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A b s t r a c t  

The p r o p e r t i e s  of a s i m p l e  a n d  n a t u r a l  n o t i o n  of o b s e r v a t i o n a l  e q u i v a l e n c e  of a l -  

g e b r a s  a n d  t h e  c o r r e s p o n d i n g  s p e c i f i c a t i o n - b u i l d i n g  o p e r a t i o n  ( o b s e r v a t i o n a l  

a b s t r a c t i o n )  a r e  s t u d i e d .  We b e g i n  w i t h  a d e f i n i t i o n  of o b s e r v a t i o n a l  e q u i v a l e n c e  

w h i c h  is  a d e q u a t e  to  h a n d l e  r e a c h a b l e  a l g e b r a s  on ly ,  a n d  s h o w  how to  e x t e n d  i t  

t o  c o p e  w i t h  u n r e a c h a b l e  a l g e b r a s  a n d  a l s o  how i t  m a y  be  g e n e r a l i s e d  to  m a k e  

s e n s e  u n d e r  a n  a r b i t r a r y  i n s t i t u t i o n .  B e h a v i o u r a l  e q u i v a l e n c e  is  t r e a t e d  as  an  

i m p o r t a n t  s p e c i a l  c a s e  of o b s e r v a t i o n a l  e q u i v a l e n c e ,  a n d  i t s  c e n t r a l  r o l e  in  p r o -  

g r a m  d e v e l o p m e n t  is  s h o w n  by  m e a n s  of a n  e x a m p l e .  

1 Introduction 

Probably the most exciting potential application of formal specifications is to the for- 

mal development of programs by gradual refinement from a high-level specification to a 

low-level "program" or "executabl'e specification" as in HOPE [BMS 80]. Each refinement 

step embodies some design decisions (such as choice of data representation) under the re- 

quirement that behaviour must be preserved. If each refinement step can be proved cor- 

rect, then the program which results is guaranteed to satisfy the original specification. 

This paper studies what is meant by "behaviour" in the context of algebraic specifica- 

tions. Intuitively, the behaviour of a program is determined just by the answers which are 

obtained from computations the program may perform. We may say (informally) that two 

~ - a l g e b r a s  a r e  b e h a v i o u r a l l y  e q u i v a l e n $  w i t h  r e s p e c t  t o  a s e t  OBS of o b s e r v a b l e  s o r t s  if i t  

is  n o t  p o s s i b l e  to  d i s t i n g u i s h  b e t w e e n  t h e m  by  e v a l u a t i n g  ~ - t e r m s  w h i c h  p r o d u c e  a r e s u l t  

of o b s e r v a b l e  s o r t  Fo r  e x a m p l e ,  s u p p o s e  ~ c o n t a i n s  t h e  s o r t s  n a t ,  bool  a n d  b u n c h  and  t h e  

o p e r a t i o n s  e~zp~y:  -~ b u n c h ,  a d d :  n a t , b u n c h  -~ b u n c h  a n d  E: n a t , b u n c h  -~ boo t  ( a s  wel l  as  

t h e  u s u a l  o p e r a t i o n s  on  n a t  a n d  bool ) ,  a n d  s u p p o s e  A a n d  B a r e  ~ - a l g e b r a s  w i t h  

tAIbunch = t h e  s e t  of f i n i t e  s e t s  of n a t u r a l  n u m b e r s  

]B]buneh = t h e  s e t  of f i n i t e  l i s t s  of n a t u r a l  n u m b e r s  

w i t h  t h e  o p e r a t i o n s  a n d  t h e  r e m a i n i n g  c a r r i e r s  d e f i n e d  in  t h e  o b v i o u s  w a y  ( b u t  B d o e s  n o t  

c o n t a i n  o p e r a t i o n s  l i k e  c o n s ,  c a r  a n d  c d r ) .  T h e n  A a n d  B a r e  b e h a v i o u r a l l y  e q u i v a l e n t  w i t h  

r e s p e c t  to  ~bool] s i n c e  e v e r y  t e r m  of s o r t  bool  h a s  t h e  s a m e  v a l u e  in  b o t h  a l g e b r a s  ( the  

i n t e r e s t i n g  t e r m s  a r e  of t h e  f o r m  m e a d d ( a  1 ..... a d d ( % , e m p t y ) . , . ) ) .  Note  t h a t  A a n d  B a r e  

n o t  i s o m o r p h i c .  

In  t h e  a b o v e  we a s s u m e  t h a t  t h e  o n l y  o b s e r v a t i o n s  (o r  e x p e r i m e n t s )  we a r e  a l l owed  to  

p e r f o r m  a r e  to  t e s t  w h e t h e r  t h e  r e s u l t s  of c o m p u t a t i o n s  a r e  e q u a l .  In  t h i s  p a p e r  we d e a l  
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w i t h  t h e  m o r e  g e n e r a l  s i t u a t i o n  in  w h i c h  o b s e r v a t i o n s  m a y  be  a r b i t r a r y  l o g i c a l  f o r m u l a e .  

We d i s c u s s  a n o t i o n  of  observational  equivalence in  w h i c h  two a l g e b r a s  a r e  o b s e r v a t i o n a t l y  

e q u i v a l e n t  if t h e y  b o t h  g ive  t h e  s a m e  a n s w e r s  to  a n y  o b s e r v a t i o n  f r o m  a p r e s p e c i f i e d  se t ,  

O b s e r v a t i o n a l  e q u i v a l e n c e  (o r  m o r e  s p e c i f i c a l l y ,  b e h a v i o u r a l  e q u i v a l e n c e )  s e e m s  to  be  a 

c o n c e p t  w h i c h  is  f u n d a m e n t a l  t o  p r o g r a m m i n g  m e t h o d o l o g y .  F o r  e x a m p l e :  

Da ta  a b s t r a c t i o n  

A p r a c t i c a l  a d v a n t a g e  of u s i n g  a b s t r a c t  d a t a  t y p e s  in  t h e  c o n s t r u c t i o n  of p r o g r a m s  is 

t h a t  t h e  i m p l e m e n t a t i o n  of a b s t r a c t i o n s  by  p r o g r a m  m o d u l e s  n e e d  n o t  be  f ixed .  A d i f f e r -  

e n t  m o d u l e  u s i n g  d i f f e r e n t  a l g o r i t h m s  a n d / o r  d i f f e r e n t  d a t a  s t r u c t u r e s  m a y  b e  s u b s t i t u t e d  

w i t h o u t  c h a n g i n g  t h e  r e s t  of t h e  p r o g r a m  p r o v i d e d  t h a t  t h e  n e w  m o d u l e  is  b e h a v i o u r a l l y  

e q u i v a l e n t  to  t h e  mo, d u l e  i t  r e p l a c e s  (wi th  r e s p e c t  to  t h e  n o n - e n c a p s u l a t e d  t y p e s ) .  ADJ 

[ADJ 76]  h a v e  s u g g e s t e d  t h a t  " a b s t r a c t "  in  " a b s t r a c t  d a t a  t y p e "  m e a n s  " u p  to  

i s o m o r p h i s m " ;  we s u g g e s t  t h a t  i t  r e a l l y  m e a n s  " u p  to  b e h a v i o u r a l  e q u i v a l e n c e " .  

P r o g r a m  s p e c i f i c a t i o n  

One way of specifying a program is to describe the desired input/output behaviour in 

some concrete way, e.g. by constructing a very simple program which exhibits the desired 

behaviour. Any program which is behaviourally equivalent to the sample program with 

respect to the primitive types of the programming language satisfies the specification. 

This is called an abstract model specification [LB 77]. In general, specifications under the 

usual algebraic approaches are not abstract enough; it is either difficult, as in Clear 

[BG B0] or impossible, as in the initial algebra approach of [ADJ 76] and the final algebra 

approach of [Wand 79] to specify sets of natural numbers in such a way that both A and B 

above are models. The kernel specification language ASL [SW 83] provides a specification- 

building operation abstract which when applied to a specification SP relaxes interpretation 

to all those algebras which are observationally equivalent to a model of SP with respect to 

the given set of "equational" observations. With a properly chosen set of observations, this 

g ives  behavioural  abstract ion.  

$ t e p w i s e  r e f i n e m e n t  

A f o r m a l i s a t i o n  of s t e p w i s e  r e f i n e m e n t  r e q u i r e s  a p r e c i s e  d e f i n i t i o n  of t h e  n o t i o n  of 

r e f i n e m e n t ,  i .e .  of  t h e  i m p l e m e n t ~ t i e ~  of o n e  s p e c i f i c a t i o n  by  a l o w e r - l e v e l  s p e c i f i c a t i o n .  

In  t h e  c o n t e x t  of  a s p e c i f i c a t i o n  l a n g u a g e  w h i c h  i n c l u d e s  a n  o p e r a t i o n  l ike  b e h a v i o u r a l  

a b s t r a c t i o n ,  i t  is  p o s s i b l e  to  a d o p t  a v e r y  s i m p l e  d e f i n i t i o n  of i m p l e m e n t a t i o n  ( s ee  s e c t i o n  

5 f o r  d e t a i l s ) .  Th i s  n o t i o n  of i m p l e m e n t a t i o n  h a s  two v e r y  d e s i r a b l e  p r o p e r t i e s  ( v e r t i c a l  

a n d  h o r i z o n t a l  c o m p o s a b i l i t y ,  s e e  [GB 80] )  w h i c h  p e r m i t  t h e  d e v e l o p m e n t  of  p r o g r a m s  f r o m  

s p e c i f i c a t i o n s  in  a g r a d u a l  a n d  m o d u l a r  f a s h i o n ,  An a l t e r n a t i v e  a p p r o a c h  w h i c h  i l l u s t r a t e s  

t h e  s a m e  p o i n t  is  to  u s e  a d e f i n i t i o n  of i m p l e m e n t a t i o n  w h i c h  i m p l i c i t l y  i n v o l v e s  b e -  

h a v i o u r a l  e q u i v a l e n c e ,  a s  in  [GM 82]  a n d  [ S c h  83] .  

This paper establishes a number of basic definitions and results concerning obser- 

vational equivalence in an attempt to provide a sound foundation for its application to 

problems such as those indicated above. We begin by treating in section 2 the case in 

which observations are logical formulae containing no free variables. We define obser- 

vational equivalence of algebras and a specification-building operation (abstract) which 

performs observational abstraction and explore their basic properties. We generalise this 

m a t e r i a l  in  two d i f f e r e n t  d i m e n s i o n s ;  s e c t i o n  3 d i s c u s s e s  o b s e r v a t i o n s  w h i c h  c o n t a i n  f r e e  

v a r i a b l e s  ( to  h a n d l e  " j u n k "  in  u n r e a c h a b l e  a l g e b r a s  w i t h o u t  r e s o r t i n g  t o  i n f i n i t a r y  logic)  

a n d  we a l so  m e n t i o n  h o w  t h e  d e f i n i t i o n s  c a n  be  g e n e r a l i s e d  to  m a k e  s e n s e  u n d e r  a n  a r -  
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b i t r a r y  l o g i c a l  s y s t e m  (or  i n s t i t u t i o n  [GB 83]).  S e c t i o n  4 d e a l s  w i t h  t h e  p r o b l e m  of p r o v -  

ing  t h e o r e m s  a b o u t  s t r u c t u r e d  s p e c i f i c a t i o n s  in  t h e  c o n t e x t  of o b s e r v a t i o n a l  a b s t r a c t i o n .  

