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1. I n t r o d u c t i o n  

A n u m b e r  of p e o p l e  h a v e  a d v o c a t e d  t h e  u s e  of i n i t i a l  a l g e b r a s  to  d e f i n e  d a t a  t y p e s  
in  s p e c i f i c a t i o n  l a n g u a g e s ,  s ee  fo r  e x a m p l e  B u r s t a l l  a n d  G o g u e n  (1981) .  Two a s p e c t s  of 
t h i s  h a v e  w o r r i e d  m e  s o m e w h a t  

- we do n o t  h a v e  a r e a l l y  c o n v e n i e n t  way  to  d e f i n e  f u n c t i o n s  u s i n g  t h e  u n i q u e  

h o m o m o r p h i s m  p r o p e r t y  of t h e  i n i t i a l  a l g e b r a  

-we do not have any obvious way to prove inequations about the data 

elements. 

I s k e t c h  h e r e  a p r o p o s a l  f o r  d e f i n i n g  f u n c t i o n s  by  t h e  u n i q u e  h o m o m o r p h i s m  
p r o p e r t y ,  a n d  I s h o w  how we c a n  p r o v e  i n e q u a t i o n s  u s i n g  s u c h  f u n c t i o n s .  The f u n c t i o n  
d e f i n i t i o n  m e c h a n i s m  c a n  a l s o  be  s e e n  a s  a p r o g r a m m i n g  l a n g u a g e  p r o p o s a l  fo r  
" in ,duc t ive"  c a s e  e x p r e s s i o n s  a n d  I f o r m u l a t e  i t  i n  ML s y n t a x  (Mi lner  1984) .  

2. D e f i n i t i o n s  i n  ML 

A new d a t a  t y p e  is  i n t r o d u c e d  in  ML by  g i v i n g  t h e  a l t e r n a t i v e  w a y s  of c o n s t r u c t i n g  
e l e m e n t s  of t h a t  t y p e .  T h u s  fo r  e x a m p l e  to  i n t r o d u c e  ( l i n e a r )  l i s t s  of i n t e g e r s  

t y p e  r e c  i n t l i s t  = n i l  I c o n s  o f  ( i n t  * i n t l i s t )  

This  d e f i n e s  t h e  new  t y p e  i n t l i s t  t o g e t h e r  w i t h  t h e  c o n s t r u c t o r s  

n i l :  i n t l i s t  
c o n s :  i n t  * i n t t i s t  - >  i n t l i s t  

The n a t u r a l  n u m b e r s  c o u l d  be  d e f i n e d  by  

t y p e  r e c  n a t  = z e r o  $ s u c c  o f  n a t  

To d e f i n e  f u n c t i o n s  o v e r  s u c h  d a t a  t y p e s  we r e s o r t  t o  r e e u r s i o n .  We u s e  va l  to  
d e f i n e  v a l u e s ,  j u s t  a s  t y p e  d e f i n e s  t y p e s .  Thus  

v a l  r e c  l e n g t h  t = c a s e  t o f  
n i l  , z e r o  
c o n s ( i ,  l l )  . I + l e n g t h  l l  

tn  e a c h  c a s e  a c o n s t r u c t o r  on  t h e  l e f t  i n t r o d u c e s  a n u m b e r  of v a r i a b l e s  w h i c h  a r e  
b o u n d  by  m a t c h i n g ,  f o r  e x a m p l e  i a n d  l l ,  S i m i l a r l y  

v a l  r e c  p l u s ( m ,  n )  = c a s e  m o f  
Zero  . n 

s u c c  m l  . s u c c ( p l u s ( r n l ,  n ) )  

We c a n  e a s i l y  m a k e  d e f i n i t i o n s  by  r e c u r s i o n  w h i c h  do n o t  t e r m i n a t e .  Bu t  " o b v i o u s "  
t e r m i n a t i o n  is  r a t h e r  c o m m o n  in  p r a c t i c a l  p r o g r a m m i n g ,  s i n c e  m a n y  f u n c t i o n s  a r e  
d e f i n e d  by p r i m i t i v e  r e e u r s i o n .  
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3. Def in ing  functions inductively b y  c a s e s  

I would like to propose a variant of the ML c a s e  construction which makes the 
termination immediate from the syntax. We will write "ind ease" for "inductive case". 
The syntax of an "ind case" expression is the same as that of a case expression. 

