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Abstract. We consider Markov decision processes with synchronizing
objectives, which require that a probability mass of 1 — & accumulates
in a designated set of target states, either once, always, infinitely often,
or always from some point on, where ¢ = 0 for sure synchronizing, and
e — 0 for almost-sure and limit-sure synchronizing.

We introduce two new qualitative modes of synchronizing, where the
probability mass should be either positive, or bounded away from O.
They can be viewed as dual synchronizing objectives. We present al-
gorithms and tight complexity results for the problem of deciding if a
Markov decision process is positive, or bounded synchronizing, and we
provide explicit bounds on ¢ in all synchronizing modes. In particular,
we show that deciding positive and bounded synchronizing always from
some point on, is coNP-complete.

1 Introduction

Markov decision processes (MDP) are finite-state probabilistic systems with con-
trollable (non-deterministic) choices. They play a central role in several applica-
tion domains for practical purpose [I520], and in theoretical computer science
as a basic model for the analysis of stochastic transition systems [2/TT].

In the traditional state-based semantics, we consider the sequences of states
that form a path in the underlying graph of the MDP. When a control policy (or
strategy) for the non-deterministic choices is fixed, we obtain a purely stochastic
process that induces a probability measure over sets of paths [2/9].

In the more recent distribution-based semantics, the outcome of a stochastic
process is a sequence of distributions over states [3I19]. This alternative seman-
tics has received some attention recently for theoretical analysis of probabilistic
bisimulation [I7] and is adequate to describe large populations of agents [14J10]
with applications in system biology [T9/T]. The behaviour of an agent is modeled
as an MDP with some state space @), and a large population of identical agents
is described by a (continuous) distribution d : @ — [0, 1] that gives the fraction
d(q) of agents in the population that are in each state ¢ € Q. The control prob-
lem is to construct a strategy for the agents that guarantees a specified global
outcome of the agents, defined in terms of sequences of distributions. Specifica-
tions of interest include safety objectives [I] and synchronization objectives [14].
A distribution is p-synchronized in a set T of states if it assigns to the states
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Fig. 1: A Markov chain that is positively but not boundedly synchronizing (for
all modes except eventually).

in T a mass of probability at least p. Synchronization objectives require that
p-synchronized distributions occur in the outcome sequence, either, at some po-
sition (eventually), at all positions (always), infinitely often (weakly), or always
from some point on (strongly), where synchronization is sure winning for p = 1,
and almost-sure or limit-sure winning for p arbitrarily close to 1 [14].

Consider eventually synchronizing as an illustration. Formally, denoting by
d? (T') the probability mass in a set T' under strategy o at position ¢ in a given
MDP, the three winning modes for eventually synchronizing correspond to the
following three possible orders of the quantifiers:

—Ve>0-3o-3i:d7(T) > 1 — ¢, for limit-sure winning,
— Jdo-Ve>0-3i:d?(T) > 1— ¢, for almost-sure winning,
—Jo-Fi-Ve>0:d(T) > 1 — ¢, for sure winning.

Note that the formula Ve > 0: d7(T") > 1—¢ is equivalent to d7 (T") = 1 in the
case of sure winning. Defining the value of a strategy o as val(o) = sup, d7 (T),
the question for limit-sure winning is analogous to the cutpoint isolation problem
for value 1, i.e. whether the value 1 can be approached arbitrarily closely [214].
Previous work [14] shows that the above three questions are PSPACE-complete,
and presents a construction of the (existentially quantified) strategy o when one
exists.

In this paper, we consider dual synchronization objectives obtained either
by taking the negation of the synchronization objectives, or by replacing the
existential quantifier on strategies by a universal quantifier.

1. Taking the negation corresponds to the control player having no strat-
egy to satisfy the synchronization objective. In that case, we show that a more
precise information can be derived, namely bounds on the value of ¢, which is
existentially quantified, and we construct explicit values for the four synchro-
nizing modes. These values give bounds on the isolation distance of the value 1.
For instance, the negation of limit-sure eventually synchronizing in 7 is given
by the formula:

Je>0-Vo-Vi:d)(T)<1l-—e.

We show that the statement holds for a value € = €.(n, o, ag) that depends on
the number n of states of the MDP, the smallest positive probability « in the
transitions of the MDP, and the smallest positive probability «g in the initial



Table 1: Positive and Bounded winning modes for always, strongly, weakly, and
eventually synchronizing objectives.
Always Strongly
Positively Jo Vi d7(T) >0 JoINVi> N d{(T) >0
Boundedly Jo inf; di(T) >0 Jdo liminf; o dJ(T) >0
Weakly Eventually
Positively Jdo VN 3 > N d7 (T) >0 do 3 d7(T) >0
Boundedly 3o limsup,_, . d7(T) > 0 Jo sup, d{(T)>0

distribution dy (see Theorem [). The most interesting case is when limit-sure
weakly synchronizing does not hold, that is:

3 >0-Yo -IN-Vi>N:d(T)<1—c¢.

Given the value € = ¢, that satisfies this condition (see Theorem[Z), the value
of N can be arbitrarily large (depending on the strategy o). Nevertheless, we can
effectively construct a constant V., such that, for all strategies o, in the sequence

(d9)ien there are at most N,, distributions that are (1 — &, )-synchronized in 7T'.

2. Replacing the existential strategy quantifier by a universal quantifier cor-
responds to an adversarial MDP where all strategies need to satisfy the require-
ment, or after taking the negation, to the existence of a strategy that violates
a dual of the synchronizing requirement. Note that there is no more alternation
of quantifiers on € and on o (Ve - Vo is the same as Vo - Ve), which gives rise to
only two new winning modes in existential form:

— Jo-3e>0-Vi:d?(T) > ¢, that we call bounded winning,
—Jo-Vi-3e > 0:d7(T) > ¢, that we call positive winning (since this is
equivalent to 3o - Vi : d7(T) > 0).

Table [l presents the analogous definitions of bounded and positive winning
for the four synchronizing modes. It is easy to see that for eventually synchroniz-
ing, the positive and bounded mode coincide, while for the other synchronizing
modes the positive and bounded modes are distinct, already in Markov chains
(see Fig. ).