S e c t i o n  5 d i s c u s s e s  b e h a v i o u r a l  e q u i v a l e n c e  as  a n  i m p o r t a n t  s p e c i a l  c a s e  of o b s e r v a t i o n a l  

e q u i v a l e n c e .  A s i m p l e  n o t i o n  of i m p l e m e n t a t i o n  is d e f i n e d ,  a n d  we d e m o n s t r a t e  t h e  r o l e  of 

b e h a v i o u r a l  e q u i v a l e n c e  in  p r o g r a m  d e v e l o p m e n t  b y  c a r r y i n g  o u t  one  r e f i n e m e n t  s t e p  in  

t h e  d e v e l o p m e n t  of a f r a g m e n t  of a n  o p t i m i s i n g  c o m p i l e r  f r o m  i t s  s p e c i f i c a t i o n .  

We a s s u m e  t h a t  t h e  r e a d e r  is  f a m i l i a r  w i t h  t h e  b a s i c  a l g e b r a i c  n o t i o n s  p r e s e n t e d  in  e.g. 

[ADJ 76]  (cf. [BG 82])  a s  wel l  a s  b a s i c  n o t i o n s  of l o g i c  a s  i n  e.g. [End  72] i n c l u d i n g  s o m e  

i n f i n i t a r y  log ic ,  s e e  [Karp  64],  

2 O b s e r v a t i o n a l  e q u i v a l e n c e '  t h e  g r o u n d  c a s e  

What  is a n  o b s e r v a t i o n  on  a n  a l g e b r a ?  In t h e  a x i o m a t i c  f r a m e w o r k ,  t h e  m o s t  n a t u r a l  

c h o i c e  i s  to  t a k e  l o g i c a l  f o r m u l a e  a s  o b s e r v a t i o n s ;  t h e  r e s u l t  of a n  o b s e r v a t i o n  on  a n  a l g e -  

b r a  i s  j u s t  t h e  t r u t h  o r  f a l s i t y  of t h e  f o r m u l a  in  t h e  a l g e b r a .  The k i n d  of f o r m u l a e  we u s e  

d i c t a t e s  t h e  k i n d s  of o b s e r v a t i o n s  we a r e  a l l o w e d  to  m a k e  on  a l g e b r a s .  On t h e  o t h e r  h a n d ,  

t h e  k i n d s  of o b s e r v a t i o n s  we w a n t  to  m a k e  on a l g e b r a s  d i c t a t e s  t h e  k i n d  of f o r m u l a e  we 

n e e d ,  t h a t  is  t h e  l o g i c  we s h o u l d  u s e .  

For  e x a m p l e ,  if we w a n t  o n l y  to  e x a m i n e  r e s u l t s  of c o m p u t a t i o n s ,  t h e  n a t u r a l  c h o i c e  is 

e q u a t i o n s  w h i c h  a l l ow  us  t o  c o m p a r e  t h e  v a l u e s  of t e r m s .  A n o t h e r  n a t u r a l  c h o i c e  is f i r s t -  

o r d e r  p r e d i c a t e  c a l c u l u s  w h i c h  a l l o w s  us  to  d i s t i n g u i s h  b e t w e e n  e.g. c l o s e d  a n d  o p e n  i n t e r -  

v a l s  of r a t i o n a l s  ( t h e  o b s e r v a t i o n / f o r m u l a  Vx .3y .x<y  y i e l d s  t r u e  i n  t h e  l a t t e r  a n d  f a l s e  in  

t h e  f o r m e r ) .  A n o t h e r  c h o i c e  is  a n  i n f i n i t a r y  l o g i c  s u c h  a s  L w h i c h  a l l o w s  us  t o  c h e c k  

e.g. r e a e h a b i l i t y  of a l g e b r a s  ( t h a t  is ,  w h e t h e r  a l l  e l e m e n t s  o ~ h e  a l g e b r a  a r e  v a l u e s  of 

g r o u n d  t e r m s ) .  Note  t h a t  t h e  l a t t e r  two k i n d s  of o b s e r v a t i o n s  a r e  n o t  c o m p u t a t i o n a t l y -  

b a s e d ;  t h e y  a r e  a t  a m o r e  a b s t r a c t  l eve l ,  i.e. t h e y  d e s c r i b e  a l g e b r a s  r a t h e r  t h a n  c o m p u t a -  

t i o n s  in  " a l g e b r a s .  S t i l l  a n o t h e r  k i n d  of f o r m u l a e  a r e  n e c e s s a r y  if we w a n t  to  d e a l  w i t h  e.g. 

p r o b l e m s  of c o n c u r r e n c y ,  b u t  we d i s r e g a r d  s u c h  i s s u e s  in  t h i s  p a p e r .  

Fo r  t h e  m o m e n t ,  we do n o t  w a n t  t o  c o m m i t  o u r s e l v e s  to  a n y  p a r t i c u l a r  log ic ,  and  so we 

l e a v e  t h e  n o t i o n  of " f o r m u l a "  u n d e f i n e d ,  (In f a c t ,  a l l  o u r  d e f i n i t i o n s  w o r k  in  a n  e v e n  m o r e  

g e n e r a l  s e t t i n g , )  The  r e a d e r  m a y  f e e l  m o r e  c o m f o r t a b l e  t o  i m a g i n e  t h a t  we a r e  t a l k i n g  

a b o u t  f i r s t - o r d e r  log ic .  

We u s e  t h e  t e r m  " f o r m u l a "  r a t h e r  t h a n  " s e n t e n c e "  to  i n d i c a t e  t h e  p o s s i b l e  p r e s e n c e  of 

f r e e  v a r i a b l e s  to  n a m e  e l e m e n t s  w h i c h  a r e  n o t  v a l u e s  of g r o u n d  t e r m s  ( " j u n k " ) .  F r e e  v a r i -  

a b l e s  i n t r o d u c e  s o m e  c o m p l i c a t i o n s  w h i c h  we p o s t p o n e  to  t h e  n e x t  s e c t i o n .  We will  a s s u m e  

for  t h e  r e m a i n d e r  of t h i s  s e c t i o n  t h a t  f o r m u l a e  c o n t a i n  no  f r e e  v a r i a b l e s ;  we c a l l  t h e s e  

g r o u n d  obse rva t i ons  or  sen t ences .  The f o l l o w i n g  d e f i n i t i o n  c o r r e s p o n d s  d i r e c t l y  to  t h e  de f i -  

n i t i o n  of e l e m e n t a r y  e q u i v a l e n c e  i n  [Pep  83].  

D e f i n i t i o n :  Let  E be  a s i g n a t u r e ,  ¢ a s e t  of E - s e n t e n c e s ,  a n d  l e t  A,B be  E - a l g e b r a s .  A a n d  B 

a r e  o b s e r v a t i o n a t l y  e q u i v a l e n t  w i t h  r e s pec t  to ~, w r i t t e n  A~ B, if  f o r  a n y  ~E@, A ~  iff B ~ .  

E a s y  f a c t s  

Fact 1: For any signature E and set @ of E-sentences, -=¢ is an equivalence relation on the 

c l a s s  of E - a l g e b r a s .  

F a c t  2: For  a n y  s i g n a t u r e  E, s e t s  @,¢' of E - s e n t e n c e s ,  a n d  E - a l g e b r a s  A,B, 
¢~@' a n d  A ~ B  i m p l i e s  A---~,B. o 

F a c t  3: For  a n y  s i g n a t u r e  E, f a m i l y  ~¢ ~ of s e t s  of E - s e n t e n c e s ,  a n d  E - a l g e b r a s  A,B, A-=¢B 
~)  i iE1 l [3 

fo r  a l l  iEI i m p l i e s  A-=~B w h e r e  ¢ = iE[¢i. 
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Two a l g e b r a s  a r e  o b s e r v a t i o n a l l y  e q u i v a l e n t  w r t  ¢ if " they  s a t i s f y  e x a c t l y  t h e  s a m e  s e n -  

t e n c e s  of ~. No te  t h a t  t h i s  r e m a i n s  t r u e  if we c o n s i d e r  n o t  o n l y  t h e  s e n t e n c e s  of ~ b u t  

a l so  t h e i r  n e g a t i o n s  a n d  c o n j u n c t i o n s ,  p o s s i b l y  i n f i n i t e  o r  e m p t y  ( A ¢  is  t r u e ) .  We c a n  a l so  

a d d  to  ¢ s e n t e n c e s  e q u i v a l e n t  to  t h e  o n e s  a l r e a d y  in  ¢, a n d  so  e v e r y t h i n g  w h i c h  is  d e f i n -  

a b l e  in  t e r m s  of n e g a t i o n  a n d  c o n j u n c t i o n  a s  well  ( d i s j u n c t i o n s ,  i m p l i c a t i o n s  e tc . ) .  For  a n y  
s e t  ¢ of  E - s e n t e n c e s ,  l e t  C1(¢) d e n o t e  t h e  c l o s u r e  of ~ u n d e r  n e g a t i o n ,  c o n j u n c t i o n  a n d  

e q u i v a l e n c e ,  i n s o f a r  a s  t h e  log ic  in  u s e  a l lows .  

F a c t  4: -= = --- [2 
¢ cK*) 

Note  t h a t  t h i s  i m p l i e s  t h a t  t h e  p r e m i s e  ¢D¢'  in  f a c t  2 m a y  be  r e p l a c e d  b y  t h e  w e a k e r  c o n -  

d i t i o n  C 1 ( ¢ ) ~ ' .  