Let us  call  t h e  e x p r e s s i o n  a f t e r  t h e  word  e a s e  t h e  a r g u m e n t  of t h e  c a s e  e x p r e s s i o n .  
Now t h e  new f e a t u r e  fo r  i nd  c a s e  is t h a t  if a v a r i a b l e  v a p p e a r i n g  on  t h e  le f t  in t he  
m a t c h i n g  p o s i t i o n  in s ide  a c o n s t r u c t o r  h a s  t h e  s a m e  type  as  t he  a r g u m e n t  t h e n  n o t  
only  is ~J d e c l a r e d  f o r  u s e  on  t h e  r i g h t  b u t  so is a n o t h e r  spec i a l  v a r i a b l e  n a m e d  tv .  
This t v  is b o u n d  to  t h e  va lue  of t h e  whole  c a s e  e x p r e s s i o n  in w h i c h  t h e  a r g u m e n t  h a s  
b e e n  r e p l a c e d  by  v. The o r ig ina l  ind  c a s e  t h e n  b e c o m e s  s i m p l y  case .  S o m e  e x a m p l e s  will 
help .  

v a l  p l u s ( m ,  n) = i n d  c a s e  m o f  
Z e r o  . n 
s u o c  m l  . s u c c ( $ m l )  

Here  t h e  new v a r i a b l e  t m l  r e p r e s e n t s  t h e  va lue  of t h e  who le  ind  c a s e  e x p r e s s i o n  
r e p l a c i n g  m by m l .  T h u s  we cou ld  e x p a n d  to  

v a l  p l u s ( m ,  n )  = c a s e  m o f  
z e r o  , 7]. 
s u c c  m l  . s u c c (  "ind c a s e  m l  of z 

:~ero , n 

s u c c  m l  . s u c c  t r o t  ) 

F u r t h e r  s u c h  e x p a n s i o n s  will p u s h  the  ind c a s e  e x p r e s s i o n  a r b i t r a r i l y  deep  in a n e s t e d  
c a s e  e x p r e s s i o n  a n d  e n a b l e  u s  to  c a l c u l a t e  p l u s ( m ,  n )  fo r  any  f in i t e  m. By t h i s  i n f o r m a l  
a r g u m e n t  we see  t h a t  s ince  all e l e m e n t s  of ML d a t a  t y p e s  a r e  f in i t e ly  deep  ind  c a s e  
e x p r e s s i o n s  a lways  t e r m i n a t e .  This is t h e  a d v a n t a g e  t h e y  have  over  exp l i c i t  r e c u r s i o n .  

We m a y  a l so  n o t e  t h a t  t h e  t m l  r e p l a c e s  a r e c u r s i v e  call  of p l u s  in t h e  p r e v i o u s  
de f in i t i on .  We cou ld  t h i n k  of t h e  ind c a s e  e x p r e s s i o n  in g e n e r a l  as  s t a n d i n g  for  s o m e  
a n o n y m o u s  r e c u r s i v e  f u n c t i o n  app l i ed  to  t h e  a r g u m e n t  e x p r e s s i o n ;  t h e  $ s ign  t h e n  
c o r r e s p o n d s  to  a r e e u r s i v e  cal l  of t h i s  f u n c t i o n .  This  r e e u r s i v e  cal l  m u s t ,  by o u r  
s y n t a x ,  be  a p p l i e d  to  a c o m p o n e n t  of t h e  o r i g ina l  a r g u m e n t .  Hence  t h e  g u a r a n t e e  of 
t e r m i n a t i o n .  

The l e n g t h  e x a m p l e  is s i m i l a r l y  a c c o m p l i s h e d  w i t h o u t  r e c u r s i o n  

~ a l  l e n g t h  l = ~vtd c a s e  I o f  
n i l  . z e r o  
c o n s ( i ,  l l )  . s u c c  $ l l  

A n o t h e r  f a m i l i a r  e x a m p l e  

v a l  f a c t  n = ~ n d  c a s e  n o f  
Z e r o  . S U C C  Z e r o  

S U C C  n l  . n * S n l  

A t r e e  e x a m p l e ,  s u m m i n g  t h e  i n t e g e r s  on  t h e  n o d e s  

t y p e  r e c  t r e e  = n i l t r e e  I n o d e  o f  t r e e  * i n t  * t r e e  

v c d  s u m  t = ~ n d  c a s e  t o f  
n i l t r e e  . 0 
n o d e ( t 1 ,  i ,  t 2 )  . $ t l  + ~: + $ t 2  

C o n s i d e r  h o w e v e r  a n  a l t e r n a t i v e  de f in i t i on  of p l u s  

~ a l  r e c  p l u s ( m ,  n )  = c a s e  m o f  

z e r o  , 7q. 

s u c c  m l  . p t u s ( m l ,  s u c c  n ) )  