We establish the complexity of deciding bounded and positive winning in
the four synchronizing modes, given an MDP and initial distribution (which
we call the membership problem), and we also construct explicit values for e.
Adversarial MDPs are a special case of two-player stochastic games [9] in which
only the second player (the adversary of the first player) is non-trivial. The
results of this paper will be useful for the analysis of adversarial MDPs obtained
from a game by fixing a strategy of the first player. The complexity results are
summarized in Table 2l For positive winning, memoryless winning strategies
exist (playing all actions uniformly at random is sufficient), and the problem



Table 2: Computational complexity of the membership problem (for eventually
synchronizing, the positive and bounded modes coincide).

Always Eventually Weakly Strongly

Positively coNP-C NL-C NL-C  coNP-C

Boundedly coNP-C NL-C  coNP-C

can be solved by graph-theoretic techniques on Markov chains. For bounded
winning, the most challenging case is strongly synchronizing, where we show
that a simple form of strategy with memory is winning, and that the decision
problem is coNP-complete. We give a structural characterization of bounded
strongly synchronizing MDPs, and show that it can be decided in coNP. Note
that the coNP upper bound is not obtained by guessing a strategy, since the
coNP lower bound holds in the case of Markov chains where strategies play no
role.

Related works. The distribution-based semantics of MDPs [3I19] has received an
increased amount of attention recently, with works on safety objectives [I] and
synchronizing objectives [14] (see also references therein). Logic and automata-
based frameworks express distribution-based properties, by allowing different
order of the logical quantifiers, such as Vo3 in standard reachability which be-
comes JiVo in synchronized reachability [UI88]. The bounded and positive win-
ning modes introduced in this paper have not been considered before. They bear
some similarity with the qualitative winning modes in concurrent games [13].

Applications are found in modeling of large populations of identical agents,
such as molecules, yeast, bacteria, etc. [I9I1] where the probability distributions
represent concentrations of each agent in the system. Analogous models have
been considered in a discrete setting where the number of agents is a parameter n,
giving rise to control problems for parameterized systems, asking if there exists
a strategy that brings all n agents synchronously to a target state [BI10].

2 Definitions

A probability distribution over a finite set @ is a function d : @ — [0,1] such
that > o d(g) = 1. The support of d is the set Supp(d) = {¢q € @ | d(q) > 0}.
We denote by D(Q) the set of all probability distributions over Q. Given a set
T CQ,let d(T) =3, cpd(s).

A Markov decision process (MDP) is a tuple M = (Q,A,d) where @ is a
finite set of states, A is a finite set of labels called actions, and § : Q@ x A — D(Q)
is a probabilistic transition function. A Markov chain is an MDP with singleton
action set |A| = 1. Given a state ¢ € @ and an action a € A, the successor state
of ¢ under action a is ¢’ with probability §(g,a)(q’).



Given XY C @, let
APre(Y, X) = {q € Q| Ja € A: Supp(6(q,a)) Y ASupp(d(q,a)) N X # @},

be the set of states from which there is an action to ensure that all successor
states are in Y and that with positive probability the successor state is in X,
and for X = @, let

Pre(Y) = APre(Y,Q) = {qg € Q| 3a € A : Supp(é(¢g,a)) C Y}

be the set of states from which there is an action to ensure (with probability 1)
that the successor state is in Y. For k > 0, let Pre"(Y) = Pre(Pre"*~1(Y))
with Pre’(Y) = Y. Note that the sequence Pre®(Y) of iterated predecessors is
ultiinately periodic, precisely there exist k; < ky < 2!9! such that Pref V) =
Pre™(Y).

Strategies. A (randomized) strategy in M is a function o : (QA)*Q — D(A)
that, given a finite sequence p = qoapqia1 - . . qx, chooses the next action ay with
probability o(p)(ax). We write o1 C oy if Supp(o1(p)) € Supp(oz(p)) for all
p € (QA)*Q. A strategy o is pure if for all p € (QA)*Q, there exists an action
a € A such that o(p)(a) = 1. In all problems considered in this paper, it is known
that pure strategies are sufficient [I4]. However, the bounds we provide in case
there is no winning strategy hold for all strategies, pure or randomized.

Given an initial distribution dy € D(Q) and a strategy o in M, the
probability of a finite sequence p = qoaoqiai ...qx is defined by Prj (p) =
do(qo)- Hf;é o(goao - .- q;)(a;)-0(g;,a;)(gj+1). For an initial distribution dy such
that do(qo) = 1, we sometimes write Pry () and say that qo is the initial state.
We say that p is compatible with o and dy if Prg (p) > 0. By extension, an infi-
nite sequence m € (QA)¥ is compatible with o and dj if all prefixes of 7 that end
in a state are compatible. It is standard to extend (in a unique way) Prg  over
Borel sets of infinite paths in (QA)“ (called events), by assigning probability
Pr3 (p) to the basic cylinder set containing all infinite paths with prefix p [23]2].
Given a set T C @ of target states, and k € N, we define the following events
(sometimes called objectives):

— OT = {qoaoq1 - - - € (QA)¥ | Vi : q; € T'} the safety event of staying in T';

— OT = {qoaoq1 --- € (QA)* | Ji : ¢; € T} the event of reaching T

— OFT = {qoaoq1 - -- € (QA)“ | g € T} the event of reaching T after exactly
k steps;

A distribution dy is almost-sure winning for an event (2 if there exists a
strategy o such that Pry (£2) = 1, and limit-sure winning if sup, Prg (£2) =1,
that is the event {2 can be realized with probability arbitrarily close to 1. Finally
dy is sure winning for (2 if there exists a strategy o such that all paths compatible
with o and dy belong to 2.

Safety and reachability events are dual, in the sense that &7 and O(Q \ T')
form a partition of (QA)“. It is known for safety objectives OT that the three



winning regions (sure, almost-sure winning, and limit-sure winning) coincide in
MDPs, and for reachability objectives &T', almost-sure and limit-sure winning
coincide [12]. It follows that if the negation of almost-sure reachability holds, that
is Pry (OT) < 1 for all strategies o, then equivalently inf, Prg (8(Q\ T)) >0
(note the strict inequality), the probability mass that remains always outside T
can be bounded. An explicit bound can be obtained from the classical charac-
terization of the winning region for almost-sure reachability [IT].

Lemma 1. If a distribution do is not almost-sure winning for a reachability
objective ST in an MDP M, then for all strategies o, for all i > 0, we have
Prg (O'T) < 1—ag-a" where n = |Q| is the number of states and « the smallest
positive probability in M, and oy = min{do(q) | ¢ € Supp(do)} is the smallest
positive probability in the initial distribution dy.

