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Abstract .  Mathematicians formalized the approximation in terms of 
topology. In this paper a new family of logic systems for approximate rea- 
soning, called Near  Logic, is proposed; their semantics are rested on the 
notion of neighborhood system-a building block of topology. Somewhat 
surprisingly, the axiom schema of the Near Logic is that of the modal 
logic $4. This generalizes the fact that the axiom schema of Rough Logic 
is $5. The agreement in geometric and modalic considerations seems in- 
dicate that the proposed approach must have captured some intrinsic 
meaning of the approximate reasoning. Neighborhood Systems are very 
general approximation, so Near Logic can be regarded as a small step 
toward the formalization what Hao Wang called ~approximate proof' 
three decades ago. 

1 I n t r o d u c t i o n  

Approximation is a fact of life; daily routines are carried out by approxima- 
tion. Scientific and engineering operations, such as numerical analysis, signal 
processing are all processed by approximation. Theoretical foundation of such 
approximations is well developed in the theory of topological spaces or more gen- 
erally Freshet(V) spaces [15]. Traditionally all computer systems are based on 
"exact" mathematics, where the fundamental principles are clear, and crispy. As 
computer systems have matured and applications have expanded, the require- 
ments of handling the vagueness, imprecise become imperative. Around 1986, the 
first author began to introduce the notion of neighborhood systems (the building 
block of topology) into databases (approximate retrieval) and knowledge bases 
(approximate reasoning) [2], [3], [4], without realizing that  the rough sets theory, 
has been developed extensively by Pawlak school. Rough set theory induces a 
special type of topology in its universe, called Pawlak topology [6],where open 
sets coincide with closed sets. 

Topological spaces (neighborhood systems) can be characterized by Kuratowski's 
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closure axioms [7]. Based on these characterization, a new family of formal log- 
ical systems, called Near  Logic (Rough  Logic ) is proposed and studied. 
A detail report on the rough logic will soon be reported in [16]. Here, we fo- 
cus on the Near Logic and its comparison with Rough Logic. Interestingly, the 
axioms schema of Near and Rough logic are that of modal logic $4 and $5 re- 
spectively. However, we should caution the readers that the respective models 
are quite different. Our approach seems to have captured some intrinsic nature 
of approximate reasoning, because two independent considerations, geometric 
and modalic, lead to the same axioms. Neighborhood system is a very general 
approach to the approximation problem, so this paper can be viewed as a small 
step toward a formalization of what Hao Wang called "approximate proof" [18]. 

2 N e i g h b o r h o o d  S y s t e m s  a n d  R o u g h  S e t s  

In modern mathematics, mathematician generalized the concept of "distance" 
into the "neighborhood systems", and create the theory of topological spaces. In 
his book, Sierpenski defined a space called Frechet(V) space which is more gen- 
eral than topological space [17]. Frechet(V) space is a space in which every point 
has a neighborhood system with no further axioms. In topological space, we do 
require some axioms on the neighborhood system. It should be pointed out here 
that the rough set theory also give us a special type of topology-called Pawlak 
topology [6]. The collection of equivalence classes forms the base of Pawlak topol- 
ogy. 

Intuitively neighborhood systems handle the notion of "close to", "similar to", 
or "approximate to ' .  Such notion in general may not be transitive, and hence 
can not be handled by rough set theory, which is based on equivalence relation. 
For example, East LA is "close to" LA, LA is "close to" West LA. However, East 
LA is not considered to be "close to" West LA. So when applications call for 
non-transitive approximation, we may need to use neighborhood systems (near 
logic), instead of rough set theory (rough logic). 

Defini t ions 
A Frechet(V) s p a c e  U is a set of points in which every point has associated 
with at least one subset of U, called neighborhood. 
A topological  space U is a Frechet(V) space, where the family of neighbor- 
hoods satisfy topological axioms. 
A n e i g h b o r h o o d  sys t em on U is a set of points in which every point is asso- 
ciated with one (fixed) neighborhood. 

The family of neighborhoods in Frechet(V) space or topological space is called 
F-topology or topology respectively [17]. Frechet(V) space is very general: Let 
p be a point in U. A neighborhood of a point p is a subset of U. In general, the 
subset may or may not contains p. However, it can be shown that F-topolgically, 
there is no loss in generality to assume that all neighborhoods do contain p [17]. 