Here we apply' p l u s  r e c u r s i v e l y  to  m l ,  b u t  wi th  t h e  p a r a m e t e r  n i n c r e a s e d  to  s u c c  n .  
There  s e e m s  to  be  no way  to  e x p r e s s  s u c h  d e f i n i t i o n s  u s i n g  ind  case .  We c a n  howeve r  
" c u r r y "  t h e  d e f i n i t i o n  of p l u s ,  and  t h e n  t r a n s l a t e  it  ( n o t i n g  t h a t  in  ML f u n  m e a n s  
lambda) 
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p l u s  : n a t  - >  ( h a t - > n a t )  

v a t  r e c  p l u s  m n = c a s e  m o f  
z e r o  . ~ u n  n. n) 
s u e c  m l  . ~ u n  n .  p l u s  m l  ( s u c c  n ) )  

This b e c o m e s  

v a t  p l u s  m n = i n d  c a s e  m o f  

s u c c  m l  . ~ n .  S m l  ( s u e e  n ) )  

This is n o t  p a r t i c u l a r l y  n i c e  b u t  t h e  b e s t  I c a n  do. Any b e t t e r  i d e a s ?  

The  F i b o n a c e i  f u n c t i o n  w h i c h  r e c u r s e s  on  b o t h  n-1 a n d  n - 2  a l s o  p r e s e n t s  a 
p r o b l e m ,  b u t  o n e  c a n  o v e r c o m e  t h i s  u s i n g  t h e  ML a s  c o n s t r u c t i o n  w h i c h  b i n d s  a 
v a r i a b l e  t o  a s u b p a t t e r n .  

Of c o u r s e  o n e  c a n  u s e  s e c o n d  o r d e r  f u n c t i o n a l s ,  l i k e  m a p l i s t ,  t o  c a p t u r e  p r i m i t i v e  
r e c u r s i o n ,  b u t  t h e y  s t i l l  n e e d  t e r m i n a t i o n  p r o o f s  a n d  p r o g r a m s  u s i n g  t h e m  a r e  n o t  v e r y  
r e a d a b l e .  

4. E q u a t i o n a l  d a t a  t y p e s  

The n o t a t i o n  u s e d  in  ML to  i n t r o d u c e  a r e c u r s i v e  d a t a  t y p e  is j u s t  a c u t e  way  of 
d e f i n i n g  a s i g n a t u r e .  The d a t a  t y p e  i s  t h e  i n i t i a l  a l g e b r a  on  t h i s  s i g n a t u r e ,  tn  
s p e c i f i c a t i o n  l a n g u a g e s  we m a y  be  i n t e r e s t e d  in  d e f i n i n g  t h e  i n i t i a l  a l g e b r a  on  a 
s i g n a t u r e  s u b j e c t  t o  s o m e  e q u a t i o n s .  F i n i t e  s t r i n g s ,  b a g s  ( a l i a s  m u l t i s e t s )  a n d  s e t s  a r e  
a l l  e a s i l y  d e f i n a b l e  b y  a d d i n g  e q u a t i o n s  fo r  i d e n t i t y ,  a s s o c i a t i v i t y ,  c o m m u t a t i v i t y  a n d  
a b s o r p t i o n .  So fo r  s p e c i f i c a t i o n  p u r p o s e s  l e t  u s  e x t e n d  t h e  ML s y n t a x  s l i g h t l y  to  a l low 
e q u a t i o n s ,  i n ' e d u c i n g  a k e y w o r d  u n d e r .  Us ing  _ _  a s  a n  i n f i x e d  o p e r a t o r  for- a p p e n d i n g ,  
we d e f i n e  s t r i n g s  t h u s  

t y p e  r e v  i n t s t r i n g  = e m p t y  I u n i t  i n t  I i n t s t r i n g  ~ i n t s t r i n g  
u n d e r  e m p t y _  s = s 

a n ~  s _ _  e m p t y  = s 
a n d  s - -  ( t  ~ u )  = ( s  - -  t)  - -  u 

We can define functions recursively on these equational data types, using cases. 