Proof. The set of almost-sure winning states for the reachability objective T
can be computed by graph-theoretic algorithms [I1], and can be expressed suc-
cinctly by the fixpoint u-calculus formula was = vY.uX. T U APre(Y, X). We
briefly recall the interpretation of p-calculus formulas [6I7] based on Knaster-
Tarski theorem. Given a monotonic function 1 : 29 — 2% (i.e., such that X C Y
implies ¥ (X) C ¢(Y")), the expression vY.9)(Y) is the (unique) greatest fixpoint
of 1, which can be computed as the limit of the sequence (Y;);cn defined by
Yo = Q, and Y; = ¢(Y;—1) for all i > 1. Dually, the expression pX. ¢(X) is
the (unique) least fixpoint of ¢, and the limit of the sequence (X;);en defined
by Xo = @, and X; = ¢(X;_1) for all i > 1. If |Q| = n, then it is not difficult
to see that the limit of those sequences is reached after at most n iterations,
Xn = Xn+1 and Yn = Yn+1.

Intuitively, the formula pas computes the largest set S of states such that
every state ¢ € S has a strategy to ensure reaching T' with positive probability,
while at the same time staying in S with probability 1. It follows that S is the
set of all states from which there exists a strategy to reach T with probability 1.

Now consider the states gy € @as that are not almost-sure winning, and
let the rank of gy be the least integer i such that ¢o € Y; and qo & Y;41. Let
2; =Y;\ Yy for all ¢ > 0 be the set of states of rank 4, and for ~ € {<, <}
let 2.; = U;.; 2. It is easy to show by induction that Q \ Y; = £2; since
Rei=Y\Y)UM\Y2)U---U Y21\ Y:) and Yy = Q. Moreover since T C Y;
we have (2, NT = .

For qo € £2;, we show that Pry (062; UOS2.;) > « for all strategies o (where
« is the smallest positive probability in the transitions of the MDP). Since
qo € Yir1 = pX. T UAPre(Y;, X), we have g9 & APre(Y;,Y;4+1). Then for all
actions a € A we have:

either Supp(d(qo,a)) € Yi, or Supp(d(qo,a)) NYiy1 = &,
that is

either Supp(d(qo,a)) N 2<; # &, or Supp(d(qo,a)) € N<;.



It follows in both cases that if not all successors of gy on action a are in {2;, then
at least one of them is in {2.;, which entails that PrZO(IZJ.Ql- U <) > a. For
i = 0, since 2«9 = @, we have Pry (0f%) = 1 and thus Pry (O(Q\T)) = 1
for all go € {25 and all strategies o. Inductively, if Pry (O(Q \ 7)) > p; for all
qo € f2<; and all strategies o, then Pry (D(Q \ T)) > « - p; for all o € £2; and
all strategies o.

It follows that if qo &€ @as is not almost-sure winning for the reachability
objective OT, then gy € <, and Pry (O(Q \ T)) > a” for all strategies o,
which entails the result of the lemma. a

In Lemma [Ilit is crucial to notice that the bound «g - o™ is independent of
the number ¢ of steps.

Synchronizing objectives. We consider MDPs as generators of sequences of prob-
ability distributions over states [I9]. Given an initial distribution dy € D(Q)
and a strategy o in M, the sequence M? = (M7 );en of probability distri-
butions (from dp, which we assume is clear from the context) is defined by
M7 (q) = Prg (O"{q}) for all i > 0 and ¢ € Q. Hence, MY is the probability
distribution over states after ¢ steps under strategy o. Note that Mg = do.

Informally, synchronizing objectives require that the probability of some set T’
of states tends to 1 in the sequence (MY );cn, either always, once, infinitely
often, or always after some point [I4]. Given a target set T C @, we say that
a probability distribution d is p-synchronized in T if d(T) > p (and strictly
p-synchronized in T if d(T) > p), and that a sequence dod; ... of probability
distributions is:

always p-synchronizing if d; is p-synchronized (in T') for all ¢ > 0;
event(ually) p-synchronizing if d; is p-synchronized (in T') for some i > 0;
weakly p-synchronizing if d; is p-synchronized (in T) for infinitely many #’s;
strongly p-synchronizing if d; is p-synchronized (in T') for all but finitely
many 4’s.

Given an initial distribution dp, we say that for the objective of {always,
eventually, weakly, strongly} synchronizing from dy, the MDP M is:

— sure winning if there exists a strategy ¢ such that the sequence M? from dy
is {always, eventually, weakly, strongly} 1-synchronizing in T;

— almost-sure winning if there exists a strategy o such that for all ¢ > 0
the sequence M? from dj is {always, eventually, weakly, strongly} (1 — ¢)-
synchronizing in T

— limit-sure winning if for all ¢ > 0, there exists a strategy o such that
the sequence M? from dj is {always, eventually, weakly, strongly} (1 — ¢)-
synchronizing in T
For A € {always, event, weakly, strongly}, we denote by (1)2,..(T) the win-

ning region defined as the set of initial distributions dy such that M is sure
winning for A-synchronizing in 7' (in this notation, we assume that M is clear
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Fig.2: An MDP where {qo} € {(1)&2" ({q2}).

limit

from the context). We define analogously the winning regions ((1))%, (
{(1)2,.5: (T) of almost-sure and limit-sure winning distributions.

It is known that for all winning modes, only the support of the initial dis-
tributions is relevant, that is for every winning region W = (1))} (T) (where
w € {sure, almost, limit}), for all distributions d, d’, if Supp(d) = Supp(d’), then
d € W if and only if d € W [14]. Therefore, in the sequel we sometimes write
S € (1)) (T), which can be read as any distribution d with support S is in

{(1)7(T). For each synchronizing mode A and winning mode 4, the membership

problem asks to decide, given an MDP M, a target set T', and a set .S, whether
S € (I(T).

Consider the MDP in Fig. 2l with initial state qo and target set T = {¢2}.
The probability mass cannot loop through ¢» and therefore, it is immediate that
the MDP is neither always, nor weakly, nor strongly (1 — €)-synchronizing, thus
{0} & (1) (T) for A = always, weakly, strongly, and thus also {qo} ¢

almost
(D) Xre (D).

