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I T E R A T I O N  G R A M M A R S  AND L I N D E N M A Y E R  A F L I S  

A r t o  S a l o m a a  

D e p a r t m e n t  of  C o m p u t e r  S c i e n c e  

U n i v e r s i t y  of  A a r h u s  

A a r h u s ,  D e n m a r k  

One of  the f i r s t  o b s e r v a t i o n s  c o n c e r n i n g  L - s y s t e m s  was that  the c o r r e s p o n d -  

ing language  f a m i l i e s  have  v e r y  weak  c l o s u r e  p r o p e r t i e s ,  in f ac t ,  many of  the f am-  

i l i e s  a r e  a n t i - A F L ~ s ,  i . e . ,  c l o s e d  u n d e r  none of  the A F L  o p e r a t i o n s .  H o w e v e r ,  

th is  phenomenon is due to the lack  of  a t e r m i n a l  a l p h a b e t  r a t h e r  than to p a r a l l e l i s m  

wh ich  is the e s s e n t i a l  f e a t u r e  c o n c e r n i n g  L - s y s t e m s .  E . g . ,  the f a m i l y  T O L  of a l l  

m O L - l a n g u a g e s  is an a n t i - A F L ,  w h e r e a s  the f a m i l y  E T O L  is a f u l l  A F L .  L a t e r  on 

we w i l l  see how L - s y s t e m s  can be used to c o n v e r t  l anguage  f a m i l i e s  w i t h  w e a k  c l o -  

s u r e  p r o p e r t i e s  i n to  fu l l  A F L I s  in a r a t h e r  n a t u r a l  w a y .  

The  b a s i c  n o t i o n  in th i s  p a p e r ,  K - i t e r a t i o n  g rammar~  is a s l i g h t  g e n e r a l i z a -  

t ion  of  the n o t i o n  i n t r o d u c e d  by van L e e u w e n  [5'77 . The  m o t i v a t i o n  fop such a no t i on  

is t h r e e - f o l d :  

i) I t  p r o v i d e s  a u n i f o r m  f r a m e w o r k  f o r  d i s c u s s i n g  O L - s y s t e m s  and a l l  of  

t h e i r  c o n t e x t - f r e e  g e n e r a l  i za t i ons .  

i i )  I t  shows  the r e l a t i o n  b e t w e e n  O L - s y s t e m s  and ( i t e r a t e d )  s u b s t i t u t i o n s .  

i i i )  I t  a s s o c i a t e s  w i th  each f a m i l y  K of  l anguages  ( h a v i n g  c e r t a i n  m i l d  c l o s u r e  

p r o p e r t i e s )  some fu l l  A F L I s ,  o b t a i n e d  f r om  K in the I I L i n d e n m a y e r  way  II. 

We make the f o l l o w i n g  c o n v e n t i o n s ,  v a l i d  t h r o u g h o u t  th is  p a p e r .  A l l  language 

f a m i l i e s  d i s c u s s e d  a r e  n o n - t r i v i a l ,  i . e . ,  they  c o n t a i n  at  l eas t  one l anguage  c o n -  

t a i n i n g  a n o n - e m p t y  w o r d .  (A  language  f a m i l y  is u n d e r s t o o d  as in Et 021.  ) T w o  g e n e -  

r a t i v e  d e v i c e s  a r e  t e rmed  e q u i v a l e n t  i f  they  g e n e r a t e  the same language  o r  e l se  the 

language  g e n e r a t e d  by one d e v i c e  d i f f e r s  f r o m  the language  g e n e r a t e d  by the o t h e r  

t h rough  the empty  w o r d  X. (Thus  in th is  sense,  f o r  any  c o n t e x t - f r e e  g rammar~  

t h e r e  is an e q u i v a l e n t  c o n t e x t - f r e e  g r a m m a r  w i t h  no X - r u l e s .  } 

We i n t r o d u c e  f i r s t  some s t a n d a r d  t e r m i n o l o g y  and n o t a t i o n s .  L e t  K be a f a m -  

i l y  of l anguages .  A K - s u b s t i t u t i o n  is a mapp ing  0" f r om  some a l p h a b e t  V i n t o K .  

