectto � .

Proof: Let C bethefirst time when
C

and ­ differ. Assumethat p is trueon � CK :C OHG $ inC
andfalseon that interval in ­ . We canthenconstructa distinguishingsignal D such

that
C D��=¶� and­ DÉ=¶� . Let D bethe ³ -signal â � G � � þ � 
JI G â � þ!�Mþ I , i.e.asignalwhich

is true throughout �TSU #S O VM$ except for the interval � C O SU :C O V OKG $ (seeFigure5).
Clearly

C D will berejecteddueto unfulfilled eventualityin the interval while ­ D will
beacceptedbecause­ generatesno obligationsfor this interval which arenot fulfilled
by thetruevaluesof D on bothsidesof theinterval.

L

M
NON �QP N � / N � 2 �RP

S

M
NTN �RP N � / N � 2 �RP

9

:

9

:

Fig.5. Signal 
 , 	 andU suchthat 
 � UWVX.Y and	 � U XZY

Hence,while readingthe p -part theautomatonshouldmemorizetheexact form of
thesignal,andsinceits variability is not bounded,anunboundednumberof clocksis
neededto memorizethetimeswhenp changes.

Corollary 1 (Futur e M I TL is not Deterministic). There are languagesexpressiblein
future MITL which cannotberecognizedbyanydeterministictimedautomaton.

This raisesan intriguing question:why for specificationsexpressedin pastMITL, the
automatoncanforgetcertainsmallchangesin p thatpersistlessthan V!_RS time?Below
wegiveananswerto thisquestion.

Considerfirst a “punctual”versionof thefutureformula(1), where³ shouldfollow
exactly V time after p :

� � ) � � � }Jp[7Ï� � ³w;
This formulaadmitsa “dual” pastformula

� � ) � � � }Dr-³@7 � � r<p�;
which is semanticallyequivalenton signalsof length S O V . In otherwords,the first-
orderinterpretations

�*C3=�� �! KS�$wp�� CD$J7Î³w� C O VM$



and
�8C � =��TVa KV O SX$�r-³w� C � $\7�r<p�� C � _äV:$

areequivalent(seeFigure6).

:

9

N^]N � 2

NTN^] � 2

:

9

N^]N1_ - /10`2�3

N^]1a - /10`2�3N

Fig.6. Punctualmodalitiesarepast-futuresymmetric;interval modalitiesarenot.

However, whenwerelaxpunctualityanduseinterval timemodalities,thesymmetry
betweenpastandfutureis brokenandtheautomatonfor thecorrespondingpastformula

� � ) � � � }Dr-³@7°� � � � ��� r<p�; (2)

canignoreshortepisodes.The reasonis dueto the inter-relationshipbetweenthe di-
rection of the implication and the Minkowski sum. In a future interval modality, an
event that happensat C may createan obligation for somethingto hold somewhereor
throughoutthe future interval C Qi�]S^ #VM$�5�� C O SU MC O V:$ . In thepastmodalitya future
eventat time CD� is impliedby somethingthatcould/shouldhavehappenedat theinterval
CD�wZ��]SU KV:$�56� CD�w_lVa MCD�s_lS�$ . Anythingthatlastslessthen V�_lS doesnotgenerateits own
specificobligations(obligationsthatarenotalreadygeneratedby neighboringsegments
of thesignal).Logically speaking,(2) translatesinto thethefirst-orderformula

�8C � =��TVa KS O VM$�}Dr-³w� C � $\7���C�=qC � Z`�]SU KV:$�r~p�� CD$M;
or equivalently

�*C � =n�]Va KS O VM$�}Ò}Ý�*C3=�C � Z`�]SU KV:$wp�� CD$M;b7Î³w� C � $M;:{
Considernow two p -signalsp � 5n� G � �:F â �JI � � � andp � 5�� G � �:F 
 �JI 
 � � thatdiffer only by
thetrueepisodeof lengthC � j©V*_ÁS in p � . It is nothardto seethatfor any CD��=n�TVa KS O V:$

�*C�=�C � Z`�]SU KV:$wp � � CD$Hc�7 �*Cß=�C � Z`�]SU KV:$wp � � CD$
becauseany CD��ZH�]S^ #VM$ that intersectsthetruesegment â �JI in p � alsointersectsat least
oneof its neighboringfalsesegments.Hencethesameobligationsfor CD� aregenerated
by p � andp � andthey areNerodeequivalent.

Soin conclusion,thedifferencebetweenpastandfuturein real-timetemporallogic
turnsout to bedueto a syntacticartifact thatgeneratessomeboundedvariability “fil-
tering” for pastinterval modalities,but not for thefutureones.



6 Discussion

It seemsthat the currentpaperdoesnot concludethe searchfor a specificationfor-
malismwhich is natural,powerful andyet determinizable.Past MITL lacks the first
propertyandfutureMITL is not deterministic.As anothercandidatewe have explored
a star-free versionof the timed regular expressionspresentedin [ACM02]. The con-
catenationoperatoris moresymmetricthenthesinceanduntil operatorsandit couldbe
interestingto seehow it behaves.However it turnsout thatvariationsonboththefuture
(1) andpast(2) formulaecanbedefinedby expressionssuchas

rô}$d G }Jp G d\�ór�}AeAd G ³gf¡� � � �m� G dk;Ò;Ò;
and

rô}$d G }$d G p¾� rô}$d G eD³ G d.f¡� � � ��� ;Ò; G dk;: 
respectively, where d is a specialsymboldenotingtheuniversaltimed language.This
shows thestar-freeexpressionsarenot deterministiceither.

It looksasif determinizabilitycanbeobtainedby enforcingsomeminimalduration
for sub-formulaethat imply somethingtowardthefuture,for examplep in (1). In past
MITL this is automaticallyguaranteedby thestructureof theformulae.Wearecurrently
contemplatingsufficient syntacticconditionsthatwill guaranteea similar propertyfor
thefuturefragment.In thiscontext it is worthmentioningthe inertial bi-boundeddelay
operatorusedfor expressingdelaysin abstractmodelsof digital circuits, which was
formalizedusingtimed automatain [MP95a]. This operatorallows oneto relatetwo
signalsby aninclusionof theform

� � =ihkj � � � ��� }J��;
where l(g?S , meaningthatevery changein � thatpersistsfor at least l time, is propa-
gatedto � � within C�=n�]SU KV:$ time.Observe thatthis typeof persistenceconstraintcanbe
expressedwithin MITL. For example,thefutureformula(1) canbetransformedinto

� � ) � � � }´� � ) � � þ � � p87Ï� � � � �m� ³w;
which is determinizable.Furtherinvestigationsof theseissuesbelongto thefuture.
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