A s i g n a t u r e  m o r p h i s m  ~:E~E'  is  a r e n a m i n g  of t h e  s o r t s  a n d  o p e r a t i o n s  in  E to  t h o s e  

of E' w h i c h  p r e s e r v e s  t h e  a r g u m e n t  a n d  r e s u l t  s o r t s  of o p e r a t i o n s .  Th i s  i n d u c e s  in  a n a t u -  

r a l  w a y  a t r a n s l a t i o n  of E - t e r m s  to  E ' - t e r m s  a n d  of  Z - s e n t e n c e s  t o  E ' - s e n t e n c e s ;  if ~ is  a 

E - s e n t e n c e ,  t h e n  a (~ )  d e n o t e s  i t s  t r a n s l a t i o n  to  a E ' - s e n t e n c e .  A s i g n a t u r e  m o r p h i s m  
a : ~ E '  a l s o  i n d u c e s  a a-'reduct f u n c t o r  t r a n s l a t i n g  a n y  E ' - a l g e b r a  A' to  a E - a l g e b r a  A'I.  For  

t h e  e x a c t  d e f i n i t i o n s  of t h e s e  n o t i o n s  s e e  e.g.  [ST 84,  s e c t i o n  2]. T h e s e  t r a n s l a t i o n s  s a t i s f y  

t h e  fo l l owing  c o n d i t i o n  ( s e e  [GB 83]):  

F o r  a n y  E - s e n t e n c e  ~ a n d  E ' - a l g e b r a  A', A']a~ ~ iff A ' ~ u ( ~ )  ( S a t i s f a c t i o n  c o n d i t i o n )  

This  g i v e s  i m m e d i a t e l y  t h e  f o l l o w i n g  f a c t :  

F a c t  5: For  a n y  s i g n a t u r e  m o r p h i s m  a:E~*E ', s e t  ~ of E - s e n t e n c e s  a n d  E ' - a l g e b r a s  A',B', 

A'-= (v)B ' i ff  A'I ---~B'Ia w h e r e  ff(¢) = Ia (~)  i ~ ¢ ~ -  Q 

This  s a y s  t h a t  o b s e r v a t i o n a l  e q u i v a l e n c e  is  c o h e r e n t  w i th  t r a n s l a t i o n  a l o n g  s i g n a t u r e  m o r -  

p h i s m s .  We c a n  a l s o  s h o w  t h a t  o b s e r v a t i o n a l  e q u i v a l e n c e  is  p r e s e r v e d  u n d e r  c o m b i n a t i o n  

of " i n d e p e n d e n t "  a l g e b r a s .  

Le t  E1 a n d  E2 b e  d i s j o i n t  s i g n a t u r e s  a n d  l e t  E l + E 2  b e  t h e i r  ( d i s j o i n t )  u n i o n .  For  a n y  

E l - a l g e b r a  A1 a n d  E 2 - a l g e b r a  A2, l e t  (A1,A2) be  t h e  u n i q u e  E l + E 2 - a l g e b r a  s u c h  t h a t  

(A1,A2)I~I=A1 a n d  (A1,A2)]~=A2, w h e r e  L1 a n d  ~2 a r e  t h e  i n c l u s i o n s  of E1 a n d  E2 

( r e s p e c t i v e l y )  i n t o  E l + E 2 .  No te  t h a t  all  E l + E 2 - a l g e b r a s  a r e  of t h i s  f o r m .  

F a c t  6: F o r  a n y  d i s j o i n t  s i g n a t u r e s  E l ,E2 ,  s e t s  of  E l - s e n t e n c e s  ~1 a n d  E 2 - s e n t e n e e s  ~2,  

E l - a l g e b r a s  A1,B1 a n d  E 2 - a l g e b r a s  A2,B2, (A1,A2)~- I(#IluLz(~2)(B1,B2 ) iff  A I ~ I B 1  a n d  A2=-¢ B2. 
Q 

A s p e c i f i c a t i o n  d e s c r i b e s  a c o l l e c t i o n  of m o d e l s  of t h e  s a m e  s i g n a t u r e .  To f o r m a l i s e  

t h i s ,  f o r  a n y  s p e c i f i c a t i o n  SP l e t  Sig[SP] d e n o t e  i t s  s i g n a t u r e  a n d  Mod[SP]  d e n o t e  t h e  c l a s s  

of i t s  m o d e l s ,  w h i c h  a r e  S i g [ S P ] - a l g e b r a s .  The  n o t i o n  of o b s e r v a t i o n a l  e q u i v a l e n c e  g ives  

r i s e  to  a v e r y  p o w d r f u l  s p e c i f i c a t i o n - b u i l d i n g  o p e r a t i o n :  

D e f i n i t i o n :  F o r  a n y  s p e c i f i c a t i o n  SP a n d  s e t  • of  S i g [ S P ] - s e n t e n c e s  

S i g [ a b s t r a c t  SP w r t  ¢]  = Sig[SP]  
M o d [ a b s t r a e t  SP w r t  ~] = ~ A I A--- B fo r  s o m e  BcMod[SP]  ] 

I n f o r m a l l y ,  a b s t r a c t  SP w r t  ~ is  a s p e c i f i c a t i o n  w h i c h  a d m i t s  a n y  m o d e l  w h i c h  is  o b s e r -  

r a t i o n a l l y  e q u i v a l e n t  to  s o m e  m o d e l  of SP. This  p r o v i d e s  a way  of a b s t r a c t i n g  a w a y  f r o m  

c e r t a i n  d e t a i l s  of  a s p e c i f i c a t i o n  ( s e e  [SW 83] ,  [ST 84]) .  

E a s y  f a c t s  

F a c t  7: F o r  a n y  s p e c i f i c a t i o n  SP a n d  s e t  ~ of S i g [ S P ] - s e n t e n c e s ,  

Mod[SP] C M o d [ a b s t r a c t  SP w r t  ¢]. 
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Fac t  6: For any spec i f i ca t ion  SP and se t  @ of S ig[SP]-sentences ,  
Mod[abs t r ac t  ( a b s t r a c t  SP wrt  ¢) wr t  @] = Mod[abs t r ac t  SP wr t  @]. 

Fac t  9: For any spec i f i ca t ion  SP and se t s  @,@' of S ig[SP]-sentences ,  
CI(@)D_@' impl ies  Mod[abs t r ac t  SP wr t  @] c Mod[abs t r ae t  SP wr t  @']. 

Fac t  10: For any spec i f i ca t ions  SP,SP' such  t h a t  Sig[SP]=Sig[SP'] and  se t  @ of Sig[SP]- 
s e n t e n c e s ,  Mod[SP]C_Mod[SP'] impl ies  Mod[abs t r ac t  SP wrt  @] c M o d [ a b s t r a c t  SP' wrt  @]. 

Using the  above fac t s  we may 
i f ica t ions  involving a b s t r a c t .  For 

Fac t  11: For any spec i f i ca t ion  SP 

a. M o d [ a b s t r a c t  SP wr t  @u¢'] 

b. CI(¢)D@' implies 
Mod[abstract SP wrt @'] = 

o 

derive simple iden t i t i e s  which allow us to t r a n s f o r m  spec-  
example:  

and se t s  @,¢' of S ig[SP]-sentences ,  

_G Mod[abs t r ac t  ( a b s t r a c t  SP wr t  @) wr t  ~'] 
c_ Mod[abs t r ac t  SP wrt  CI(¢)nCI(@')] 

Mod[abstract (abstract SP wrt @) wrt @'] 
Mod[abstraot (abstract SP wrt ¢') wrt @] 0 

(b) need not hold if CI(¢)~@', and that the inclusions in Note t h a t  t h e  second  equal i ty  in 
(a) may be p roper .  

Every a lgebra ic  spec i f i ca t ion  language  provides  an ope ra t i on  for  specifying the  class  of 
models  of a given s igna tu re  which sa t i s fy  a given se t  of axioms,  t h a t  is: 

Definition: For  any s i g n a t u r e  E and se t  A of P.-sentences,  (~,A) is a basic s p e c i f i c a t i o n  and 

Sig[(E,A)] = 
Mod[(~,A)] = ~ A I A is a X-algebra and A~a 

For any signature E and class K of E-algebras, let Th(K) denote the set of all X-sentences 

which hold in K. Note that Kc_Mod[(P.,Th(K))] but the converse inclusion is true only for 

classes K definable by basic specifications. 

Fact 12: For any specification SP with Sig[SP]=E and set @ of E-sentences, 

Mod[abstract SP wrt ¢] G Mod[(E,Th(Mod[SP])nCl(@))]. o 

In the following, we try to further characterise how abstract works for classes of 

models definable by basic specifications. For any signature E and set A of E-sentences, let 

A" = Th(Mod[(~,A)]) be the closure of A ~nder covtseq~.e~ee. 

Fact 13: In first-order logic, for any signature E and sets A,@ of X-sentences, 

Mod[abstract (E,A) wrt @] = Mod[(E,A'c~CI(@))]. 

Proof sketch (for ~): For unsatisfiable A the containment holds; assume A has a model. 

Let AeMod[(E,A'nCl(#))], and ~I, = I~ECI(#) [ A~p~. Assume that Lfu~ is not satisfiable. Then 

by the compactness theorem of first-order logic and since • is closed under conjunction 

there is a @E,I, such that A'uI@I has no model. Hence A*~-~, which, since A" is closed under 

logical consequence implies that -,@EA'. Thus -,@EA'nCI(#) and so A~-~@, which contradicts 

~E,I,. This proves that ~u~I, has a model, say B. rt is easy to check that A=- B. 0 

An examination of the above proof shows that the fact holds for L as well as for first- 

order logic, and in fact for any infinitary logic (any logic which admits negation and con- 

junction of sets of formulae of any eardinality less than the cardinality in which the logic 

is compact). 

Ground observations are powerful enough if we are only interested .in reachable 

(subalgebras of) algebras and we do not want to distinguish between isomorphic algebras, 
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provided that our logic is at least capable of expressing ground equations (i.e. equations 

between terms without variables). 

Fact 14: For any signature E and E-algebras A,B, A~GEq(zlB iff A and B have isomorphic 

reachable subalgebras, where GEQ(E) is the set of all gro~d E-equations. D 

3 Observational equivalenee: the general ease 

In the last section we dealt with observational equivalence based on ground obser- 

vations only (formally, on formulae without free variables). As fact 14 indicates, this is 

quite satisfactory when we restrict our considerations to reachable algebras. If we want to 

deal with algebras containing "junk" things become more complicated. 

Why do we bother about non-reachable algebras? First, when dealing with parameter- 

ised specifications it is usual to consider examples in which some sorts have no generators 

at all, but where we are interested in algebras having the associated carriers non-empty. 

This is shown by standard examples such as Stack-of-X, where X is an arbitrary set. 

Second, when we view algebras from different levels of abstraction we view them with 

respect to different sets of operations. It is then natural that an algebra which is reach- 

able at a certain level of abstraction becomes non-reachable when viewed from a higher 

level. A more technical but related point is that there is no natural definition of the 

s p e c i f i c a t i o n - b u i l d i n g  o p e r a t i o n  de r i ve  [BG 80], [ST 84] (which  c a n  be  u s e d  to  " f o r g e t "  

o p e r a t i o n s )  if m o d e l s  of t h e  r e s u l t  a r e  r e q u i r e d  to be  r e a c h a b l e .  Final ly,  t h e r e  a r e  e x a m -  

p les  [SW 83] in w h i c h  u n r e a c h a b l e  e l e m e n t s  c a n  be  u s e f u l  in c o n s t r u c t i n g  s p e c i f i c a t i o n s ;  an  

e l e m e n t  w h i c h  is u n r e a c h a b l e  a t  one  s t a g e  of t h e  c o n s t r u c t i o n  c a n  b e c o m e  r e a c h a b l e  and  

useful at a later stage. 