For eventually synchronizing in go, at every step, half of the probability mass
in ¢o stays in gy while the other half is sent to ¢;. Thus, the probability mass
in g9 tends to 0 but is strictly positive at every step, and the MDP is not
sure eventually synchronizing, {qo} & (1))¢2¢"(T). In state ¢, action a keeps
the probability mass in ¢;, while action b sends it to the target state go. If
action b is never chosen, then g is never reached, and whenever b is chosen, a
strictly positive probability mass remains in gy, thus the MDP is not almost-
sure eventually synchronizing, {go} & (1))¢%<".,(T'). On the other hand, for every
e > 0, the strategy that plays a in ¢; for k steps such that zik < g, and then
plays b, is winning for eventually (1 — ¢)-synchronizing in 7. Thus the MDP is
limit-sure eventually synchronizing, {go} € (1)) 2" (T).

The MDP in Fig. Blis also limit-sure eventually synchronizing in {g2}. As
the probability mass is sent back to gg from g2, the MDP is even almost-sure
weakly (and eventually) synchronizing, using a strategy that plays action a in
q1 for k steps to accumulate probability mass 1 — 2% in q1, then plays action b

and repeats the same pattern for increasing values of k.

T) and

End-components. Given a state ¢ € @ and a set S C @, let Ag(q) be the set
of all actions a € A such that Supp(d(g,a)) C S. A closed set in an MDP is
a set S C @ such that Ag(q) # @ for all ¢ € S. A set S C @ is an end-
component [122] if (i) S is closed, and (ii) the graph (S, Eg) is strongly connected
where Es = {(q,q") € S x S| d(q,a)(q") > 0 for some a € Ag(q)} denote the set
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Fig. 3: An MDP where {go} € (1) ({g2}).

almost

of edges given the actions. In the sequel, end-components should be considered
mazimal, that is such that no strict superset is an end-component. We denote by
& the union of all end-components, and for ¢ € £, we denote by £(¢) the maximal
end-component containing ¢. A fundamental property of end-components is that
under arbitrary strategies, with probability 1 the set of states visited infinitely
often along a path is an end-component.

Lemma 2 ([IIJ12]). Let M be an MDP. For all strategies o, we have
liminf; oo M7(E) = 1.

Tracking counter in MDPs. It will be useful to track the number of steps (modulo
a given number 7) in MDPs. Given a number r € N, define the MDP M x [r] =
(Qr,A,0,) where Q, = Q x {r—1,...,1,0} and ¢, is defined as follows, for all
(q,1),(¢',j) € Qr and a € A:

N e
Sulla, ), ) (g 3)) = {5(q’“)(q )= L med
0 otherwise.

For a distribution d € D(Q) and 0 < ¢ < r, we denote by d x {t} the
distribution defined, for all ¢ € @, by d x {t}({g,i)) = d(q) if t = i, and d x
{t}({g,1)) = 0 otherwise. Given a finite sequence p = qoapqias - .. ¢, in M, and
0 <t < r, there is a corresponding sequence p’ = (qo, ko)ao{q1,k1)a1 ... {qn, kn)
in M x [r] where kg =t and k;11 = k; — 1 mod r for all 0 < ¢ < n. Since the
sequence p’ is uniquely defined from p and ¢, there is a clear bijection between
the paths in M starting in gy and the paths in M x [r] starting in (go,¢). In
the sequel, we freely omit to apply and mention this bijection. In particular, we
often consider that a strategy o in M can be played directly in M x [r].

Consider the MDP in Fig. M (which is in fact a Markov chain), with initial
state g and target set T = {qa, ¢3}. There are two end-components, S1 = {q1, g2}
and Sy = {g3,q4}. Although both S; and Sy are sure eventually synchronizing
in T (from ¢; and g3 respectively), the uniform distribution over {q¢i, g3} is not
even limit-sure eventually synchronizing in 7'.

3 Eventually synchronizing

In the rest of this paper, fix an MDP M = (Q, A, §) and let n = |Q| be the size
of M, and let « be the smallest positive probability in the transitions of M.



Fig.4: A Markov chain with two periodic end-components.

We first consider eventually synchronizing, that is synchronization must happen
once.

3.1 Sure winning

We recall the following characterization of the sure-winning region for eventually
synchronizing [14}, Lemma 7]: d € {(1))¢2¢"*(T) if and only if there exists k > 0
such that Supp(d) C Pre”(T). Intuitively, from all states in Pre’(T'), there exists
an action to ensure that the successor is in Pre’”(T') (for all i > 0), and therefore
there exists a strategy to ensure that the probability mass in Pre® (T') reaches
T in exactly k steps. Now, if gy ¢ Prek(T), then for all sequences of actions
ag, . . .,ax—1 there is a path goapgia ... qx of length k that ends in ¢ € Q \ T

It is easy to derive the following result from this characterization.

Lemma 3. If dy & {(1))c9™(T) is not sure eventually synchronizing in T, then

for all strategies o, for all i > 0, we have:
MIT)<1—ap-al
where aq is the smallest positive probability in dy.

Note that the bound 1—oy-of tends to 1 as i — oo, which is unavoidable since
MDPs that are not sure eventually synchronizing may be almost-sure eventually
synchronizing [14]. The following variant of Lemma Bl will be useful in the sequel.

Remark 1. If {qo} & {1))22¢7*(T) and we take af, = do(qo), then from the initial

sure
distribution dy we have, for all strategies o, for all ¢ > 0:

MI(T) <1 —a)-a.

3.2 Limit-sure winning

If the MDP M is not limit-sure winning for eventually synchronizing in 7', then
the probability in @ \ T is bounded away from 0 in all distributions in M? (for
all strategies o). We give an explicit bound e, as follows.

10



Theorem 1. Given an initial distribution dy, let g be the smallest positive
probability in dy, and let e, = ag - a2 If do & (1) 274 (T) is not limit-
sure eventually synchronizing in T, then for all strategies o, for all i > 0, we
have:

M?(T) S 1- €es

that is, no distribution in M is strictly (1 — e.)-synchronizing in T.

Proof. We recall the characterization® of [14, Lemma 11] for limit-sure synchro-
nizing in an arbitrary set 7. For all £ > 0, we have

(D) e (T) = (L) re(T) U )i (R),

where R = Pre"(T).

