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Abstract. In this paper, we improve the regret bound for online kernel
selection under bandit feedback. Previous algorithm enjoys a O((]| f H’ZHZ +
1)K %T%) expected bound for Lipschitz loss functions. We prove two
types of regret bounds improving the previous bound. For smooth loss
functions, we propose an algorithm with a O(U%Kfé K Ly (ff))g)
expected bound where Lz (f;) is the cumulative losses of optimal hy-
pothesis in H; = {f € H; : ||fll»; < U}. The data-dependent bound
keeps the previous worst-case bound and is smaller if most of candi-
date kernels match well with the data. For Lipschitz loss functions, we
propose an algorithm with a O(UV KT T ) expected bound asymp-
totically improving the previous bound. We apply the two algorithms to
online kernel selection with time constraint and prove new regret bounds
matching or improving the previous O(vVTIn K + || |3, max{v/T, %})
expected bound where R is the time budget. Finally, we empirically ver-
ify our algorithms on online regression and classification tasks.
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1 Introduction

Selecting a suitable kernel function is critical for online kernel learning algo-
rithms, and is more challenge than offline kernel selection since the data are
provided sequentially and may not be i.i.d.. Such kernel selection problems are
named online kernel selection [22]. To address those challenges, many online
kernel selection algorithms reduce it to a sequential decision problem, and then
randomly select a kernel function or use a convex combination of multiple kernel
functions on the fly [TOU722UT6UIT]. Let K = {r;}X, be predefined base kernels.
An adversary sequentially sends the learner instances {x;}£ ;. The learner will
choose a sequence of hypotheses {f;}7_; from the K reproducing kernel Hilbert
spaces (RKHSs) induced by kernels in IC. At each round t, the learner suffers a
prediction loss £(f+(x¢),y:). The goal is to minimize the regret defined as follows,

Vi, € K,Vf € Hi, Regp(f Zf fr(xe),yt) Zf (X¢), Y1) (1)
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Effective online kernel selection algorithms must keep sublinear regret bounds
w.r.t. the unknown optimal RKHS H;« induced by x;- € K.

Previous work reduces online kernel selection to a sequential decision prob-
lem, including (i) prediction with expert advice [4], (ii) K-armed bandit problem
[3], (iii) prediction with limited advice [15]. The online multi-kernel learning al-
gorithms [T4U5] which reduce the problem to prediction with expert advice, use a
convex combination of K hypotheses and enjoy a O(poly(||f||#,) VT In K) regret
bound. Combining K hypotheses induces a O(Kt) per-round time complexity
which is linear with K. To reduce the time complexity, the OKS algorithm
(Online Kernel Selection) [19] reduces the problem to an adversarial K-armed
bandit problem. OKS randomly selects a hypothesis per-round and only provides
a O(poly (|| f|l2,)K3T%)) [l expected bound. The per-round time complexity of
OKS is O(t). The B(AO)2KS algorithm [IT] reduces the problem to predict with
limited advice and randomly selects two hypotheses per-round. B(AO),KS can
provide a O(poly(||f|ls,)VKT) high-probability bound and suffers a O(t/K)
per-round time complexity. From the perspective of algorithm design, an impor-
tant question arises: does there exist some algorithm only selecting a hypothe-
sis (or under bandit feedback) improving the O(poly(||f|l2,)K*T3)) expected
bound? The significances of answering the question include (i) explaining the
information-theoretic cost induced by only selecting a hypothesis (or observ-
ing a loss); (ii) designing better algorithms for online kernel selection with time
constraint. In this paper, we will answer the question affirmatively.