It should be noted that if the logic we are working in is sufficiently powerful then we 

can identify algebras up to isomorphism using only ground observations. According to 

Scott's Theorem [Scott 65] this may be achieved using L for countable algebras. Using 

an even more powerful logic the same may be done for arbitrary algebras, 

Fact 15: For any signature E and E-algebra A, there is a )2-sentence ~(A) of L such that 

for any E-algebra B, B~(A) iff A~B. 

Proof sketch: Assume for notational convenience that E has only one sort. Consider the 

formula ¢(A) =def 31AI(/~(A) & vx'Vlx=a I aEIAII) where IA 1 is the carrier of A, and ~0(A) is 

the first-order diagram of the expansion of A to a E(IAl)-algebra with the natural inter- 

pretation of the new constants. If B~A then obviously B~¢(A). 

Conversely, assume that B satisfies ¢(A). Thus, there is a valuation v:IAI-~IBI such that 

B~/~(A) & vx.V~x=a ] aclA]l (B~ means B satisfies ~ under the valuation v; we are going 

to use this notation throughout the paper.) It is easy to see that v is an isomorphism be- 

tween A and B. D 

Note from the construction that in order to handle algebras of eardinality a it is enough 

to consider formulae with quantifiers binding ~ variables. It seems to be possible to 

sharpen this result (requiring only quantifiers binding less than a variables) using some 

kind of "back-and-forth" construction as in the proof of Scott's theorem in [Bar 73]. 

In practice it is desirable to avoid use of infinitary logic (although [MSV 83] argue for 

an approach to specification in which infinitary logic is central). What we are trying to do 

in the following is to obtain a balance between the power of the logic in use (the simpler 

the logic, the better) and the simplicity of the definition of observational equivalence. 

It is obvious that using ground equations as observations we are not able to talk about 

junk at all. If we use equations with universally quantified variables, although we are able 
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to  s a y  s o m e t h i n g  a b o u t  j u n k  we c a n n o t  a l w a y s  d i s t i n g u i s h  b e t w e e n  a l g e b r a s  w h i c h  a r e  i n -  

t u i t i v e l y  n o t  e q u i v a l e n t .  F o r  e x a m p l e ,  t h e  two a l g e b r a s  

f f f f 
A: , .  . . . . .  m . ' O  ~ .  ~ . . .  

f P "  f ~ " "  f 

c a n n o t  be  d i s t i n g u i s h e d  b y  a n y  e q u a t i o n  w i t h  u n i v e r s a l l y  q u a n t i f i e d  v a r i a b l e s  ( n e i t h e r  of 
t h e m  s a t i s f y  V x . f ( x ) = x )  a l t h o u g h  if we go to  f i r s t - o r d e r  log ic  t h e n  t h e  f o r m u l a  3 x . f ( x ) = x  

d i s t i n g u i s h e s  b e t w e e n  t h e m .  B u t  e v e n  in  t h e  f r a m e w o r k  of f i r s t - o r d e r  l og ic  u s i n g  o n l y  

c l o s e d  s e n t e n c e s ,  we a r e  n o t  a b l e  to  d e a l  wi th  j u n k  in  a s a t i s f a c t o r y  way.  We c a n n o t  even  

e x p r e s s  s u c h  a b a s i c  p r o p e r t y  a s  i t s  e x i s t e n c e .  For  e x a m p l e ,  i t  is w e l l - k n o w n  t h a t  t h e  

s t a n d a r d  m o d e l  of a r i t h m e t i c  ( t h e  n a t u r a l  n u m b e r s )  a n d  n o n - s t a n d a r d  m o d e l s  ( t h e  n a t u r a l  
n u m b e r s  w i t h  j u n k )  s a t i s f y  e x a c t l y  t h e  s a m e  s e t  of  f i r s t - o r d e r  s e n t e n c e s .  T h u s ,  t h e r e  is  no  

s e t  of  g r o u n d  f i r s t - o r d e r  o b s e r v a t i o n s  w h i c h  c a n  d i s t i n g u i s h  b e t w e e n  s t a n d a r d  a n d  n o n -  

s t a n d a r d  m o d e l s  of  a r i t h m e t i c .  To d i s t i n g u i s h  b e t w e e n  t h e s e  m o d e l s  u s i n g  g r o u n d  o b s e r -  

v a t i o n s  we n e e d  L 

We a r e  g o i n g  to  e x t e n d  t h e  d e f i n i t i o n s  of t h e  p r e v i o u s  s e c t i o n  b y  a l l owing  f r e e  v a r i a b l e s  

in  o b s e r v a t i o n s .  T h e  i d e a  is  t h a t  t h e s e  p r o v i d e  a way  of r e f e r r i n g  t o  o t h e r w i s e  u n n a m e a b l e  

v a l u e s .  F o r  e x a m p l e ,  i t  s h o u l d  be  i n t u i t i v e l y  c l e a r  ( a n d  will b e  f o r m a l i s e d  be low)  t h a t  t h e  

o b s e r v a t i o n  f ( x ) = x  w i t h  f r e e  v a r i a b l e  x d i s t i n g u i s h e s  b e t w e e n  t h e  two a l g e b r a s  A a n d  B 
a b o v e ,  a n d  t h e  s e t  of  o b s e r v a t i o n s  ~x=succn(O)  t n>_O1 w i t h  f r e e  v a r i a b l e  x d i s t i n g u i s h e s  b e -  

t w e e n  s t a n d a r d  a n d  n o n - s t a n d a r d  m o d e l s  of  a r i t h m e t i c .  As in  logic ,  we n e e d  a v a l u a t i o n  of 

t h e  f r e e  v a r i a b l e s  i n t o  t h e  a l g e b r a  u n d e r  c o n s i d e r a t i o n  to  p r o v i d e  t h e s e  n a m e s  w i th  i n t e r -  

p r e t a t i o n s .  

Given  a s i g n a t u r e  E, a s e t  X of v a r i a b l e s  (of s o r t s  in  E), a s e t  ¢(X) of E - f o r m u l a e  w i th  

f r e e  v a r i a b l e s  in  X, a n d  two E - a l g e b r a s  A,B t h e r e  a r e  a n u m b e r  of p o s s i b l e  w a y s  to  d e f i n e  

A--- (x)B. F o r  e x a m p l e ,  in  [SW 83]  a n d  [ST 84]  A---e(x)B w a s  d e f i n e d  a s  fo l lows :  

A=-~(x)B if t h e r e  e x i s t  s u r j e c t i v e  v a l u a t i o n s  VA:X-*IA I a n d  Vs:X-*lB [ s u c h  t h a t  fo r  all  ~c¢(X),  

A ~  iff B~v~. 

The  j u s t i f i c a t i o n  f o r  t h i s  d e f i n i t i o n  is  t h a t  v A a n d  v s i d e n t i f y  " m a t c h i n g  p a r t s "  of A a n d  B; 
e a c h  p a r t  of A m u s t  m a t c h  s o m e  p a r t  of B a n d  v i ce  v e r s a .  Bu t  t h e r e  a r e  s o m e  p r o b l e m s  

w i t h  t h i s  d e f i n i t i o n .  T e c h n i c a l l y ,  t h i s  r e l a t i o n  is  r e s t r i c t e d  to  c o m p a r i n g  a l g e b r a s  of c a r -  

d i n a l i t y  l e s s  t h a n  o r  e q u a l  to  t h a t  of X b e c a u s e  of t h e  s u r j e c t i v i t y  r e q u i r e m e n t  on  v A a n d  

v B. Also, we h a v e  to  e x c l u d e  a l g e b r a s  w i t h  e m p t y  c a r r i e r s ,  ( a t  l e a s t )  on  s o r t s  in  w h i c h  X is 

n o n - e m p t y ;  o t h e r w i s e  t h e  v a l u a t i o n s  v A a n d / o r  v s c a n n o t  e x i s t .  F ina l ly ,  in  t h e  " g e n e r a l "  

c a s e  in  w h i c h  m o d e l s  a n d  t h e  log ic  a r e  a r b i t r a r y  ( s ee  [ST 84] )  t h i s  d e f i n i t i o n  is  r a t h e r  

m e s s y  a n d  i n e l e g a n t  b e c a u s e  of t h e  d i f f i c u l t y  of f o r m u l a t i n g  in  a b s t r a c t  t e r m s  t h e  r e q u i r e -  

m e n t  of  s u r j e c t i v i t y .  

We a r e  g o i n g  to  c o n c e n t r a t e  o n  a d i f f e r e n t  d e f i n i t i o n  of o b s e r v a t i o n a l  e q u i v a l e n c e .  We 

d e f i n e  t h e  o b s e r v a t i o n a l  e q u i v a l e n c e  r e l a t i o n  in  t e r m s  of a p r e o r d e r .  

D e f i n i t i o n :  F o r  a n y  s i g n a t u r e  E, s e t  X of v a r i a b l e s  of s o r t s  in  E, s e t  ¢(X) of E - f o r m u l a e  wi th  
f r e e  v a r i a b l e s  in  X, a n d  E - a l g e b r a s  A,B, A is  abserva~ier~lly reducible ~o B ~vrt  ~(X), w r i t t e n  

A<_.e{x)B, if f o r  a n y  v a l u a t i o n  VA:X~IA I t h e r e  e x i s t s  a v a l u a t i o n  vB:X~]B I s u c h  t h a t  f o r  all  

~C4~(X), A~Z iff B~v~ ~. 

F a c t  16: F o r  a n y  s i g n a t u r e  E, s e t  X of v a r i a b l e s  of  s o r t s  in  E, a n d  s e t  @(X) of E - f o r m u l a e  

w i t h  f r e e  v a r i a b l e s  in  X, <-~(x) is  a p r e o r d e r  o n  t h e  c l a s s  of  E - a l g e b r a s .  O 

D e f i n i t i o n :  F o r  a n y  s i g n a t u r e  E, s e t  X of v a r i a b l e s  of  s o r t s  in  E, s e t  ¢(X) of E - f o r m u l a e  w i th  
f r e e  v a r i a b l e s  in  X, a n d  E - a l g e b r a s  A,B, A a n d  B a r e  observationally equivalent zvrt  ~(X), 

w r i t t e n  A=-~(x)B, if A<_e(x)B a n d  B<_¢(x)A. 