We use this characterization with a specific k£ (and R) as follows. Consider the
sequence of predecessors Pre'(T) (for i = 1,2,...), which is ultimately periodic.
Let 0 < k < 2" and 1 < 7 < 2" be such that Pre*(T) = Pre"™"(T), and let
R = Pre®(T). Thus R = Pre"™(T) = Pre"(R).

Since do & (1)§2<m8(T), we have:

limit
(a) do & (L)Sure"(T), and (b) do & (L)imii' (R).

By (a), it follows from Lemma B that MZ(T) < 1 — ag - o for all strategies o
and all ¢ > 0, which establishes the bound in the lemma for the first 2" steps,
since ag - o' > ¢, for all i < 2™.

We now recall the characterization® of [14, Lemma 12] for limit-sure synchro-
nizing in the set R, which has the property that R = Pre"(R): do € (1)){2"'(R)
if and only if there exists 0 < ¢ < r such that do x {t} is almost-sure winning
for the reachability objective O(R x {0}) in the MDP M x [r]. By (b), it follows
that for all 0 < ¢t < r, the distribution dy x {t} is not almost-sure winning for
the reachability objective O(R x {0}) in the MDP M x [r].

Let N = M x [r]. By Lemma [ from all distributions do x {t} (for all

0 <t < r), for all strategies o and all ¢ > 0, we have:
NRx{0})<1—ap-al@l=1—qq am?".

Since this holds for all t = 0,...,r — 1, we conclude that M?(Q\ R) > ag-a™?"
in the original MDP M from dy, for all strategies o and all ¢ > 0.

Since R = Pre” (1), it follows from Lemma [Bland Remark [ that, if at step ¢ a
mass of probability p is outside R, then at step i+ k& a mass of probability at least
p-aF is outside T'. Hence we have M7, (Q\T) > ag-a™?" -aF > ag - a(mtD2"
for all strategies o and for all i > 0, which implies MZ(Q \ T) > ag - a(»+12"
for all 4 > 2™ (since k < 2™).

Combining the results for ¢ < 2™ and for i > 2", we get MJ(T) <1 —¢, for
all ¢ > 0, which concludes the proof. O

! The results of [I4] Lemma 11 & 12] consider a more general definition of limit-sure
synchronizing, where the support of the (1—¢)-synchronizing distribution is required
to have its support contained in a given set Z. We release this constraint by taking

Z=Q.
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Theorem [ also gives a sufficient condition that can be used as an alternative
to |14, Lemma 11] to show that an MDP is limit-sure eventually synchronizing.
This will be useful in the proof of our main result (Theorem [2)).

A variant of Theorem [l is obtained by observing that if dy & (1)) (T),
there exists a set Sy C Supp(dp) such that Sy & (1)§2¢™(T). It may be that
So is a strict subset of Supp(dp), and then it is sufficient to consider ag as the
smallest positive probability of dy on Sp.

Remark 2. If Sy & (1)§vent(T) and So C Supp(dp), then we can define ag by

min{dy(q) | ¢ € So} in the bound e, of Theorem [

3.3 Almost-sure winning

A simple argument shows that the almost-sure winning region for eventually
synchronizing consists of the union of the sure winning region for eventually
synchronizing and the almost-sure winning region for weakly synchronizing [22]
Section 5.1.2], that is (1)€vent (T) = (1) cvent (T) U (1)) (1),

almost sure almost

It follows that if dy & (1)¢ve™ (T), then both do & (1)¢2¢"*(T") and dy &

almost sure

(1) co* () and we can use both the results of Lemma [ and Theorem

almost

4 Weakly synchronizing

We now consider weakly synchronizing, which intuitively requires that synchro-
nization happens infinitely often.

4.1 Sure winning

We recall the following characterization of the sure-winning region for weakly
synchronizing [I4, Lemma 18]: for all distributions dy € D(Q), we have dy €
(1)) weakly (T') if and only if there exists a set S C T such that Supp(d) C Pre®(S)

for some k > 0, and S C Pre"(S) for some r > 1.

Lemma 4. Ifdy & (1)“%W(T) is not sure weakly synchronizing in T, then for
all strategies o, in the sequence M? there are at most 2" distributions that are

1-synchronized in T, that is MJ(T) =1 for at most 2" values of i.

Proof. Consider the support S; = Supp(MY ) (where iy < iy < ...) of the
distributions in the sequence M7 that are 1l-synchronized in 7. We show by
contradiction, that all S; are distinct, which establishes the result since they
can take at most 2™ different values.

If S; = Si for some j < Kk, then it is easy to show that M is sure-winning
for eventually synchronizing in S = S; from dy, and M is also sure-winning for
eventually synchronizing in S = S, from S = S}, which implies by the charac-
terization of the sure-winning region for eventually synchronizing (Section B.])
that Supp(d) C Pre'(S) and S C Pre™* =% (S), thus dy € ((1))“c%(T), which
contradicts the assumption of the lemma. a

12



4.2 Limit-sure and almost-sure winning

The winning region for limit-sure and almost-sure weakly synchronizing coin-
cide [I4, Theorem T7]. Therefore, in the sequel we treat them interchangeably.
We recall the following characterization of almost-sure weakly synchronizing.

Lemma 5 ([14, Lemma 23,Theorem 7]). For all distributions dy, the fol-
lowing equivalence holds: dy € <<1>>Z’;ZIEE(T) if and only if there exists a set
T C T such that:

do € (L) fimis (T") and T" € (1)§5 (Pre(T")).

The condition in Lemma [b] ensures that from dy almost all the probability
mass (namely 1 — ¢ for arbitrarily small £ > 0) can be injected in a set 7" of
target states in 0 or more steps, and that from T almost all the probability mass
can be injected in Pre(T”), thus also in 7’ (but, in at least 1 step). Intuitively,
by successively halving the value of € one can construct a strategy that ensures
almost all the probability mass loops through 7", thus a limit-sure weakly syn-
chronizing strategy (which is equivalent to the existence of an almost-sure weakly
synchronizing strategy).

If do & (1)“C"™(T) is not almost-sure weakly synchronizing, we use
Lemma [ to show that for all sets 7" C T, if dy € {(1)§¢™(T”) is limit-sure
eventually synchronizing in 7”, then 7" is not limit-sure eventually synchro-
nizing in Pre(T") (ie., T7 ¢ (1)52¢" (Pre(1”))). This implies that a bounded
number of distributions in the sequence M can be (1 — €)-synchronized in T
(for sufficiently small €). We now state the main result of this section.