We consider Lipschitz loss functions and smooth loss functions (Assumption
[l). For Lipschitz loss functions, we propose an algorithm whose expected regret
bound is O(U\/ﬁln% T)) asymptotically improving the O(poly (|| f||lx, ) K3T%))
expected bound. Our regret bound proves that selecting a or multiple hypothe-
ses will not induce significant variation on the worst-case regret bound. For
smooth loss functions, we propose an adaptive parameter tuning scheme for
OKS and prove a O(U3 K3 (Zj‘;l LT(fJT“))%) expected bound where Ly (f}) =
mingep, Y ey ((f(%e),y¢). If most of base kernels in K match well with the
data, i.e., L7(f;) < T, then the data-dependent regret bound significantly im-
proves the previous worst-case bound. In the worst case, i.e., Lr(f}) = O(T),
the data-dependent bound is still same with the previous bound. Our new regret
bounds answer the above question. We summary the results in Table [1l

We apply the two algorithms to online kernel selection with time constraint
where the time of kernel selection and online prediction is limited to R quanta
[O]. It was proved that any budgeted algorithm must suffer an expected re-
gret of order Q(|| f||2, max{V/T, \/lﬁ}) and the LKMBooks algorithm enjoys a

OWTIK + ||f||3, max{VT, \/%}) expected bound [9]. LKMBooks uses con-
vex combination to aggregate K hypotheses. Raker uses random features to
approximate kernel functions and also aggregates K hypotheses [I6]. Raker en-

joys a O((\/an + ||f||%)\/T+ ||f||1%) bound where f = Zthl arki(xy,+) and

' poly([|fll#,) = || fII%, + 1. The original paper shows a O((|| f|13;, +1)VKT) expected
regret bound. We will clarify the difference in Section
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Table 1. Expected regret bounds for online kernel selection under bandit feedback. R
is the time budget. Lt = Z;il L7 (f;). v is a parameter in the definition of smooth
loss (see Assumption [Tl). There is no algorithm under bandit feedback in the case of a
time budget. Thus we report the result produced under the expert advice model [9].

R |Loss function | Previous results| Our results

Lipschitz loss L, OWUVKT In? T)

No Smooth loss v =1 o (pOIY(Hf||Hi)K§T§) 19 O(U%Ki‘%fé)
_2

Smooth loss v = 2 O(U%Kf%L%)

Lipschitz loss O(UVKTIn3 T + ULY/InT)
ves O (151 max{VT. 2Y) BI| 073 g3 13 4 vEpn

Smooth loss v =1 Hi "VR (USK™3Ly + —7=+)
Arr2 e—t73 | UVTLr(F))

Smooth loss v = 2 OWUB3K 3L} + =)

I/l = |||l [I6]. The two algorithms reduce the problem to prediction with
expert advice, while our algorithms just use bandit feedback.

We also use random features and make a mild assumption that reduces the
time budget R to the number of features. For smooth loss functions, we prove
two data-dependent regret bounds which can improve the previous worst-case
bounds [I6/9] if there is a good kernel in K that matches well with the data.
For Lipschitz loss functions, our algorithm enjoys a similar upper bound with
LKMBooks. We also summary the results in Table [I1

2 Problem Setting

Denote by {(x¢, yt) }te[r) @ sequence of examples, where x; € X' C Ry € [-1,1]
and [T] ={1,2,...,T}. Let 6(-,-) : X x X — R be a positive definite kernel and
K ={k1,...,kK}. For each r; € K, let H; = {f|f : X — R} be the associated
RKHS satisfying (f, ki(x,-))#, = f(x), Vf € Hq. Let [[f[3, = (f, f)n,. We
assume that x;(x,x) <1, Vk; € K. Let £(-,-) : R x R — R be the loss function.

2.1 Online Kernel Selection under Bandit Feedback

We formulate online kernel selection as a sequential decision problem. At any
round ¢ € [T], an adversary gives an instance x;. The learner maintains K hy-
potheses {f;; € H;} X, and selects f; € span(f:; :i € [K]), and outputs fi(x¢).
Then the adversary gives y;. The learner suffers a prediction loss (f:(x:), yt)-
The learner aims to minimize the regret w.r.t. any f € UX  #,; which is defined
in (). If the learner only computes a loss £(fi.1,(xt),yt), It € [K], then we call it
bandit feedback setting. The learner can also compute N € {2,..., K} losses, i.e.,
{0(fri;(x4),90)}4, 5 € [K]. The OKS algorithm [T9] follows the bandit feed-
back setting. The online multi-kernel learning algorithms [T4J516] correspond to
N = K. The B(AO):KS algorithm [I1] corresponds to N = 2. From the per-
spective of computation, the per-round time complexity of computing IV losses is
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Algorithm 1 OKS