The  mapping 0 is ex tended  to l anguages  o v e r  V in the usua l  f ash ion .  F o r  l anguage  

f a m i l i e s  K 1 and K~,  we de f i ne  

(1) Sub(K  1,  K~)  = {Cr(L) I L e K2 and0" is a K 1 - s u b s t i t u t i o n }  . 

If K a = O L  o r  K~ = T O L ,  f a m i l i e s  (1) a r e  c a l l e d  m a c r o - O L  and m a c r o - T O L  f a m -  

i l i e s ,  r e s p e c t i v e l y ~  and deno ted  by K z M O L  and K 1MmOL.  M a c r o s  w e r e  i n t r o d u c e d  

in [?7 and [97 ,  w h e r e  e s p e c i a l l y  the cases  K :  = F  ( the f a m i l y  of f i n i t e  languages)  

and K z = R  ( the f a m i l y  of  r e g u l a r  l anguages)  w e r e  i n v e s t i g a t e d .  Us ing  the f ac t  
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(c f .  [ 5 5 ] ) t h a t  the f a m i l y  of  E O L - l a n g u a g e s  is  c l o s e d  u n d e r  a r b i t r a r y  h o m o m o r -  

ph i sm ,  i t  i s  e a s y  to show that  

F M O L  = E O L .  

( T h e r e  seems to be no s h o r t  d i r e c t  p r o o f  fop  the i n c l u s i o n  F M O L  _c E O L .  ) 

S i m i l a r l y ,  one can  p r o v e  that  

F M T O L  = R M T O L  = E T O L .  

On the o t h e r  hand ,  F M O L  is p r o p e r l y  i n c l u d e d  in R M O L  b e c a u s e  H e r m a n l s  l anguage  

2 n 
h - l { a  [ n->_ 0}  w i t h  h(a) = a ,  h(b) = X ,  

is in the d i f f e r e n c e  R M O L - F M O L ,  c f .  [ 35~ .  T h e  f a m i l y  R M O L  is the s m a l l e s t  f u l l  

A F L  (and the s m a l l e s t  A F L )  i n c l u d i n g  the f a m i l y  O L ,  cf .  [9~ o r  [551 . It is  a l s o  

the c l o s u r e  of  F--MOL u n d e r  i n v e r s e  h o m o m o r p h i s m .  

We w i l l  now p r e s e n t  the b a s i c  d e f i n i t i o n .  L e t  K be a f a m i l y  of  l a n g u a g e s .  A 

K - i t e r a t i o n  g r a m m a r  is a q u a d r u p l e  G = (VN ,  V T ,  S ,  U) ,  w h e r e  V N and V T a r e  

d i s j o i n t  a l p h a b e t s  (of  n o n t e r m i n a l s  and t e r m i n a l s ) ,  S E V + w i t h  V = V N U V T ( i n i -  

t i a l  w o r d )  and U = {0" 1 , . , . , 0 " n }  is  a f i n i t e  se t  of  K - s u b s t i t u t i o n s  d e f i n e d  on V and 

w i th  the p r o p e r t y  tha t ,  f o r  each i and each a E V ,  0"t (a) is a l anguage  o v e r  V .  

T h e  l anguage  g e n e r a t e d  by such a g r a m m a r  is d e f i n e d  by 

( g )  L ( G )  = U cr i . . .  0" t ( S )  N V T *  
1 k 

w h e r e  the un ion  is  taken  o v e r  a l l  i n t e g e r s  k>_- 1 and o v e r  a l l  o r d e r e d  k - t u p l e s  

(i 1 , . . . , i k )  w i t h  1 -< i t -  n. T h e  f a m i l y  of l a n g u a g e s  g e n e r a t e d  by K - i t e r a t i o n  g r a m -  
(t)  

m a r s  is d e n o t e d  by  Ki ter  . B y  K~.ter we  deno te  the s u b f a m i l y  of K l te t  , g e n e r a t e d  by 

such g r a m m a r s ,  w h e r e  U c o n s i s t s  of  at most  t e l e m e n t s ,  f o r  some t_-> 1. 