A l t h o u g h  we a r e  n o t  g o i n g  to  r e s t a t e  al l  of t h e m  f o r m a l l y  h e r e  a g a i n ,  f a c t s  2-6  of s e c t i o n  
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2 ho ld  fo r  t h e  p r e o r d e r  <--~(x) a n d  f a c t s  i -6  ho ld  fo r  t h e  e q u i v a l e n c e  ---~(xY F o r  e x a m p l e ,  

f ac t  3 m a y  be r e f o r m u l a t e d  for  <-~(x) h e r e  as  follows: 

F a c t  3': For  a n y  s i g n a t u r e  E, f ami ly  of m u t u a l l y  d i s jo in t  s e t s  ~Xi~ic ! of v a r i a b l e s  of s o r t s  in 

E, f ami ly  ~@i~ie ~ of s e t s  of E - f o r m u l a e  s u c h  t h a t  fo r  iEl, ~i has, ,free var iables ,  , in  X L, and  

E - a l g e b r a s  A,B, A~¢(x,)B fo r  all iEI imp l i e s  A< (xlB w h e r e  ~ = iUi~i a n d  X = iUEIXi O 

However ,  b e c a u s e  of t h e  p r o b l e m s  wh ich  e m p t y  c a r r i e r s  m a y  c a u s e ,  we h a v e  to  be  c a r e f u l  

wi th  t h e  o p p o s i t e  d i r e c t i o n  of t h i s  i m p l i c a t i o n ,  t h a t  is w h e n  d i s c h a r g i n g  v a r i a b l e s .  F a c t  

2 s h o u l d  be  r e f o r m u l a t e d  as  follows: 

F a c t  2': For  any  s i g n a t u r e  E, s e t  X of v a r i a b l e s  of s o r t s  in E, s e t s  ~(X) a n d  ~'(X) of 

E - f o r m u l a e  wi th  f r e e  v a r i a b l e s  in X, and  E - a l g e b r a s  A,B, 

~(X)D@'(X) a n d  A~_~(x)B imp l i e s  A< (x)B. o 

Note  t h a t  # and  @' m u s t  f o r m a l l y  h a v e  t h e  s a m e  s e t  X of f r e e  v a r i a b l e s ,  even  if t h e  f o r -  

m u l a e  in t h e  s m a l l e r  se t  #' do n o t  u s e  all of t h e m .  We can  d i s c h a r g e  s u c h  u n n e c e s s a r y  

v a r i a b l e s  on ly  if X c o n t a i n s  o t h e r  v a r i a b l e s  of t h e  s a m e  s o r t s ,  or  if t h e  a l g e b r a s  we a re  

dea l ing  wi th  a r e  g u a r a n t e e d  to  have  n o n - e m p t y  c a r r i e r s  of t h e s e  s o r t s .  

As in t h e  p r e v i o u s  s ec t i on ,  we can  def ine  a s p e c i f i c a t i o n - b u i l d i n g  o p e r a t i o n  a b s t r a c t  in  

t e r m s  of o b s e r v a t i o n a l  e q u i v a l e n c e  wi th  e x a c t l y  t h e  s a m e  s e m a n t i c s :  

Def in i t ion:  For  a n y  s p e c i f i c a t i o n  SP, s e t  X of v a r i a b l e s  of s o r t s  in Sig[SP] a n d  se t  #(X) of 

S i g [ S P ] - f o r m u l a e  wi th  f ree  v a r i a b l e s  in X 

S i g [ a b s t r a c t  SP w r t  @(X)] = Sig[SP] 

M o d [ a b s t r a c t  SP w r t  @(X)] = ~ A t A---#(x)B fo r  s o m e  BEMod[SP] 

F a c t s  7-12 st i l l  ho ld  u n d e r  t h i s  m o r e  g e n e r a l  de f in i t ion .  

Note  t h a t  we c a n  give a s h a r p e r  f o r m u l a t i o n  of t h e  f a c t s  wh ich  involve  f o r m i n g  t h e  

c l o s u r e  Cl(@) of a s e t  of f o r m u l a e  @. In t h e  p r e s e n c e  of f r ee  v a r i a b l e s ,  b e s i d e s  c o n j u n c -  

t i ons  a n d  n e g a t i o n s  it  is t e m p t i n g  to allow t h e  i n t r o d u c t i o n  of q u a n t i f i e r s  he r e .  We can  

r e d e f i n e  CI(~(X)) to  be t h e  c l o s u r e  of ¢(X) u n d e r  n e g a t i o n ,  c o n j u n c t i o n  ( p o s s i b l y  inf in i te) ,  

e q u i v a l e n c e  and  u n i f o r m  q u a n t i f i c a t i o n ,  t h a t  is, ~ECI(~(X)) imp l i e s  VX.~ECI(@(X)) and  

3X,~ECI((~(X)). To p r o v e  t h a t  all f a c t s  a r e  s t i l l  t r u e  w i th  t h i s  new d e f i n i t i o n  of CI(~(X)), we 

h a v e  to s h o w  t h e  fol lowing:  

Fact 17: ~-CI(@(X)) ~ ~-@(X) [~ 

Note that only uniform quantification is allowed above, The above fact does not hold if we 

allow q u a n t i f i c a t i o n  over  a p r o p e r  s u b s e t  of t h e  s e t  of f r e e  v a r i a b l e s .  Fo r  e x a m p l e ,  s u p -  

p o s e  E = s o r t s  r a t , b o o l  o p n s  < : r a t , r a t -*boo l .  Let A a n d  B be  E - a l g e b r a s  c o r r e s p o n d i n g  to,  

r e s p e c t i v e l y ,  o p e n  and  c lo sed  i n t e r v a l s  of r a t i o n a l  n u m b e r s .  Now c o n s i d e r  

¢(X) = ~x<y ] x,y~X]. Obviously  A--- (x)B b u t  A~Yx.3y.x<y)  while  B~Yx.3y,x<y) .  Note also 

t h a t  even  u n d e r  t h i s  de f in i t i on  of c l o s u r e ,  f ac t  13 does  n o t  ho ld  fo r  n o n - g r o u n d  o b s e r -  

v a t i o n s .  

4 Proofs in structured specifications 

An i m p o r t a n t  i s s u e  c o n n e c t e d  wi th  s p e c i f i c a t i o n s  is t h e o r e m  p rov ing .  We would  like to 

be ab le  to p r o v e  t h e o r e m s  a b o u t  a s p e c i f i c a t i o n ,  t h a t  is, t h a t  c e r t a i n  s e n t e n c e s  of t he  u n -  

de r ly ing  logic ho ld  in eve ry  m o d e l  of a spec i f i c a t i on .  As s u g g e s t e d  by  Gu t t ag  a n d  Horn ing  

[GH 80] by  p r o v i n g  t h a t  s e l e c t e d  t h e o r e m s  ho ld  we c a n  u n d e r s t a n d  s p e c i f i c a t i o n s  and  ga in  

c o n f i d e n c e  t h a t  t h e y  e x p r e s s  w h a t  we wan t .  Moreover ,  in  o r d e r  to  do a n y  k ind  of f o r m a l  

p r o g r a m  d e v e l o p m e n t  o r  v e r i f i c a t i o n  (or  even  s p e c i f i c a t i o n  bu i ld ing ,  if p a r a m e t e r i s e d  spee i -  
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f i c a t i o n s  wi th  r e q u i r e m e n t s  can  be u sed )  a t h e o r e m - p r o v i n g  c a p a b i l i t y  is n e c e s s a r y .  

In  t h e  c o n t e x t  of s t r u c t u r e d  s p e c i f i c a t i o n s ,  we h a v e  to  cope  wi th  two s e p a r a t e  p r o b -  

l ems .  F i r s t  is h o w  to  p r o v e  t h e o r e m s  in  t h e o r i e s  of t h e  u n d e r l y i n g  logic.  Note  t h a t  t h i s  

t a s k  m a y  be e a s e d  by  t h e  f a c t  t h a t  o u r  t h e o r i e s  have  s t r u c t u r e ,  as  t h i s  a l lows us  to  n a t u -  

ra l ly  d i s r e g a r d  i n f o r m a t i o n  which  is p r o b a b l y  i r r e l e v a n t  to w h a t  we a re  t r y i n g  to prove .  

The o t h e r  p r o b l e m  is dea l ing  wi th  t h e  s t r u c t u r e  i tself .  What we n e e d  a r e  i n f e r e n c e  r u l e s  

fo r  e v e r y  s p e c i f i c a t i o n - b u i l d i n g  o p e r a t i o n  w h i c h  al low us  to  der ive  t h e o r e m s  a b o u t  a c o m -  

b ined  s p e c i f i c a t i o n  f r o m  t h e o r e m s  a b o u t  t h e  c o m p o n e n t s  f r o m  w h i c h  i t  was  bui l t .  Note 

t h a t  t h e  l a t t e r  p r o b l e m  is n o t  a u t o m a t i c a l l y  r e d u c i b l e  to  t h e  f o r m e r  b e c a u s e  n o t  all spec i -  

f i c a t i o n s  a r e  e q u i v a l e n t  to (have  t h e  s a m e  c la s s  of m o d e l s  as)  t h e o r i e s  of t h e  u n d e r l y i n g  

logic [ST 84], le t  a lone  t h e o r i e s  wi th  f in i te  p r e s e n t a t i o n s  as  r e q u i r e d  fo r  u s e  by  a t h e o r e m  

p r o v e r .  

Fo r  s i m p l e  s p e c i f i c a t i o n - b u i l d i n g  o p e r a t i o n s  a p p r o p r i a t e  i n f e r e n c e  r u l e s  a r e  given in 

[SB 83], fo r  e x a m p l e  

t h m  in SP ~ th in  in SP + SP' 

w h e r e  " t h i n  in SP" m e a n s  thmETh(Mod[SP] ) ,  t h a t  is t h a t  t h e  s e n t e n c e  t h ~  h o l d s  in all 

m o d e l s  of t h e  s p e c i f i c a t i o n  SiP. The a b s t r a c t  s p e c i f i c a t i o n - b u i l d i n g  o p e r a t i o n  def ined  in 

sect ions" 2 and  3 is m o r e  d i f f icul t  to  hand l e .  One p r o b l e m  is t h a t  in  c o n t r a s t  to  o t h e r  

s p e c i f i c a t i o n - b u i l d i n g  o p e r a t i o n s  it  is n o t  m o n o t o n i c ,  in t h e  s e n s e  t h a t  

thin in SP ~ thm in abstract SP wrt . . . 

However, fact 12 and its analogue for observations with free variables (see section 3) says 

that the following inference rule is sound. 