Theorem 2. Given an initial distribution dy, let oy be the smallest positive
probability in do, and let €, = oy - % and N, = 2".

If dy ¢ ((1»%;11315(71) is not almost-sure weakly synchronizing in T, then
for all strategies o, in the sequence M? at most N,, distributions are strictly

(1 — ey)-synchronized in T, that is MI(T) > 1 — ey, for at most Ny, values of i.

Proof. Given the assumption of the lemma, we show the following statement
by induction on k£ = 0,1,...,2": if there are k distributions in M7 that are
strictly (1 — &4 )-synchronized in T, then there exist k distinct nonempty sets
T1,...,Tx C T such that no distribution after those k distributions in M7 is
strictly (1 — &y)-synchronized in T (for all 1 < j < k).

For k = 2", one of the sets 7} is equal to T" and it follows that at most
2" distributions in M7 can be (1 — g, )-synchronized in 7', which concludes
the base case. For the proof by induction, we use the bound e, of Theorem [T}
Let F = (n+1)-2" (thus e, = ag - af’) and for k = 0,1,... define z, =

k
Qo. (ﬁ) . We prove a slightly stronger statement: for k = 0,1,...,2", if there

n n

are k positions 11 < io < ... < i} such that the distributions MZ (j=1,...,k)
are strictly (1 — &, )-synchronized in T', then there exist k distinct nonempty
sets T4,...,T, C T such that no distribution after position i; in M? is strictly
(1 — zj - af*1)-synchronized in T} (for all 1 < j < k).

13



This statement is indeed stronger since the sequence zj, is decreasing, and e,
was chosen such that €,, < zon, from which it follows that 1 — e, > 1 — z; for
all £ < 2™,

The base case for k£ = 0 holds trivially. For the induction case, assume that the
statement holds for a given k < 2™, and show that it holds for £+ 1 as follows. If
there are k+1 positions i1 < 42 < ... < 441 such that all distributions d; = M‘[J
(j=1,...,k+1) are strictly (1 — &,)-synchronized in T, then by the induction
hypothesis, no distribution after position i; in M? is strictly (1 — z; - af+1)-
synchronized in T (for all 1 < j < k).

Now consider the distribution dii1 at position igx41, which is (1 — &4)-
synchronized in T and appears after position i; in M?. We construct the set
Te+1 = {q € TN Supp(di+1) | dr+1(q) > zk+1}, which contains the states in T
that carry enough probability mass (namely zx41) according to dj41.

Note that not all states in T'N Supp(dy41) carry a probability mass less than
Zk+1: otherwise, the total mass of 7" in dj11 would be at most n - zp41 <1 — gy
(this inequality holds thanks to n > 2), in contradiction with di41 being (1—¢,,)-
synchronized in 7. Therefore Ty41 is nonempty. Hence the set Ty can be
obtained from 7" by removing at most n — 1 states and we have

{dk+1(Tk+1)>1—5w—(n—1)-zk+121—n-zk+1=1—zk-aF+l

dr+1(q) > zp41 for all ¢ € Tiqy

So djy1 is strictly (1 — zy, - aF+1)—synchr0nized in Ty41, and therefore also
strictly (1 — z; - af*1)-synchronized in Tj41 (for all 1 < j < k). Then, the
induction hypothesis implies that the set Tj1 is distinct from 773, .. ., T). Since
1—zp-aft1 >1—2z-af*! > 1—¢,, it follows that dy; = MG, is strictly
(1 — €¢)-synchronized in Ty1, and by Theorem [I that the initial distribution
dp is limit-sure eventually synchronizing in Ty 1, that is do € (1)) 527 (Thq1).

By Lemma [ this entails that Ty,1 is not limit-sure eventually synchro-
nizing in Pre(Tyy1) (e, Thp1 &€ (1) (Pre(Tk41))), and by Theorem [}
for all distributions d in M? that occur at or after position ix41, we have
d(Pre(Tys1)) < 1=z 1-af where 2,41 < min{di11(q) | ¢ € Try1NSupp(drs1)}
is a lower bound on the smallest positive probability of a state of Tj4; in the
distribution dj41, taken as the initial distribution (see Remark [2). It follows that
for all distributions d in M7 that occur (strictly) after position iy11, we have
d(Tes1) < 1 — 2zk41 - of 1. Hence no distribution in M after dj is strictly
(1 — 211 - o T 1)-synchronized, which concludes the proof of the induction case.

O

5 Always and Strongly Synchronizing

We summarize the key insights for always and strongly synchronizing (i.e., syn-
chronizing always from some point on), and give the bounds in Theorem
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Always synchronizing. For always synchronizing, all winning modes coincide
() Ghways (T) = (1) 45 (T) = (1N{“%(T) and it is easy to see that sure
winning for always synchronizing is equivalent to sure winning for the safety
objective OT [14) Lemma 2]. A standard analysis of MDPs shows that if a sure
safety objective OT is violated, then for all pure strategies o there exists a path
compatible with ¢ from some state in the support of the initial distribution to
a state in @ \ T, of length at most |@| and thus of probability at least ag - a™
where aq is the smallest positive probability in the initial distribution, and « is
the smallest positive probability in the transitions of M. Under a randomized
strategy o, a probability mass ag - @™ also reaches @ \ T" within n steps, but
possibly along paths of different lengths. By a pigeonhole principle, at some
length (smaller than n) the probability mass must be at least 2 - o™ in Q \ T'.

Strongly synchronizing. For strongly synchronizing, the almost-sure and limit-
sure winning modes coincide [I4] Corollary 28]. On the other hand, the sure and
almost-sure winning modes are equivalent to, respectively, sure, and almost-sure
winning for the reachability objective &S where S is the sure-winning region for
the safety objective OT [14, Lemma 27]. It follows that:

— if dy & (1))strom9lv (T') is not sure winning for strongly synchronizing in T,
then for all pure strategies o there exists an infinite path gpaggia; ... com-
patible with ¢ from some state gy in the support of dy that remains outside
S, that is ¢; € @ \ S for all ¢ > 0. The corresponding probability mass is at
least g - o, and hence for all randomized strategies o, a probability mass at
least ap - o is also in @\ S at step i (but not necessarily in a single state).
By definition of S, and using an argument similar to the case of always
synchronizing, for all 4 > 0, there exists a length ¢; < n such that a prob-
ability mass at least ag - o - % is in @ \ T at step ¢ + £;. We construct
the indices ig,%1,... inductively as follows. Let ig = ¢y and for all j > 0
let ij41 = ij + 1 4 £;,41. Then M‘Z’](T) < 1 is not 1l-synchronized in T
(in fact M7 (T) < 1 —aq - ali=1tm) for all 5 > 0. Note that iy < n and
0<ijy1 —t; <nforall j >0.