T h e  d i f f e r e n t  O L - f a m i l i e s  can now be e a s i l y  c h a r a c t e r i z e d  w i t h i n  t h i s  f r a m e -  

w o r k .  C o n s i d e r  the s p e c i a l  case  K = F .  T h e n  

K( I  ) = =(1 ) iter --iter = E O L  = F M O L .  

( N o t e  tha t  i t  s u f f i c e s  to c h o o s e ,  f o r  each a E V ,  0"(a) to be the l anguage  c o n s i s t i n g  

o f  the r i g h t  s i d e s  o f  the p r o d u c t i o n s  w i t h  a on the le f t  s i d e . )  S i m i l a r l y ,  

F~ter = E T O L  (= F M T O L  = R M T O L ) .  

T h e  f a m i l i e s  w i t h  D a n d / o r  P a r e  c h a r a c t e r i z e d  as f o l l o w s .  D means that  the 

o " s  a r e  h o m o m o r p h i s m s ,  P means that  the o ' s  a r e ~ . - f r e e .  T h u s ,  E P D T O L  is the 

s u b f a m i l y  of  F~t~r ,  o b t a i n e d  by  such g r a m m a r s  w h e r e  a l l  s u b s t i t u t i o n s  cr a r e ~ -  

f r e e  h o m o m o r p h i s m s .  

If one w a n t s  to c o n s i d e r  f a m i l i e s  w i t h o u t  E ( O L ,  T O L ,  e t c . ) ,  then one 
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s imp ly  assumes that V N is empty (which means that the i n t e r s e c t i o n  w i th  V T *  in 

(2) is super f l uous ) .  Note that in the genera l  case the g e n e r a t i v e  c a p a c i t y  is not a f -  

fected by assuming that S E V N. F i n a l l y ,  the m a c r o - f a m i l i e s  KMOL  and K M T O L  a re  

ob ta ined by K - i t e r a t i o n  g rammars  s a t i s f y i n g  the f o l l o w i n g  cond i t i on .  T h e r e  is a 

sub -a lphabe t  V I of V N such that,  f o r  each i and each a E V I, o t (a) is a f i n i t e  l an -  

9ua9 e ove r  V N. F u r t h e r m o r e ,  f o r  each i and each a E V T ,  0" i ( a )  is empty and, fo r  

each i and each a E V N - V l ,  o's(a) is a language ( in K) ove r  the a lphabet  V T- 

(He re  i t  is  assumed that K con ta ins  a l l  f i n i t e  l anguages . )  

Thus ,  a l l  c o n t e x t - f r e e  L - s y s t e m s  f ind t he i r  c o u n t e r p a r t  in th is  f o rma l i sm.  

Note ,  h o w e v e r ,  that so f a r  ( apa r t  f rom r e g u l a r  macros )  one has not c o n s i d e r e d  in 

the theory  of L - s y s t e m s  cases mope genera l  than K = F .  

The bas ic  tool needed in p roo f s  f o r  c l o s u r e  r e s u l t s  is the f o l l o w i n g  Theo rem 1. 

We say that a K - i t e r a t i o n  g rammar  is X - f r e e  i f f  each of the subs t i t u t i ons  o't is X - f ree .  

Theo rem 1. ( [55~ ,  [57~,  E|03~) Assume that K is a language f am i l y  c losed  under  

f i n i t e  subs t i t u t i on  and i n t e r s e c t i o n  wi th  r e g u l a r  languages.  Then  fo r  each K - i t e r a -  

t ion g rammar ,  t he re  is an equ iva len t  X - f r e e  K - i t e r a t i o n  g rammar .  