Input: K ={k1,...,6Kx}, 6 € (0,1),n, A

Initialization: {f1; = 0,w1,; = l}fil, P11 = %1;(

1: for t=1,...,T do

2: Receive x;

3: Sample a kernel k7, where Ii ~ py;

(St 1, (xt)yyt))
Pe,1,

Vi1, 01, x0),ye)

)

4: Update we41,1, = we,1, exp(—n

5. Update fit1,1, = fr,r, — A
Wit1
SR wepng

Pi1,
6: Update qt+1 = and set pr41 = (1 — J)qe41 + %IK;
7: end for

8: Output: qr.

N times larger than the bandit feedback setting. From the perspective of regret
bound, we aim to reveal the information-theoretic cost induced by observing a
loss (or bandit feedback) not multiple losses (or N > 2).

2.2 Regret bound of OKS

We first prove that the regret bound of OKS [19] is O(([| |3, + 1)K3T3), and
then explain the technical weakness of OKS.

The pseudo-code of OKS is shown Algorithm [ Let Ax be the (K — 1)-
dimensional simplex. At any round ¢, OKS maintains p,q: € Ax. OKS samples
ft.1, where I; ~ py, and outputs f 1, (x). For simplicity, we define two notations,

T T K
Lr(f) =Y 0 x)smn)y  Larr = aquil(fri(x1), v0).
t=1 t=1i=1
Theorem 1 ([19]). Assuming that £(f;i(x),y) € [0,lmax], Vi € [K], t € [T],
and ||V 0(f(x),y)ln; < G, Vf € H;. The expected regret of OKS satisfies

max

+||f||%i AKTG?  nKT0? | K
2\ 2 2(1—9) n

Vie K], f€Mi, E[Lq.]<Lr(f)

In particular, let § € (0,1) be a constant and n,\ = O((KT)"z), then the
expected regret bound is O((||f|3,, + 1)VKT).

Remark 1. Since I; ~ pi, the expected cumulative losses of OKS should be
E [Lpl:T] which is different from E [qu:T] as stated in Theorem [Il Since p; =

(1—0)q: + %1 K, the expected regret of OKS should be redefined as follows
Vi € [K]v.f EHi E [Epl:T:I - LT(f)
/]

4. AKTG? nKT/(? InK

< T B _ max
<OE [Lfl] SLr(f) + 5yt + S S
2 2 2
KT KT = InkK
<OT o + 1711, + AKTGC 7 Conax +2

2 25 2(1— ) n
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To minimize the upper bound, let § = (G/liax) 3 K3T 3, A = /6 /(KT G?) and
n=+/2(1-06)InK/\/KT?,,. The upper bound is O((|| f[I3,, + DK=T3).

max-*

Remark 2. OKS is essentially an offline kernel selection algorithm, since it aims
to output a hypothesis following qr for test datasets (see line 8 in Algorithm
[[). Thus Theorem [ defines the expected regret using {qi,...,qr}, and the
O((If113,, + 1)vV/KT) bound is reasonable. For online kernel selection, we focus
on the online prediction performance. Since OKS selects f; ;, following py, the
expected regret should be defined using {p1,...,pr}-

We find that the dependence on O(K3T3%) comes from the term %T&GQ
which upper bounds the cumulative variance of gradient estimators, i.e,

T
~ AKTG? - Vi
S IVl | € S Vi = —21ier,, Vi = Vi, L(fri(xe), m2)-
P ' 20 Pti
Next we give a simple analysis. To start with, it can be verified that
<E =) V3
ma. — i .
=52 gy )

Recalling that p;; > 2, Vi € [K], t € [T]. Summing over ¢t = 1,...,T yields

2
2

E [V

ti

Vell3,
3{} =E lpt’iT% + (1 =pti)-0

T

e K
S E[IViilh] < 5 Y E]
t=1

t=1

KTG?
5

Veills,] <

The regret bound of online gradient descent (this can be found in our supple-

mentary materials) depends on 3E {Zthl ||@“H%J < )‘K2§G2. Thus it is the

high variance of V, ; that causes the O(K3T3) regret bound.