—if dy & (1)*7°"9% (T), then dy is not almost-sure winning for the reachability
objective &S, and by Lemmal[Il for all (randomized) strategies o and all ¢ > 0,
there exists a state ¢; € Q\ S such that Prd (¢ {¢;}) > ap- % Since ¢; & S
is not in the winning region for sure safety 0T, there is a length ¢; < n as
above, such that the probability mass in @ \ T at length i + ¢; is at least
ag - O;Li: For the indices 79 = fg and ij11 = i; + 1+ £;, 41 for all j > 0, we

n

get M7 (T) Sl—ao-%.

Theorem 3. Given an initial distribution dy, let g be the smallest positive
an 2n

probability in dy, and let e, = ap - %~ and g5 = g - .

—if dg & (1)2wawvs(T) is not sure always synchronizing in T, then for all
strategies o, in the sequence M? there exists a position i < n such that MY

is not (1 — e4)-synchronized in T,

15



— if do & (1)5ronsy (T s not sure strongly synchronizing in T, then for all
strategies o, in the sequence M there exist infinitely many positions ig <
i1 <ig < ... whereig <n and i;41 —i; < n for all 7 > 0 such that MZ 18
not 1-synchronized in T.

—if dy & <<1>>Zi:2?sgfy(T) is not almost-sure strongly synchronizing in T, then
for all strategies o, in the sequence M there exist infinitely many positions
1o < i1 <ig < ... whereig < n and ij41 —i; < n for all 5 > 0 such that

M7 is not (1 — g;)-synchronized in T

6 Adversarial Synchronizing Objectives

In an adversarial MDP the strategies are universally quantified, which corre-
sponds to satisfying an objective regardless of the choice of strategies by an ad-
versary. Replacing Jo by Vo in the definition of the three winning modes gives,
after taking the negation to get existentially quantified strategies, the following
new winning modes.

Given a set T C @, we say that a sequence dyd; ... of probability distribu-
tions is:

— positively {always, eventually, weakly, strongly} winning if d;(T") > 0 for,
respectively, all ¢ > 0, some ¢ > 0, infinitely many ¢’s, all but finitely many
i’s.

— boundedly {always, eventually, weakly, strongly} winning if there exists e > 0
such that d;(T) > ¢ for, respectively, all ¢ > 0, some ¢ > 0, infinitely many
1’s, all but finitely many 4’s.

For A € {always, event,weakly, strongly}, we denote by <<1>>2ositive(T)
(resp., (1) undea(T)) the set of initial distributions do from which there ex-
ists a strategy o such that the sequence M? is positively (resp., boundedly)
A-synchronizing in T, and we say that o is positively (resp., boundedly) -
synchronizing in T from dg.

Table [0 summarizes the new definitions. Note that replacing the existential
quantification on strategies in boundedly winning mode by a supremum gives
the same question, since 3o : f(o) > 0 is equivalent to sup, f(o) > 0. For the
same reason, we have the identity (1)¢vent (T) = (1)goent, (T). It is easy to

positive
show that the definitions imply the identity (1)je’y (T) = (1)mves (T) N
(ystronaly () which we also obtain as a corollary of Lemma [ below.

Remark 3. It immediately follows from the definitions that for all synchronizing
modes A € {always, event, weakly, strongly}, and pu € {positive, bounded}:

= ()l (T) € (Uhrene (T) © (L)eat(T) € (1) e (T),
- <<1>>l))\ounded(T) g <<1>>;\ositive (T)7

and moreover,

= (U)ot (T) = (1) 50emaea(T), and
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= (D) aumtea(T) = (UDpositec (1) 0 (L) souniea(T)-

It is easy to see that if there exists a strategy o that is positively A-
synchronizing in 7', then the strategy o, that plays at every round all actions
uniformly at random is also positively A-synchronizing in 7', because the condi-
tion d;(T") > 0 is equivalent to Supp(d;) N T # &, and because we have o C oy,
which implies that Supp(M7) C Supp(M7*) for all i > 0.

Hence, in all four synchronization modes, the question is equivalent to the
same question in Markov chains (obtained from the given MDP by fixing the
strategy o,) which can be solved as follows. Given a Markov chain, consider
the underlying directed graph (Q, E) where (¢,¢') € E if 6(¢q,a)(¢") > 0 (where
A = {a}). For positive eventually synchronizing, it suffices to find a state in T
that is reachable in that graph, and for positive weakly synchronizing, it suffices
to find a state in T that is both reachable and can reach itself. These questions
are NL-complete. For positive always and strongly synchronizing, the question
is equivalent to the model-checking problem for the formulas G3T and FG3T in
the logic CTL+Sync, which are both coNP-complete [8] Lemma 2 & Section 3].

For boundedly winning, we show that one strategy is good enough in all four
synchronization modes, like for positive winning. The strategy plays like o, for
the first 2" rounds, and then switches to a strategy og¢ that, in the states g € £,
plays uniformly at random all actions that stay in the end-component £(q) of
q (thus all actions in Ag(,), and in the transient states ¢ ¢ £, plays all actions
uniformly at random. We call this strategy the freezing strategy. Intuitively we
use o, to scatter the probability mass in all end-components of the MDP, and
then og¢ to maintain a bounded probability in each end-component.

Lemma 6. Let M be an MDP with n states and initial distribution dy, and let
T be a target set. Consider the following conditions:

(1) Yi>0: M7(T)>0 (2)Vi>2" : M*(ENT) >0
Then, the following equivalences hold:
(a) do € ()% (T) if and only if Condition (1) holds;

positive

(b) do € (1)37°m9% (T if and only if Condition (2) holds;
(¢) do € (1) (T) if and only if Conditions (1) and (2) hold;

Proof. Equivalence (a) follows from the definition of positive always synchro-
nizing, and from the fact that the uniform strategy o, is sufficient for positive
winning.