A p p l y i n g  s tanda rd  A F t - t h e o r y  and the techn ique used to p r o v e  Medvedev ls  

Theorem fo r  f i n i t e  automata,  one can es tab l i sh  the f o l l o w i n g  r e s u l t s :  

Theo rem 2. Assume that K sa t i s f i es  the hypo thes i s  of Theo rem 1 and, f u r t h e r m o r e ,  

[z( t )  fop any t > I ,  con ta ins  al l  r e g u l a r  languages.  Then  a l l  of the f a m i l i e s  K~.te r , '"f.ter , = 

KMOL and K M T O L  a r e  fu l l  A F L ' s .  

Thus ,  Theo rem 2 can be app l i ed  wheneve r  K is a cone (a lso  c a l l e d  a fu l l  t r i o ) .  

S i n c e  the fu l l  A F L l s  assoc ia ted  wi th  K ape ob ta ined by p a r a l l e l  r e w r i t i n g ~  they ape 

n a t u r a l l y  ca l l ed  L i n d e n m a y e r  A ~ L I s .  A p a r t  f rom the obv ious  i nc lus ions  

_ _ _ , - - ( I )  ~_ ( 2 )  c . .  ~_ KMOL  c K M T O L  c Kiter , KMOL  c ~it~r K~ter - • Kiter , 

v e r y  l i t t l e  is known about  these A F L I s ,  e . g . ,  about  the s t r i c t n e s s  of the i nc lus ions .  

It is shown by van Leeuwen  ( "No tes  on p r e - s e t  pushdown automata 't , th is  v o l -  

ume) that ,.~ter equa ls  the fami l y  of languages accepted  by p r e - s e t  pushdown au toma-  

ta. (In van Leeuwen~s t e r m i n o l o g y ,  Riter cou ld  be ca l l ed  t l h y p e r - a l g e b r a i c  m u l t i -  

ex tens ion  of regular languages u . )  

A na tu ra l  not ion  f rom the po in t  of v i e w  of L - s y s t e m s  in A F t - t h e o r y  is that  of 

a h y p e r - A F L  . By de f i n i t i on ,  a f am i l y  K sa t i s f y i ng  the hypo thes i s  of T h e o r e m  2 is 

a h y p e r - A F L  i f f  K~t~r z K.  H y p e r - A F L I s  a re  d i scussed  in the paper  by P . A .  C h r i -  

s tensen ( th is  vo lume) .  T h i s  app roach  shows that ,  among the L - f a m i l i e s ,  the f am i l y  

E T O L  has a v e r y  i n t e res t i ng  mathemat ica l  p r o p e r t y .  

I t e ra t i on  g rammars  have been g e n e r a l i z e d  by D e r i c k  Wood ( " A  note on L i n d e n -  
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m a y e r  systems~ s p e c t r a  and equ i va lence l ' ~  M c M a s t e r  U n i v e r s i t y  C o m p u t e r  S c i e n c e  

T e c h n i c a l  R e p o r t  No.  7 4 / 1 )  to c o v e r  L - l a n g u a g e s  w i th  i n t e r a c t i o n s .  He a l s o  g i v e s  

an e x a m p l e  of  how the u n i f o r m  f r a m e w o r k  of  i t e r a t i o n  g r a m m a r s  can  be used to g e n -  

e r a l i z e  s p e c i f i c  r e s u l t s .  The  e x a m p l e  c o n c e r n s  the u l t i m a t e  p e r i o d i c i t y  of  s p e c t r a  

in E O L -  and E T O L - s y s t e m s ,  [2 ,0 ] ,  [2 ,7 ] .  Wood 's  r e s u l t  shows  that  the s p e c i f i c  

r e s u l t s  men t i oned  depend on l y  on the method of  i t e r a t e d  s u b s t i t u t i o n  and not  at a l l  

on the f i n i t e n e s s  of  the s u b s t i t u t i o n s .  