For  e x a m p l e  

v a t  s l e n g t h  s = ~v*d v a s e  s of 

e m p t y  . 0 
u n i t  i . 1 
s l  _ _  s 2  . $ s l  + $ s 2  

But  in  o r d e r  fo r  t h i s  d e f i n i t i o n  to  be  
e q u a t i o n s  d e r i v e d  f r o m  t h e  o n e s  fo r  s t r i n g s  

0 + n = n 

~+ 0 = 0 
t + ( m  + n )  = (t + m )  + n 

All t h e s e  a r e  e l e m e n t a r y  p r o p e r t i e s  of +. 

d e t e r m i n i s t i c  we h a v e  to  c h e c k  s o m e  

To d e r i v e  t h e  e q u a t i o n s  t o  be  c h e c k e d  o n e  m a y  n o t e  t h a t  t h e  r i g h t  h a n d  s i d e s  
d e f i n e  o p e r a t i o n s  c o r r e s p o n d i n g  to  e m p t y ,  u n i t  a n d  _ _  a n d  we h a v e  to  s h o w  t h a t  t h e s e  
o p e r a t i o n s  o b e y  t h e  s a m e  e q u a t i o n s  a s  t h e  c o n s t r u c t o r s .  (I a m  s t i l l  a l i t t l e  f u z z y  a b o u t  
a g o o d  way  to  s a y  t h i s  p r e c i s e l y . )  T h e s e  new  o p e r a t i o n s  a r e  t h e  o p e r a t i o n s  of t h e  
t a r g e t  a l g e b r a  of t h e  u n i q u e  h o m o m o r p h i s m  w h i c h  is  b e i n g  d e f i n e d  by  t h e  i n d  c a s e  
e x p r e s s i o n .  

5. P r o v i n g  inequations 

F r o m  t h e  d e f i n i n g  e q u a t i o n s  i t  i s  e a s y  to  p r o v e  o t h e r  e q u a t i o n s  by  u s i n g  t h e  u s u a l  
p r o p e r t i e s  of e q u a l i t y ,  s u b s t i t u t i o n ,  t r a n s i t i v i t y ,  e t c ,  Bu t  how c a n  we p r o v e  i n e q u a t i o n s ?  



95 

This  is  l e s s  o b v i o u s .  Do we h a v e  to  s h o w  s o m e h o w  t h a t  a c e r t a i n  e q u a t i o n  is  no___!t 
p r o v a b l e  f r o m  t h e  d e f i n i n g  o n e s ?  

I want t o  s h o w  how i n e q u a t i o n s  c a n  be  p r o v e d  u s i n g  a n o t h e r  a p p r o a c h .  F i r s t  we 
n o t e  t h a t  if t h e r e  a r e  no  e q u a t i o n s  t e r m s  a r e  u n e q u a l  j u s t  if  t h e y  h a v e  d i f f e r e n t  
c o n s t r u c t o r s ,  o r  ( r e e u r s i v e l y )  if t h e y  h a v e  t h e  s a m e  c o n s t r u c t o r  b u t  s o m e  p a i r  of 
c o m p o n e n t s  a r e  u n e q u a l .  This  g ives  u s  s o m e  i n e q u a t i o n s  to  s t a r t  off w i t h  e,g. t r u e  
f a l s e ,  z e r o  ~ s u e e  n. 

B u t  w h a t  if t h e r e  a r e  d e f i n i n g  e q u a t i o n s ?  We m u s t  u s e  t h e  b a s i c  p r o p e r t y  of t h e  
i n i t i a l  a l g e b r a ,  t h e  e x i s t e n c e  of a u n i q u e  h o m o m o r p h i s m  to  a n y  o t h e r  a l g e b r a  w h i c h  
s a t i s f i e s  t h e  e q u a t i o n s .  S u p p o s e  t h i s  h o m o m o r p h i s m  is  f. T h e n  we c a n  p r o v e  x ~ y b y  
o b s e r v i n g  t h a t  f (x )  ~ f(y) .  Now f (x)  a n d  f(y)  m a y  t a k e  t h e i r  v a l u e s  i n  a d a t a  t y p e  w h e r e  
we a l r e a d y  k n o w  s o m e  i n e q u a t i o n s .  If n o t  we m u s t  a p p l y  a s i m i l a r  t r i c k  u n t i l  we g e t  
b a c k  to  a t y p e  w i t h  no  d e f i n i n g  e q u a t i o n s  fo r  wh ich ,  a s  we h a v e  s e e n ,  t h e  i n e q u a t i o n s  
a r e  i m m e d i a t e ,  

The f u n c t i o n  f, a c t s  as  a d i s c r i m i n a t o r ,  r e l a t i n g  t h e  t y p e  to  a n o t h e r  one  w h i c h  is 
a l r e a d y  k n o w n .  This is of c o u r s e  r e m i n i s c e n t  of G u t t a g ' s  i d e a  of s u f f i c i e n t  
c o m p l e t e n e s s .  