We show Equivalence (b) as follows. First, if Condition (2) does not hold, then
M7(ENT) =0 for some ¢ > 2", and thus also for infinitely many ¢’s (since the
sequence Supp(M;") is ultimately periodic, after at most 2" steps). For arbitrary
strategy o, we have Supp(M?) C Supp(M7*) for all ¢ > 0, therefore MJ(E N
T) = 0 for infinitely many ’s. By Lemma [l we have liminf, ,.,o M?(€) =1
which entails that limsup M7(E \ T) = 1 and limsup MJ(Q \ T) = 1, that
is lim inf M¢(T") = 0. Since this holds for arbitrary strategy o, it follows that

do & (1)oremdt¥(T).
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For the converse direction, assuming Condition (2) holds, we show that dy €
(ysironaly (T witnessed by the freezing strategy o (which plays like o, for the
first 2" rounds, and then switches to the strategy og).

We show the key property that

Supp(M7*) N E = Supp(M;’ )N E for all i > 2"

Fix an arbitrary ¢ > 2™ and let p be a period of the sequence Supp(M°¥)
such that ¢ —p < 2" and Supp(M7*) = Supp(M7* ). Consider the Markov chain
M obtained by fixing the strategy og in M. From the basic theory of Markov
chains, each end-component C' in M is a recurrent class in M. For each i > 2™,
either all or none of the states in a periodic class of C' are in the support of M7,

To show the key property, first consider a state ¢ € Supp(M7*)NE for i > 2™,
and show that ¢ € Supp(M;’)NE. Let S be the periodic class of £(q) containing
q (in M), and thus

S C Supp(M7*) N E, and thus S C Supp(M7* ) NE.
Since o, and oy coincide on the first 2" rounds, we have
S C Supp(M77 ) NE.

Now consider the strategy og and an initial distribution with support S, and
denote by S + j the support of the probability distribution after playing o¢ for
Jj steps. Then, since o¢ C 0y C 0y,

S +p C Supp(MF)NE, and S+ p C Supp(MJ*)NE.

We can repeat the same argument with S + p instead of S, and show by
induction that S+ j - p C Supp(M;7)NE for all j > 1. In particular, by taking
j the period of the end-component containing g, we get S + 5 -p = S and thus
S C Supp(M;") N &, which establishes one direction of the key property (the
converse direction follows from oy C 0y,).

From the theory of Markov chains, in every end-component state ¢ € £, the
positive probability mass is bounded away from 0 in M€, that is there exists
a bound ¢ > 0 such that for all i > 2", for all ¢ € &, if M’ (q) # 0, then
M7 (q) > e. By the key property and Condition (2), for all > 2", there exists
q € ENT such that M}’ (q) # 0, which implies that lim inf; . M,/ (T) > ¢ >0
and thus dy € (1)50008(T).

Finally, the proof for Equivalence (c¢) follows the same steps as above to
show that Conditions (1) and (2) imply do € (1)§"“% (T), where Condi-
tion (1) is used to bound M,/ (T') for the first 2" rounds, and thus to ensure that
M7 (T) > B > 0 for all i > 0, hence do € (1) (T)). The converse direction
immediately follows from the first part of RemarkBland Equivalences (a) and ().

O

We extract explicit bounds from the proof of Lemma[6l All end-components
are reached within a most n steps (under o), and further all states in (a periodic
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class of ) a recurrent class are reached (synchronously) within a most n? steps [16}

Theorem 4.2.11], thus all states in the periodic class have probability mass at
n+n2
least €, = ap - ﬁ where o is the smallest positive probability in the

initial distribution dy (note that a/|A| is the smallest probability in the Markov
chain Mg). It follows that the freezing strategy ensures probability at least e,
in T at every step (if M is boundedly always synchronizing), and probability at
least £, in T at every step after N = n + n?2.

The conditions (1) and (2) in Lemma [6] can be decided in coNP as follows.
For Condition (1) we guess an index ¢ < 2™ (in binary) and compute the i-th
power of the Boolean transition matrix M € {0, 1}”2 where M(q,q') = 1 if there
is a transition from state ¢ to state ¢’ in the Markov chain obtained from the
given MDP M by fixing the strategy o,. The matrix M’ can be computed in
polynomial time by successive squaring of M. Then it suffices to check whether
Mi(qo,q) = 0 for all g9 € Supp(dg) and q € T. For Condition (2), since the
sequence Supp(M7") is ultimately periodic, we guess two indices i,p < 2" (p > 1)
and check that Supp(M7*) = Supp(M7},) and Supp(M7*)NENT = I, using
the same approach by successive squaring. Note that the union £ of all end-
components can be computed in polynomial time [T1IT2].

Conditions (1) and (2) are also coNP-hard, using the same reduction that
established coNP-hardness of the positive always and positive bounded syn-
chronizing [8, Lemma 2 & Section 3], in which positive and bounded winning
mode coincide. It follows that the membership problem for bounded always and
bounded strongly synchronizing is coNP-complete.

We now show the solution for bounded weakly synchronizing. It suffices to
find a state in T'N £ that is reachable in the underlying graph of the Markov
chain M,,, which is a NL-complete problem (like for positive weakly synchro-
nizing, except we require a reachable state in TN &, not just in T). Indeed, if
all reachable end-components are contained in @ \ T, then by Lemma [2] we have
liminf; oo MZ(Q \ T) = 1, that is limsup, ., M7 (T) = 0. For the converse
direction, if a state § € T'NE is reachable, then by a similar argument as above
based on the theory of Markov chains, as the probability mass in the states of the
periodic classes (that contain some probability mass) is bounded away from 0 in
M | it follows that within every p steps, where p is the period of the recurrent
class £(§) the probability mass in § is at least ag - (a/|A])"™". Therefore, M is
boundedly weakly synchronizing in 7T'. For the sake of completeness, note that
for eventually synchronizing MDPs, the probability mass e, = ag - (a/|A])™ in
T can be ensured within n steps (using o).

Theorem 4. The complexity of the membership problem for positive and
bounded synchronizing objectives is summarized in Table [2.

In Table 2 the merged cells for eventually synchronizing reflect the fact that
the winning regions coincide (see Remark [B]). The winning regions for the other
synchronizing modes do not coincide, already in Markov chains (see Fig. [I).
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