Inference rule: For any set @(X) of open formulae ~with variables in X, 

thin in SP and thmeCl(~(X)) ~ thm in abstract SP wrt @(X) 

Moreover, for the case of ground observations (i.e. when X is the empty set), fact 13 shows 

that in some standard logics (first-order logic, infinitary logics) the above rule is in a 

sense complete when used together with inference rules for the underlying logic and the 

other specification-building operations. Note also that facts 7-12 provide us with some 

subsidiary inference rules; for example, fact 9 implies 

thin in abstract SP wrt @ and @cCI(~') ~ thm in abstract SP wrt ~' 

5 B e h a v i o u r a l  e q u i v a l e n c e  - -  a n  e x a m p l e  

In sections 2 and 3 we defined a very general and powerful notion of observational 

equivalence. In this section we look at a very important special case and we consider an 

example of its use. Namely, we restrict observations to equations between terms from 

some specified set; this gives an equivalence corresponding to the one used in the ASL 

specification language [SW 83]. A proper choice of the set of terms gives beAavio~ral 

eq?~v(~le?~ce as informally discussed in the introduction. 

Suppose that Z is a signature and IN and OUT are subsets of the sorts of ~. Now, con- 

sider all computations which take input from sorts IN and give output in sorts OUT; this 

set of computations corresponds to the set of E-terms of sorts OUT with variables of sorts 

IN. Consider the set EQouT(XIN) of equations between terms of the same sort in OUT having 

variables XxN of sorts in IN. Two algebras are observationally equivalent with respect to 

EQouT(XIN ) if they are behaviourally equivalent, that is they have matching input/output 

relations. Note that this covers the notions of behavioural equivalence with respect to a 
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single set OBS of observable sorts which appear in the literature. For example, in [Rei 81] 

and [GM 82] we have IN=sorts(~), 0UT=0BS; in [Sch 83], [SW B3] and [GM 83] IN=OUT=0BS; 

and in [GGM 76] and [Kam 83] IN=~) and 0UT=0BS. To denote the corresponding special 

case of abstract we use the following notation: 

behaviour SP with in IN out OUT =def abstract SP wrt EQouT(XIN ) 

This corresponds to behavioural abstraction as defined in ASL [SW 83]. 

As an example we are going to consider a simple language of expressions for arithmeti- 

cal computation over the integers. This may be imagined as a small piece of a real pro- 

gramming language. We believe that the approach used below may be applied to other 

programming language constructs as well, leading towards the possible formal development 

of a compiler. 

We assume that we are given some standard specifications of identifiers (Ident) with a 

sort ~de~t and of the integers (Int) with the usual arithmetic operations. The (abstract) 

syntax of expressions is given by the following specification (we use the notation of the 

Clear specification language [BG 80]s): 

Expr = enrich Int + Ident by data sorts expr 
opns const : int -* expr 

var : ident -* expr 
plus, times : expr, expr -* expr 
cond : expr, expr, expr ~ expr 

The use of data above means that any model of Expr is a free extension of a model of 

Int + Ident. That is, the sort expr contains expressions built up using the newly-intro- 

duced operations. We could achieve the same effect using a hierarchy constraint [Bau 81] 

(cf. [SW 82] and [EWT 83]) together with the appropriate inequations. 

To describe the semantics of expressions we need the additional concept of an environ- 

ment from which the values of variables may be retrieved. This is described by the follow- 

ing (loose) specification: 

Env = enrich Int + Ident by sorts env 
opns lookup : env, ident -~ int 

For the purpose of our example, no more than the existence of an operation loolcup is re- 

quired. 

Eval = enrich Expr + Env by 
o p n s  evat : expr ,  env  -~ in t  
a x i o m s  Vn:int ,  p :env,  e v a l ( c o n s t ( n ) , p )  = n 

Vx:ident, p:env, eval(var(x),p) = lookup(p,x) 
Ve,e ' :expr ,  p:env,  eval (p lus(e ,e ' )~p)  = eval(e ,p)  + eva l (e ' ,p )  
Ve ,e ' : expr ,  p:env,  e v a t ( t i m e s ( e , e  ),p) = eval (e ,p)  x eval (e ' ,p)  
¥e , e ' , e " : exp r ,  p:env,  eva l ( cond (e , e ' , e " ) , p )  = eva l (e" ,p)  if eval (e ,p)  = 0 

= eva l (e ' ,p )  o t h e r w i s e  

(We use an obvious notation to simplify the syntax of conditional axioms.) 

The models of Eval are just the models of Expr with the expected semantics provided 

by the operation eval. The cond construct has the semantics of if _ then _ else _, where 

0 (as the value of the first argument) is interpreted as false and any other value is inter- 

preted as  t r u e .  Note  t h a t  t h e  m o d e l s  of Evat a r e  p r e t t y  well d e t e r m i n e d ;  in  f a c t  t h e y  a r e  

d e t e r m i n e d  u p  to  i s o m o r p h i s m  given m o d e l s  of I d e n t  and  Env. Now i m a g i n e  t h a t  we w a n t  

to bu i ld  a c o m p i l e r  wh ich  p e r f o r m s  s o m e  s o u r c e - l e v e l  o p t i m i s a t i o n ;  f o r  e x a m p l e ,  r e c o g n i s -  

ing t h a t  times(const(O),e) is j u s t  eonst (O) .  S u c h  o p t i m i s a t i o n s  a r e  n o t  p e r m i t t e d  by  t h e  

3But tor the  s e m a n t i c s  of derive,  s ee  [ ~  83]. 
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specification above. 

Two solutions to this dilemma are offered in the literature. First, [Wand 79] and 

[Kam 83] advocate the use of fiTzmZ models; if we adopt this approach (modifying the above 

specification appropriately) then every (final) model of Eval would satisfy e = e' iff it satis- 

fies Vp:e~%v. eval(e,p) = eval(e',p), for all expressions e and e'. But this disallows non-op- 

timal implementations since it requires that all possible optirnisations are performed. 

Much worse, the specified models are actually not attainable since the optimisation re- 

quired is not computable (this follows from a result in [Chu 36]). 

Second, as advocated in e.g. [Ehr 79] and [EKMP 82] the notion of impleTrzeTzt~io~ of 

one specification by another should take care of this problem. Algebras with some op- 

timisations are not models of the specification above but models of a specification which 

implements it. Unfortunately, the formal notions of implementation which have been sug- 

gested are rather complicated, and especially so in the context of loose and parameterised 

specifications. (Note that the specification above may be viewed as parameterised by 

Ident.) 

We adopt neither of these solutions. Instead, we argue that the specification Eval as 

given above is not really what we intend. When we specify a program what we are really 

interested in is its behaviour, that is the answers which we obtain when the program is ap- 

plied to the various possible inputs. The specification Eval says more than that; it dic- 

tates the structure of internal data. We can obtain fihe class of models having the be- 

haviour which Eval specifies (rather concretely) by applying the behavionr operation for 

the appropriate choice" of input and output sorts: 

Eval-we-really-want = b e h a v i o u r  Eval with in }int,idenfl,env~ out }infi I 

The inference rule for abstract given in section 4 may be applied here to show e.g. that 

Ve,e':expr, p:env, eval(p]us(e,e'),p) = eval(plus(e',e),p) 

is a theorem in Eval-we-really-want, since it is a theorem of Eval and is in the closure of 

the set of observations we are using here. 4 

The ability to specify classes of algebras up to behavioural equivalence (as in Eval-we- 

really-want) allows us to greatly simplify our formal view of what an implementation is. 

Proceeding from a specification to a program means making a series of design decisions, 

each of which amounts to a restriction on the class of models. Such design decisions ar~ 

choice of data structures, choice of algorithms, and choice between alternatives which the 

specification leaves open. 

Thus, a simple but natural notion of implementation is as follows. 

D e f i n i t i o n :  A s p e c i f i c a t i o n  SP is  £mplemented by a s p e c i f i c a t i o n  SP', w r i t t e n  SP~->SP ' ,  

if Mod[SP'] C MotI[SP]. 

It is easy to see thai the above implementation relation is transitive (SP~->SP ' and 

SP'~,-~>SP '' implies SP---->SP"), i.e. that it can be composed ve~'~ic~ly (see [GB 80]). This 

means that a specification can be refined gradually. Furthermore, this implementation re- 

lation can be composed ho~zor~t~lly [GB 80] as well s [SW 83] (SPI~-~>SPI ' and SP2~-~>SP2 ' 

implies SPI+SP2~-~'>SPI'+SP2 ' and similarly for the other specification-building operations). 

This means that specifications can be refined in a modular fashion. This is in contrast to 

the more complicated notions of implementation mentioned earlier for which these 

4For technical  reasons (see  [OM 51]) we a s s u m e  that  there are constants  of sort ~de~f. 

5provided that  aU specif ication-building operations are monotonic  (with respect  to model  c lasses) ,  which is the  case for the speci{i- 
cation-building operations defined in e.g. Clear [BG 80], LOOK [ETLZ 8Z i, AS[. [SW S3], and for abs tract  and behawlour as  defined above. 
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p r o p e r t i e s  do n o t  h o l d  i n  g e n e r a l .  

The  f o l l o w i n g  s p e c i f i c a t i o n  is  a n  i m p l e m e n t a t i o n  of E v a l - w e - r e a l l y - w a n t :  

Eva l '  = 
l e t  Ev0 = e n r i c h  Eva l  b y  

o p n s  o p t p l u s ,  o p t t i m e s  : e x p r ,  e x p r  ~ e x p r  
o p t c o n d  : e x p r ,  e x p r ,  e x p r  ~ e x p r  

a x i o m s  Ve ,e ' : exp r .  o p t p l u s ( e , e ' )  

e 

= o p t t i m e s ( c o n s t ( 2 ) , e )  
= p l u s ( e , e ' )  

Ve , e ' : exp r .  o p t t i m e s ( e , e ' )  
= const(O) 

e 

= t i m e s ( e , e ' )  
V e , e ' , e ' : e x p r .  o p t c o n d ( e , e ' , e " )  

i n  d e r i v e  s i g n a t u r e  Eva l  
f r o m  Ev0 
by c o n s t  i s  c o n s t  

v a r  i s  var 
plus is optplus 
times is opttimes 
cond is optcond 
o v a l  is e v a l  

if e = c o n s t ( 0 )  
if e' = c o n s t ( 0 )  
if  e = e' 
o t h e r w i s e  

if  e = c o n s t ( 0 )  o r  e' = c o n s t ( 0 )  
if  e = c o n s t ( 1 )  
i f  e '  = e o n s t ( 1 )  
o t h e r w i s e  

= e' i f  e = c o n s t ( n )  a n d  n ~ 0 
= e" if  e = c o n s t ( 0 )  
= e' if  e' = e" 
= c o n d ( e , e ' , e " )  o t h e r w i s e  

Eval '  s p e c i f i e s  t h e  s y n t a x  a n d  s e m a n t i c s  of o u r  e x p r e s s i o n  l a n g u a g e ,  r e q u i r i n g  t h a t  c e r t a i n  

s o u r c e - l e v e l  o p t i m i s a t i o n s  ( c o n s t a n t  f o l d i n g )  b e  c a r r i e d  ou t .  