OKS selects a hypothesis per-round, reduces the time complexity to O(t) but
damages the regret bound. It was proved selecting two hypotheses can improve
the regret bound to (N)((HfH%Z + 1)V/KT) [II]. A natural question arises: will
selecting a hypothesis induce worse regret bound than selecting two hypotheses?
From the perspective of algorithm design, we concentrate on the question:

— does there exist some algorithm selecting a hypothesis (or under bandit
feedback) that can improve the O((|| f|13,, + 1)K3T3)) bound?

3 Improved Regret bounds for Smooth Loss Functions

In this section, we propose the OKS+-+ algorithm using an adaptive parameter
tuning scheme for OKS. Specifically, we reset the value of §,7 and A in Theorem
[ and prove data-dependent regret bounds for smooth loss functions. Such regret
bounds can improve the previous worst-case bound if most of candidate kernel
functions match well with the data. Although OKS-+ just resets the value
of parameters, deriving the new regret bounds requires novel and non-trivial
analysis. To start with, we define the smooth loss functions.
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Assumption 1 (Smoothness condition) £(-,-) is conver w.r.t. the first pa-
rameter. Denote by '(a,b) = Y42 For any f(x) and y, there is a constant

Co > 0 such that e
1 (f(x), )" < Col(f(x),y), ve{l,2}

Zhang et al. [2I] considered online kernel learning under smooth loss func-
tions with v = 1. The logistic loss £(f(x),y) = In(1 + exp(—yf(x))) satisfies
Assumption [l with » = 1 and Cy = 1. The square loss £(f(x),y) = (f(x) — y)?
and the squared hinge loss £(f(x),y) = (max{0,1—yf(x)})? satisfy Assumption
[ with v = 2 and Cy = 4.

Let U > 0 be a constant. We define K restricted hypothesis spaces. Vi € [K],
let H; = {f € H; : || fll, < U}. Then it is natural to derive Assumption

Assumption 2 Vk; € I and Vf € H;, there exists a constant G > 0 such that
maxie[r) |€/(f(xt)7yt)| <G.

It can be verified that many loss functions satisfy the assumption and G
may depend on U. For instance, if ¢ is the square loss, then G < 2(U + 1).
For simplicity, denote by ¢;; = €(fii(xt),y:) for all i € [K] and ¢ € [T]. It can
be verified that max; ; ¢;; is bounded and depends on U. Then our algorithm
updates q; using ¢; (see line 4 and line 6 in Algorithm [I). Since we use restricted
hypothesis spaces, our algorithm changes line 5 in Algorithm [l as follows

vft,uaft,zt(x»vyﬁ)H2 @
Hr,

= (ft.,]t —Au1,

ft+1,1, = argmin

fEH,, pe.1,

Except for {\;;}X,, our algorithm also uses time-variant &; and 7;. We omit the
pseudo-code of OKS++ since it is similar with Algorithm [

Next we show the regret bound. For simplicity, let Cy x = Zi:l Zfil Cri
where &, ; = “2L1; _;, and Ly = Efil LT(f;) where LT(f;) = mingen; Lr(f).

Pr,i

Theorem 2. Let ¢ satisfy Assumption [l with v = 1 and Assumption[d. Let

(GCo)3 (UK)3 by — V2In K
2max {(GC) (UK)E2CH ) 14T Y g2,
U (max{GCyU?K2,8C, x })~ ¢ A zt: O fri(%r), yr)

VABK S (GCy)3 /1 + Ay, — Pri

Then the expected regret of OKS++ satisfies, Vi € [K],

0 =

Vi € [K]7)\t,i =

I, ;.