Le t  u s  c o n s i d e r  b a g s  a s  a n  e x a m p l e .  S u p p o s e  " + + "  h a s  b e e n  d e c l a r e d  s y n t a c t i c a l l y  
t o  be  a n  i n f i x e d  o p e r a t o r .  We d e f i n e  b a g s  t o  be  u n o r d e r e d  s e q u e n c e s ,  w i t h  p o s s i b l e  
r e p e t i t i o n s  

t y p e  t e e  b a g  = e m p t y  [ i n t + + b a g  
~ % d e r  $ + + y + + b  = y + + x + + b  

It  is  c o n v e n i e n t  to  w r i t e  6 f o r  ~f x = y t h e ~  1 e l s e  0 
z y  

v ~ l  e o u n t ( x , b )  = ~ n d  e a s e  b o,f 
e m p t y  . 0 
y + + e  . $e  + 

x y  

To e n s u r e  d e t e r m i n a c y  of t h i s  d e f i n i t i o n  we c h e c k  t h a t  k ( y , $ e ) . $ e  + 6 s a t i s f i e s  t h e  
e q u a t i o n  fo r  ++ ,  t h a t  is  xy 

($c + ~ ) + ~ = ($e + 6 ) + ~ 

We wil l  w r i t e  b f o r  e o u n t ( x , b ) ,  as  a n  a b b r e v i a t i o n .  
z 

S u p p o s e  we w a n t  t o  s h o w  t h a t  e m p t y  ~ x + + e m p t y .  S i n c e  t y p e  n a t  h a s  no  
e q u a t i o n s  we k n o w  t h a t  z e r o  ~ s u e c  z e r o .  B u t  e m p t y  = z e r o  a n d  ( x + + e m p t y )  = s u c e  
z e r o .  So e m p t y  ~ x + + e m p t y .  Note  how t h i s  d e p e n d s  z on  t h e  d e t e r m l m s t l c "  " " p roper ty~  of 
c o u n t .  S i m i l a r l y  we m i g h t  s h o w  t h a t  z + + b  ~ b. (My t h a n k s  a r e  d u e  t o  H o r s t  R e i c h e l  
for  h e l p  w i t h  t h i s  e x a m p l e . )  

Bu t  how do we k n o w  t h a t  c o u ~ t  is  s u f f i c i e n t  to  d i s c r i m i n a t e  b e t w e e n  al_~l u n e q u a l  
b a g s ?  We n e e d  to  s h o w  t h a t  d i f f e r e n t  b a g s  h a v e  a d i f f e r e n t  c o u n t  fo r  s o m e  x. We wish  
to  p r o v e  

T h e o r e m  ( V x . b  = c ) => b = e 
x 

F o r  t h e  p r o o f  of t h i s  t h e o r e m  we n e e d  a n  a u x i l i a r y  d e f i n i t i o n .  A s s u m e  t h a t  "--" 
h a s  b e e n  d e c l a r e d  a s  a n  i n f i x .  

v a l  b--q1 = ~ n d  e a s e  b o f  
e m p t y  . e m p t y  
x + + c  . ~ f  x = y t h e n  e e l s e  x + + $ e  

T h u s  b - -y  d e l e t e s  one  o c c u r r e n c e  of y f r o m  b if p o s s i b l e ,  We n e e d  t h r e e  l e m r n a s  fo r  
t h e  p r o o f .  

L e m m a  1. Y x . b  x = 0 => b = e m p t y  

L e m m a  2. If b >0 t h e n  ( b ~ )  z = b = -  
y ~ Y  

L e m m a  3, If b=>O t h e n  x + + ( b - - x )  = b 
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L e m m a  1 is i m m e d i a t e ,  t h e  o t h e r  two a r e  p roved  by i n d u c t i o n .  

The proof of the theorem is then by induction on b. 

For the data type set the function analogous to eo~t would be membership. 

Notice that the initial algebra gives rise to an induction principle and to use this 
we have to invent a suitable predicate to prove by induction. This comes from the 'no 
junk' property of the initial algebra. The 'no confusion' property gives rise to 
inequations, and here to do proofs we have to invent a suitable discriminant function. 
There is some pleasant feeling of duality here. 

We have made our data definitions in equational logic, but drawn conclusions from 
them using inequalities and quantifiers. This is an example of the use of two different 
'institutions' in one specification language, a trick called 'duplicity' in Burstall and 
Goguen (1981) and Goguen and Burstall (1984). 

The d e a d l i n e  for  t h i s  inv i ted  p a p e r  a r r i v e d  b e f o r e  I h a d  ful ly  u n d e r s t o o d  even  t h e s e  
r a t h e r  e l e m e n t a r y  m a t t e r s .  P lease  forgive t h e  s k e t c h y  a n d  t e n t a t i v e  n a t u r e  of th i s  
c o n t r i b u t i o n .  
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