In o r d e r  t o  p r o v e  t h a t  Eva l '  i m p l e m e n t s  E v a l - w e - r e a t l y - w a n t  we h a v e  t o  show:  

Cla im:  M o d [ E v a l - w e - r e a l l y - w a n t ]  D__ Mod[Eval ' ]  

To p r o v e  t h i s  we h a v e  to  s h o w  t h a t  any m o d e l  of Eva l '  i s  b e h a v i o u r a l l y  e q u i v a l e n t  to  a 

m o d e l  of Eva l  ( w i t h  r e s p e c t  to  i n p u t  s o r t s  I i n t , i d e n t , e n v  I a n d  o u t p u t  s o r t  ~int]).  This b o i l s  

down  to  s h o w i n g  t h a t  t h e  v a l u e  of a n  e x p r e s s i o n  (as  g i v e n  by  e'val) is  t h e  s a m e  a s  t h e  

v a l u e  of i t s  o p t i m i s a t i o n  in  a n y  e n v i r o n m e n t  ( s e e  t h e  l o n g  v e r s i o n  of t h i s  p a p e r  f o r  

d e t a i l s ) ,  o 

A d i f f e r e n t  way  of p r o v i n g  t h a t  two a l g e b r a s  a r e  b e h a v i o u r a l l y  e q u i v a l e n t  is  s u g g e s t e d  

i n  [Seh  83];  i n  t h i s  a p p r o a c h ,  a r e l a t i o n  ( c a l l e d  a correspondence) b e t w e e n  t h e  c o r r e s p o n d -  

i ng  c a r r i e r s  is  s e t  up  e x p l i c i t l y  a n d  p r o v e d  to  s a t i s f y  a k i n d  of h o m o m o r p h i s m  p r o p e r t y .  

6 Concluding remarks 

In the previous sections we have been rather vague about what we mean by a 

"formula". We have mentioned formulae of equational logic, first-order logic and infinitary 

logic. Moreover, although we have been using the standard notion of many-sorted algebra 

as in [ADJ 76], this was mostly in order to take advantage of the reader's intuition; in 

fact, we made use of very few formal properties of algebras. This means that in place of 

the standard notion we could have used for example partial or continuous algebras. We 

could even change both the notions of signature and of algebra to deal with errors or 

coercions. 

The notion of an i~s~it~ti0~ [GB 83] provides a tool for dealing with any of these dif- 

ferent n o t i o n s  of a l o g i c a l  s y s t e m  fo r  w r i t i n g  s p e c i f i c a t i o n s .  An i n s t i t u t i o n  c o m p r i s e s  de f i -  

n i t i o n s  of s i g n a t u r e ,  m o d e l  ( a l g e b r a ) ,  s e n t e n c e  a n d  a s a t i s f a c t i o n  r e l a t i o n  s a t i s f y i n g  a few 
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m i n i m a l  c o n s i s t e n c y  c o n d i t i o n s .  (For  a s i m i l a r  b u t  m o r e  l o g i c - o r i e n t e d  a p p r o a c h  s e e  

[Bar  74] . )  By b a s i n g  o u r  d e f i n i t i o n s  (of o b s e r v a t i o n a l  e q u i v a l e n c e  e t c . )  o n  a n  a r b i t r a r y  i n -  

s t i t u t i o n  we c a n  a v o i d  c h o o s i n g  p a r t i c u l a r  d e f i n i t i o n s  of t h e s e  u n d e r l y i n g  n o t i o n s  a n d  do 

e v e r y t h i n g  a t  a n  a d e q u a t e l y  g e n e r a l  level .  It is  p o s s i b l e  to  d e f i n e  t h e  s e m a n t i c s  of a s p e c -  

i f i c a t i o n  l a n g u a g e  in  a n  a r b i t r a r y  i n s t i t u t i o n ;  s e e  [BG 80] a n d  [ST 84].  

We e n c o u n t e r  n o  p r o b l e m s  a t  al l  in  g e n e r a l i s i n g  t h e  c o n t e n t s  of  s e c t i o n  2 (on  g r o u n d  

o b s e r v a t i o n s )  to  a n  a r b i t r a r y  i n s t i t u t i o n .  M o r e o v e r ,  f a c t s  1-12 s t i l l  ho ld .  ( F a c t  13 h o l d s  

fo r  i n s t i t u t i o n s  w i t h  s o m e  s i m p l e  c l o s u r e  p r o p e r t i e s .  F a c t  14 m a y  b e  g e n e r a l i s e d  if we 

e q u i p  i n s t i t u t i o n s  w i t h  s o m e  n o t i o n  of r e a c h a b i l i t y  a l o n g  t h e  l i n e s  of  [Tar  84] . )  

In  o r d e r  t o  d e a l  w i t h  t h e  g e n e r a l  c a s e  of o b s e r v a t i o n s  c o n t a i n i n g  f r e e  v a r i a b l e s  we h a v e  
f i r s t  of  al l  to  p r o v i d e  a n o t i o n  of a n  o p e n  f o r m u l a  a n d  a v a l u a t i o n  of f r e e  v a r i a b l e s  in  t h e  

f r a m e w o r k  of a n  a r b i t r a r y  i n s t i t u t i o n .  A l t h o u g h  s e n t e n c e s  as  t h e y  a r e  u s e d  in  t h e  d e f i n i -  

t i o n  of a n  i n s t i t u t i o n  a b o v e  a r e  a l w a y s  c l o s e d ,  t h i s  m a y  b e  d o n e  ( s e e  [ST 84]) .  T h e n  t h e  

c o n t e n t s  of s e c t i o n  3 m a y  b e  g e n e r a l i s e d  as  well;  s e e  t h e  l o n g e r  v e r s i o n  of t h i s  p a p e r  fo r  

d e t a i l s .  

By e x p l o r i n g  t h e  p r o p e r t i e s  of  a p r i m i t i v e  b u t  p o w e r f u l  a n d  g e n e r a l  n o t i o n  s u c h  a s  ob -  

s e r v a t i o n a l  e q u i v a l e n c e  a n d  t h e n  d e r i v i n g  t h e  m o r e  d i r e c t l y  u s e f u l  c o n c e p t  of  b e h a v i o u r a l  

e q u i v a l e n c e  a s  a s p e c i a l  c a s e ,  we a r e  fo l lowing  in  t h e  f o o t s t e p s  of  e a r l i e r  w o r k  o n  k e r n e l  

s p e c i f i c a t i o n - b u i l d i n g  o p e r a t i o n s  [Wit 82 ,83] ,  [SW 83] ,  [ST 84] .  Our  u l t i m a t e  i n t e r e s t  is n o t  

in  t h e  p r i m i t i v e  n o t i o n s  t h e m s e l v e s  b u t  r a t h e r  in  t h e  u s e f u l  h i g h e r - l e v e l  c o n s t r u c t s  w h i c h  

c a n  b e  e x p r e s s e d  in  t h e i r  t e r m s .  By c a r e f u l l y  i n v e s t i g a t i n g  t h e  p r i m i t i v e s  we h o p e  to  g a i n  

i n s i g h t s  w h i c h  c a n  b e  a p p l i e d  to  t h e  d e r i v e d  c o n s t r u c t s .  

The  m a t e r i a l  in  t h i s  p a p e r  c o u l d  p r o v i d e  t h e  b a s i s  f o r  h i g h - l e v e l  s p e c i f i c a t i o n  l a n g u a g e s  

s u c h  a s  o n e  i n  w h i c h  e v e r y  s p e c i f i c a t i o n  is  s u r r o u n d e d  by  a n  i m p l i c i t  ( a n d  i n v i s i b l e )  a p -  

p l i c a t i o n  of b e h a v i o u r  w i t h  r e s p e c t  to  i n p u t  a n d  o u t p u t  s o r t s  a p p r o p r i a t e  to  t h e  c o n t e x t °  

S u c h  a l a n g u a g e  is  p r e s e n t e d  i n  [ST 85] .  An i s s u e  we h a v e  n o t  d i s c u s s e d  is  t h e  c o n n e c t i o n  

b e t w e e n  b e h a v i o u r a l  e q u i v a l e n c e / a b s t r a c t i o n  a n d  p a r a m e t e r i s a t i o n  of  s p e c i f i c a t i o n s .  A d i f -  

f e r e n t  a p p r o a c h  to  t h e  p r o b l e m  of s p e c i f y i n g  s o f t w a r e  m o d u l e s  w h i c h  i n t e g r a t e s  p a r a m e t e r -  

i s a t i o n  a n d  i m p l e m e n t a t i o n  is  g i v e n  in  [Ehr ig  84].  We h a v e  n o t  y e t  i n v e s t i g a t e d  t h o r o u g h l y  

t h e  i n t e r a c t i o n  b e t w e e n  b e h a v i o u r  a n d  o t h e r  s p e c i f i c a t i o n - b u i l d i n g  o p e r a t i o n s ,  a l t h o u g h  a 

s t a r t  in  t h i s  d i r e c t i o n  is  g i v e n  b y  f a c t s  5 a n d  6. 
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Our  t h a n k s  to  Rod  B u r s t a l l  f o r  m a n y  i n s t r u c t i v e  d i s c u s s i o n s  a n d  e n c o u r a g e m e n t  a n d  to  

M a r t i n  Wirs ing  f o r  t h e  c o l l a b o r a t i o n  w h i c h  s t a r t e d  u s  on  t h i s  l i ne  of w o r k  a n d  fo r  h e l p f u l  
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7 References 

[ADJ 76] 

[Bar 73] 

[Bar 74] 

[Bau 81] 

Goguen, J.A., Thatcher, J.W, and Wagner, E.G. An initial algebra approach to the 
s p e c i f i c a t i o n ,  c o r r e c t n e s s ,  a n d  i m p l e m e n t a t i o n  of a b s t r a c t  d a t a  t y p e s .  IBM 
r e s e a r c h  r e p o r t  RC .6487. Also in: C u r r e n t  T r e n d s  in  P r o g r a m m i n g  M e t h o d o l o g y ,  
Vol. 4: D a t a  S t r u c t u r i n g  (R.T. Yah,  ed . ) ,  P r e n t i c e - H a l l ,  pp .  8 0 - 1 4 9  (1978) .  
B a r w i s e ,  J. B a c k  a n d  f o r t h  t h r o u g h  i n f i n i t a r y  logio.  In: S t u d i e s  i n  M a t h e m a t i c s ,  
Vol. 8: S t u d i e s  in  Model  T h e o r y  (M.D. Morley,  ed.) ,  M a t h e m a t i c a l  Assoc .  of  
A m e r i c a ,  pp .  5 -34 .  
Ba rwise ,  J. A x i o m s  f o r  a b s t r a c t  m o d e l  t h e o r y .  A n n a l s  of  Math .  Logic 7, 
pp.  2 2 1 - 2 6 5 .  
B a u e r ,  F-L. e t  a l  ( t h e  CIP L a n g u a g e  G r o u p )  R e p o r t  o n  a wide  s p e c t r u m  l a n g u a g e  
f o r  p r o g r a m  s p e c i f i c a t i o n  a n d  d e v e l o p m e n t  ( t e n t a t i v e  v e r s i o n ) .  R e p o r t  TUM- 



