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Preface 

Computability theory is at the heart of theoretical computer science. Yet, 
ironically, many of its basic results were discovered by mathematical 
logicians prior to the development of the first stored-program computer. As 
a result, many texts on computability theory strike today's computer 
science students as far removed from their concerns. To remedy this, we 
base our approach to computability on the language of while-programs, a 
lean subset of PASCAL, and postpone consideration of such classic models as 
Turing machines, string-rewriting systems, and p.-recursive functions till the 
final chapter. Moreover, we balance the presentation of un solvability 
results such as the unsolvability of the Halting Problem with a presentation 
of the positive results of modern programming methodology, including the 
use of proof rules, and the denotational semantics of programs. 

Computer science seeks to provide a scientific basis for the study of 
information processing, the solution of problems by algorithms, and the 
design and programming of computers. The last 40 years have seen 
increasing sophistication in the science, in the microelectronics which has 
made machines of staggering complexity economically feasible, in the 
advances in programming methodology which allow immense programs to 
be designed with increasing speed and reduced error, and in the develop
ment of mathematical techniques to allow the rigorous specification of 
program, process, and machine. The present volume is one of a series, the 
AKM Series in Theoretical Computer Science, designed to make key 
mathematical developments in computer science readily accessible to un
dergraduate and beginning graduate students. The book is essentially 
self-contained-what little background is required may be found in the 
AKM volume A Basis for Theoretical Computer Science. 

v 



vi Preface 

The book is organized as follows. Chapter I provides a preview of the 
techniques to be used throughout the book in determining whether or not a 
function is computable by some algorithm. 

Chapters 2 and 3 establish our framework for the study of computabil
ity, using the lean PASCAL subset we call "while-programs". In these two 
chapters we take a close look at the intuitive idea of an algorithm as 
formulated in this simple programming language. We also introduce the 
idea of a universal program or interpreter which can simulate any program 
P when given P's data together with an encoding of P as an additional 
input. 

In Chapter 4 we develop basic techniques of computability theory, 
which we then use to examine the computational status of various natural 
problems. 

Chapter 5 provides an introduction to program correctness and to 
alternative theories of semantics of programming languages. 

In Chapter 6 we consider the role of self-reference in computability 
theory as embodied in a result known as the Recursion Theorem. We also 
study conditions under which the theory can be made model independent. 

In Chapters 7 and 8 our emphasis changes from functions to sets. 
Recursive sets, whose characteristic functions are computable, are com
pared with recursively enumerable sets whose elements are listable by 
algorithms. As we shall see, these two concepts do not coincide. 

Finally, in Chapter 9 we examine alternative formulations of comput
ability theory, and we show how one of these formulations (the Turing 
machine model) can be used to embed the results of computability theory 
in a large variety of other symbol-processing systems, including formal 
languages. 

More detailed outlines may be found at the beginning of each chapter. 
In keeping with the style of the AKM series, we have resisted the 

temptation to include more material than could possibly be covered in a 
one-semester course. Nevertheless, in moderating the pace for a single 
term's work, the instructor may find it appropriate to omit material from 
one or more of Sections 5.3, 6.2, 7.3, 8.2, 9.2, and 9.3 (the starred sections in 
the table of contents). 

The book grew out of our teaching classes at the University of Massa
chusetts at Amherst and at Boston University over several years. We owe 
special thanks to Ernest Manes for letting us use material from the 
forthcoming text Formal Semantics of Programming Languages by M. A. 
Arbib and E. Manes in the preparation of Section 5.1. We thank our 
students for helping us integrate computability theory into the "world 
view" of modern computer science, and we thank Susan Parker for all her 
efforts in typing the manuscript. 

February 1982 A. J. Kfoury 
R. N. Moll 

M. A. Arbib 



Contents 

CHAPTER 1 
Introduction 

1.1 Partial Functions and Algorithms I 
1.2 An Invitation to Computability Theory 9 
1.3 Diagonalization and the Halting Problem 13 

CHAPTER 2 
The Syntax and Semantics of while-Programs 17 

2.1 The Language of while-Programs 17 
2.2 Macro Statements 25 
2.3 The Computable Functions 34 

CHAPTER 3 
Enumeration and Universality of the Computable Functions 45 

3.1 The Effective Enumeration of while-Programs 45 
3.2 Universal Functions and Interpreters 51 
3.3 String-Processing Functions 61 
3.4 Pairing Functions 67 

CHAPTER 4 
Techniques of Elementary Computability Theory 75 

4.1 Algorithmic Specifications 76 
4.2 The s-m-n Theorem 80 
4.3 Undecidable Problems 86 

vii 



viii 

CHAPTER 5 
Program Methodology 

5.1 An Invitation to Denotational Semantics 
5.2 Recursive Programs 
5.3* Proof Rules for Program Properties 

CHAPTER 6 
The Recursion Theorem and Properties of Enumerations 

6.1 The Recursion Theorem 
6.2* Model-Independent Properties of Enumerations 

CHAPTER 7 
Computable Properties of Sets (Part 1) 

7.1 Recursive and Recursively Enumerable Sets 
7.2 Indexing the Recursively Enumerable Sets 
7.3* G6del's Incompleteness Theorem 

CHAPTER 8 
Computable Properties of Sets (Part 2) 

8.1 Rice's Theorem and Related Results 
8.2* A Classification of Sets 

CHAPTER 9 
Alternative Approaches to Computability 

9.1 The Turing Characterization 
9.2* The Kleene Characterization 
9.3* Symbol-Manipulation Systems and Formal Languages 

References 
Notation Index 
Author Index 
Subject Index 

*These sections may be omitted with no loss of continuity. 

Contents 

95 

96 
110 
124 

138 

138 
147 

152 

153 
163 
170 

176 

177 
184 

196 

196 
205 
224 

235 

239 

243 

245 