K2

E [Lp,s] = Lo(f7) = 0 (UF (GCo)* K-HL] + UR(GCo) KBLELE(S)))

Let 0 satisfy Assumption [ with v = 2. Let G = 1 in §; and A;. m keeps
unchanged. Then the expected regret of OKS++ satisfies

Vi€ [K), B[Lpy.] — Lr(f7) = 0 (VICG K3 Lj + USCE KB LELA(F7))
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The values of A ;, §; and 7, which depend on the observed losses, are impor-
tant to obtain the data-dependent bounds. Beside, it is necessary to set different
At,i for each i € [K]. OKS sets a same A. Thus the changes on the values of ¢,
and A are non-trivial. Our analysis is also non-trivial. OKS-++ sets time-variant
parameters and does not require prior knowledge of the nature of the data.

Now we compare our results with the regret bound in Theorem [l The main
difference is that we replace KT with a data-dependent complexity Lz. In the
worst case, Ly = O(KT) and our regret bound is O(K3T%) which is same with
the result in Theorem[Il In some benign environments, we expect that Ly < KT
and our regret bound would be smaller. For instance, if Ly (f) = o(T') for all i €
[K], then our regret is o(7'%) improving the result in Theorem[Il If there are only
M < K hypothesis spaces such that Lp(f) = O(T), where M is independent
of K, then our regret bound is O((MT)3 K ~%). Such a result still improves the
dependence on K. A more interesting result is that, if Ly (fF) = O(T'1) for all
i € [K], then OKS++ achieves a O(K3+/T) regret bound which is better than
the O(poly (|| fll#,)VEKT) bound achieved by B(AO),KS [I1].

4 Improved Regret bound for Lipschitz Loss Functions

In this section, we consider Lipschitz loss functions and propose a new algorithm
with improved worst-case regret bound.

4.1 Algorithm

For the sake of clarity, we decompose OKS into two levels. At the outer level, it
uses a procedure similar with Exp3 [3] to update p; and q;. At the inner level,
it updates f: , using online gradient descent. Exp3 can be derived from online
mirror descent framework with negative entropy regularizer [I], i.e.,

Va,, Ye(dii1) = Vadelar) = G, depr = arg min Dy, (@, az41),  (3)
[e[SPAY g

where 1:(p) = Zfil %pi Inp; is the negative entropy and Dy, (p,q) = ¥i(p) —
Ui(q) — (Ve (q), p — q) is the Bregman divergence. Different regularizer yields

1
different algorithm. We will use ¢:(p) = Zszl —&p, a > 1, which slightly
modifies the a-Tsallis entropy [I7123]. We also use the increasing learning rate
scheme in [I]], that is 7, ; is increasing. The reason is that if 7, ; is increasing, then

there will be a negative term in the regret bound which can be used to control the
%} (see Section 2.2]). If
we use the log-barrier [I] or a-Tsallis entropy with o = 2 [2I23], then the regret
bound will increase a O(In T") factor. This factor can be reduced to O(ln% T) for
a > 3. We choose a = 8 for achieving a small regret bound.

At the beginning of round ¢, our algorithm first samples I; ~ p; and out-
puts the prediction f; j,(x:) or sign(f: 1, (x¢)). Next our algorithm updates f r,

large variance of gradient estimator, i.e., E [Zthl Vel
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Algorithm 2 IOKS

Input: K ={k1,...,kx},a =8, v :eﬁ7 n
Initialization: {f1; =0,m1,; = 77}5;17 qi1 = p1 = %11(
1: fort=1,...,7T do

2: Receive x;

3: Sample a kernel k7, where Iy ~ p:

4: Output §: = fi,1, (x¢) or sign(ys)

5: Compute fi41,1, according to (2

6: Compute ¢, 1, according to (@)