321 

[BG 80] 

[BG 82] 

[BMS 80] 

[Chu 36] 

[Ehr 79] 

[Ehrig 84] 

[EKMP 82] 

[ETLZ 82] 

[EWT 63] 

[End 72] 
[GGM 76] 

[GB 80] 

lab 83] 

[QM 81] 

[GM 82] 

[GM 83] 

[GH 80] 

[Kam 63] 
[Karp 64] 
[LB 77] 

[MSV 83] 

[Pep 83] 

[Rei 81 ] 

[SB 83] 

[ST 84] 

[ST 85] 

I8104, Techn i sche  Univ. Mtinchen. 
Burstal l ,  R.M. and Goguen, J.A, The s e m a n t i c s  of Clear, a spec i f i ca t ion  language. 
Proc.  of Advanced Course on Abs t r ac t  Software Speci f ica t ions ,  Copenhagen.  
Spr inger  LNCS 86, pp. 292-332, 
Burstal l ,  R.M. and Goguen, J,A, Algebras,  t h e o r i e s  and f r eeness :  an i n t r o d u c t i o n  
for  c o m p u t e r  sc i en t i s t s .  Proc.  1981 Mark tobe rdor f  NATO Su mme r  School,  Reidel. 
Burstal l ,  R.M., MacQueen, D.B. and Sannella ,  D.T. HOPE: an e x p e r i m e n t a l  appl ica-  
tive language.  Proc.  1980 LISP Conference ,  S tanford ,  California,  pp. 136-143. 
Church,  A. An unsolvable  p rob l em of e l e m e n t a r y  n u m b e r  theory .  Amer ican  
Journa l  of Mathemat ics  58, pp. 345-363. 
Ehrich,  H.-D. On the  t h e o r y  of spec i f ica t ion ,  i mp l e me n t a t i o n ,  and p a r a m e t r i z a -  
t ion  of a b s t r a c t  da ta  types .  Repor t  82, Abteilung In format ik ,  Univ. of Dortmund.  
Also in: JACM 29, i, pp. 206-227 (1982). 

Ehrig, H. An a lgebra ic  spec i f i ca t ion  c o n c e p t  for  modu le s  (d ra f t  vers ion) .  Repor t  
84-04, In s t i t u t  ftir Software und Theore t i s che  Informat ik ,  Techn i sche  Univ. Ber- 
lin. 
Ehrig, H., Kreowski, H.-J., Mahr, B. and Padawitz,  P. Algebraic i m p l e m e n t a t i o n  of 
a b s t r a c t  da ta  types.  Theore t ica l  Compute r  Science 20, pp. 209-263. 
Ehrig, H., Tha tcher ,  J.W., Lucas, P. and  Zilles, S.N. Deno ta t iona l  and ini t ial  alge-  
b ra  s e m a n t i c s  of the  a lgebra ic  spec i f i ca t ion  language  LOOK. Draft  r e p o r t ,  IBM 
r e s e a r c h .  
Ehrig, H., Wagner, E.G. and Thatcher ,  J.W. Algebraic spec i f i ca t ions  with g e n e r a t -  
ing c o n s t r a i n t s .  Proc.  10th ICALP, Barcelona.  Spr inger  LNCS 154, pp. 166-202. 
E n d e r b n ,  H.B. A Mathemat ica l  I n t r o d u c t i o n  to Logic. Academic  Press .  
Gia r ra tana ,  V., Gimona, F. and Montanar i ,  U. 0bservabi l i ty  c o n c e p t s  in a b s t r a c t  
da ta  type  spec i f ica t ion .  Proc.  5th MFCS, Gdansk. Spr inger  LNCS 45. 
Goguen, J.A. and  Burstal l ,  R.M. CAT, a sy s t e m for  t he  s t r u c t u r e d  e l abo ra t i on  of 
c o r r e c t  p r o g r a m s  f rom s t r u c t u r e d  spec i f ica t ions .  Technical  r e p o r t  CSL-118, 
Compute r  Science Labora tory ,  SRI In te rna t iona l ,  
Goguen, J.A. and Burstal l ,  R.M. In t roduc ing  in s t i t u t i ons .  Proc,  Logics of Pro-  
g r a m m i n g  Workshop, Carnegie-Mellon. Spr inger  LNCS 164, pp. 221-256. 
Goguen, J.A. and Meseguer,  J. Comple teness  of m a n y - s o r t e d  equa t iona l  logic. 
SIGPLAN Notices 16(7), pp. 24-32; e x t e n d e d  ve r s ion  to a p p e a r  in Hous ton  Journal  
of Mathemat ics .  
Goguen, J.A. and Meseguer, J. Universal  rea l iza t ion ,  p e r s i s t e n t  i n t e r c o n n e c t i o n  
and i m p l e m e n t a t i o n  of a b s t r a c t  modules .  Proc.  9th ICALP, Aarhus,  Denmark,  
Spr inger  LNCS 140, pp. 265-281. 
Goguen, J.A. and Meseguer,  J. An ini t ia l i ty  p r imer .  Draft  r e p o r t ,  SRI Inter-. 
national. 
Guttag, J.V. and Horning, J.J. Formal  spec i f i ca t ion  as a des ign tool.  Proc.  ACM 
Sympos ium on Pr inc ip les  of P r o g r a m m i n g  Languages,  Las Vegas, pp. 251-261. 
Kamin, S. Final da ta  types  and the i r  spec i f ica t ion .  TOPLAS 5, 1, pp. 97-121. 
Karp, C.R. Languages with Express ions  of Inf ini te  Length. North-Holland.  
Liskov, B.H. and Berzins,  V. An appra i sa l  of p r o g r a m  spec i f i ca t ions .  Computa-  
t ion  S t r u c t u r e s  Group m e m o  141-1, Labora to ry  for  Compute r  Science,  MIT. 
Maibaum, T.S.E., Sadler ,  M.R. and Veloso, P.A.S. Logical i m p l e m e n t a t i o n .  Tech- 
nical  r e p o r t ,  D e p a r t m e n t  of Computing,  Imper ia l  College. 
Pepper ,  P. On the  c o r r e c t n e s s  of type t r a n s f o r m a t i o n s .  Talk a t  2nd Workshop 
on Theory and Applicat ions of Abs t rac t  Data Types, Passau .  
Reichel, H. Behavioura l  equivalence  - -  a unifying c o n c e p t  for ini t ia l  and final 
spec i f i ca t ion  me thods .  Proc.  3rd Hungar ian  Compute r  Science  Conf., Budapest ,  
pp. 27-39. 
Sannel la ,  D.T. and Burstat l ,  R.M. S t r u c t u r e d  t h e o r i e s  in LCF. Proc.  8 th  Colloq. 
on Trees in Algebra and Programming ,  L'Aquila, Italy. Spr inger  LNCS 159, 
pp. 377-391. 
Sannella ,  D.T. and Tarlecki, A. Building spec i f i ca t ions  in an a r b i t r a r y  ins t i tu t ion .  
Proc.  Intl. Sympos ium on Semant i c s  of Data Types, Sophia-Antipol is .  Spr inger  
LNCS 173, pp. 337-356. 
Sannel la ,  D.T. and Tarlecki,  A. P r o g r a m  spec i f i ca t ion  and d e v e l o p m e n t  in S tan-  
da rd  ML. Proc.  12th ACM Symp. on Pr inc ip les  of P r o g r a m m i n g  Languages,  New 



322 

[sw 82] 

[sw 83] 

[Sch 83] 

[Scott 65] 

[Tar 84] 

[Wand 79] 

[Wir 82] 

[Wit 8~] 

Orleans.  

Sanne l la ,  D.T. and  Wirsing, M. I m p l e m e n t a t i o n  of p a r a m e t e r i s e d  spec i f i ca t ions .  
Repor t  CSR-103-82, Dept. of C o m p u t e r  Science,  Univ. of Ed inburgh ;  e x t e n d e d  ab-  
s t r a c t  in: Proc.  9 th  ICALP, Aarhus ,  D e n ma r k .  Sp r inge r  LNCS 140, pp. 473-488. 

Sannel la ,  D.T. and  Wirsing, M. A k e r n e l  l a n g u a g e  for  a lgeb ra i c  spec i f i ca t i on  and 
i m p l e m e n t a t i o n .  Repor t  CSR-181-83, Dept. of C o m p u t e r  Science,  Univ. of Edin- 
b u r g h ;  e x t e n d e d  a b s t r a c t  in: Proc.  Intl. Conf. on F o u n d a t i o n s  of C o m p u t a t i o n  
Theory,  Borgholm,  Sweden. Spr inger  LNCS 158, pp. 418-427.  
Schoet t ,  O. A t h e o r y  of p r o g r a m  m o d u l e s ,  t h e i r  s p e c i f i c a t i o n  and  i m p l e m e n -  
t a t i o n  ( e x t e n d e d  a b s t r a c t ) .  Repor t  CSR-155-B3, Dept. of C o m p u t e r  Science,  Univ. 
of Ed inburgh .  

Scott ,  D. Logic with d e n u m e r a b l y  long f o r m u l a s  and  f in i te  s t r i n g s  of quan t i f i e r s .  
In: Theory  of Models. Nor th-Hol land,  pp. 829-341.  
Tarlecki ,  A. Free  c o n s t r u c t i o n s  in a b s t r a c t  a lgebra ic  i n s t i t u t i o n s .  Draft  r epor t ,  
Dept. of C o m p u t e r  Science,  Univ. of Ed inburgh .  
Wand, M. Final  a lgeb ra  s e m a n t i c s  and  d a t a  type  e x t e n s i o n s .  JCSS 19, pp. 2"/-44. 

Wirsing, M. S t r u c t u r e d  a lgebra ic  spec i f i ca t i ons .  Proc.  AFCET Syrup. on Math-  
e m a t i c s  for  C o m p u t e r  Science,  Par is ,  pp. 93-107. 

Wirsing, M. S t r u c t u r e d  a lgebra ic  spec i f i ca t ions :  a k e r n e l  l a n g u a g e .  Habi l i ta t ion  
t h e s i s ,  T e c h n i s c h e  Univ. MUnchen. 