7: Vi € [K], compute giy1,; according to (B
8: Compute pey1 = (1 — 8)qep1 + o1k
9: fori=1,...,K do

10: leM > pi,i then

11: Pti1,i = ﬁ, Nt41,i = UNti
12: else

13: P41 = Ptyis Net1,i = Nt

14: end if

15: end for

16: end for

following @). Vi € [K], let ¢ = €(f1,i(X1), Y1)/ lmax € [0,1]. We redefine & by

. . Ct,i . i Li=r,
if p.1, > Max ., then & ; = p) I;—;,, otherwise ¢;; = p—;—Txn'
ti ti i Mty

(4)

It is worth mentioning that ¢; is essentially different from that in OKS, and aims
to ensure that (B has a computationally efficient solution as follows

8
7

_z
Vi€ [K], g1 = (qt,f +ne,i(Cri — M*)) : (5)

where p* can be solved using binary search. We show more details in the sup-
plementary materials. We name this algorithm IOKS (Improved OKS).

4.2 Regret bound

Assumption 3 (Lipschitz condition) ¢(-,-) is convex w.r.t. the first param-
eter. There is a constant Gy such that Ve; € K, f € H, ||V#0(f(x),y)||n, < G-

3

Theorem 3. Let { satisfy Assumption[d Let 6 =T~1%,

3

3 ax K5 U

p = —smaxl® o = —  (6)
2UGVTInT V10 IVl

Let T > 40. Then the expected regret of IOKS satisfies,

1 T / 2 K?naxK%
Vi € [K],f cH;, E I:LPI:T} — LT(f) =0 <UG1 KTIn®T + m) .
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limax is a normalizing constant and can be computed given the loss function,
such as . < U + 1 in the case of absolute loss. Next we compare our regret
bound with previous results. On the positive side, [OKS gives a O(U\/ﬁln% T)
bound which asymptotically improves the O(K %T%) bound achieved by OKS.
On the negative side, if T is small, then \/ﬁln% T > K3T3% and thus IOKS
is slightly worse than OKS. B(AO)2KS [11] which selects two hypotheses per-
round, can provide a O(poly (| f||2,)vVKT) bound which is same with our result.

We further compare the implementation of IOKS and OKS. It is obvious that
OKS is easier than IOKS, since IOKS uses binary search to compute q:1 (see
[@)). The computational cost of binary search can be omitted since the main
computational cost comes from the computing of f; 1, (x;) which is O(t).

5 Application to Online Kernel Selection with Time
Constraint

In practice, online algorithms must face time constraint. We assume that there
is a time budget of R quanta. Both OKS++ and IOKS suffer a O(t) per-round
time complexity, and do not satisfy the time constraint. In this section, we will
use random features [12] to approximate kernel functions and apply our two
algorithms to online kernel selection with time constraint [9].

We consider kernel function k(x,v) that can be decomposed as follows

K(x,v) = ; Or (X, W)k (v, w)d py (W), Vx,veXx (7)

where ¢, : X x 2 — R is the eigenfunctions and p,(-) is a distribution func-
tion on 2. Let p.(-) be the density function of p.(-). We can approximate
the integral via Monte-Carlo sampling. We sample {wj}le ~ pi(w) indepen-
dently and compute &(x,v) = %Zle Gr(x,wj)Pr(v,wj). For any f AE Hy,
let f(x) = [, (w)dn(x,w)px(w)dw. We can approximate f(x) by f(x) =
% Z?:l (W) (x,w;). It can be verified that E[f(x)] = f(x). Such an ap-
proximation scheme also defines an explicit feature mapping denoted by z(x) =
%(qﬁﬁ (X,w1)y ..., dx(X,wp)). The approximation scheme is the so called ran-
dom features [12]. Vk; € K, we define two hypothesis spaces [I3] as follows

H; = {f(X) = [ )i e @ o) < U} |
~ D: U
Fi=1 00 = 2 g0 (o) |lag] < 3

Jj=1

We can rewrite f(x) = w' z(x), where w = /Dj(a,...,ap,) € RP:. Let
W; = {w € RPi|||w|o < %} It can be verified that ||w|3 < U?. For all &,

satisfying (7)), there is a constant B; such that |¢y, (x,w;)| < B; for all w; € 2
and x € X [10]. Thus we have |f(x)| < UB; for any f € H; and f € F,.
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Next we define the time budget R and then present an assumption that
establishes a reduction from R to D;.

Definition 1 (Time Budget [9]). Let the interval of arrival time between x;
and x;11,t = 1,...,T be less than R quanta. A time budget of R quanta is
the maximal time interval that any online kernel selection algorithm outputs the
prediction of x; and X441.

Assumption 4 For each k; € K satisfying (), there exist online leaning algo-
rithms that can run in some F; whose mazimal dimension is D; = B, R within
a time budget of R quanta, where B, > 0 is a constant depending on k;.

The online gradient descent algorithm (OGD) satisfies Assumption @l The main
time cost of OGD comes from computing the feature mapping. For shift-invariant
kernels, it requires O(D;d) time complexity [12]. For the Gaussian kernel, it re-
quires O(D; log(d)) time complexity [8I20]. Thus the per-round time complexity
of OGD is linear with D;. Since the running time of algorithm is linear with the
time complexity, it natural to assume that R = (D).

5.1 Algorithm

At any round ¢, our algorithm evaluates a hypothesis and avoids allocating the
time budget. Thus we can construct F; satistying D; = (., R. Our algorithm is
extremely simple, that is, we just need to run OKS++ or IOKS in {F;}X . It
is worth mentioning that, learning {f,; € F;}7_, is equivalent to learn {w! €
WYL where f;i(x¢) = (wi) T z;(x;). We replace the update @) with (&),

B | . 1
Wit =W; — AiVyil (ft,i(xt)u yt) IT]Ii:Im
K2
’ (8)
. . - 2
Wigr =argmin [w — Wi, ;.

i

The solution of the projection operation in (8) is as follows,

: i : U ~i
Vi=1,...,D;, wiyy; =min {1, |U~J,§'+1)j|\/ﬁi} Wiyq -
The time complexity of projection is O(D;) and thus can be omitted relative to
the time complexity of computing feature mapping. We separately name the two
algorithms RF-OKS++ (Random Features for OKS++) and RF-IOKS (Random
Features for IOKS). We show the pseudo-codes in the supplementary materials
due to the space limit. The pseudo-codes are similar with OKS++ and IOKS.

Remark 3. The application of random features to online kernel algorithms is
not a new idea [I8IT6/6]. Previous algorithms did not restrict hypothesis spaces,
while our algorithms consider restricted hypothesis spaces, i.e., H; and F;. This
is one of the differences between our algorithms and previous algorithms. The
restriction on the hypothesis spaces is necessary since we must require ||w|ls < U
for any ¢ € [K] and ¢ € [T].
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5.2 Regret Bound

Theorem 4. Let ¢ satisfy Assumptiond with v =1 and Assumption[2 Let b,
ne and {\;}E, follow Theorem [B. For a fivzed § € (0,1), let R satisfy D; >
32 Oo U?B?In L 5, Vi € [K]. Under Assumption[J], with probability at least 1 — 0,
the expected regret of RF-OKS++ satisfies

Vi € [K]a E [EPI:T:I _LT(fi*) =0 (

Let ¢ satisfy Assumption [ with v = 2. Let G = 1 in §; and M\ ;. n keeps
unchanged. For a fized § € (0,1), with probability at least 1 — &, the expected
regret of RF-OKS++ satisfies

_ C *
Vi€ [K], E[Lp..] — Lr(f7) = O (UBZ-% 1 5T
CoU%B2T . KT

S-31% L VAP KALALL
R In—— + USC¢ K3 L3+ USCEKRLILA(S) ).

The regret bounds depend on \/% ) or \/—«/TLT )+ 7T3 The larger the
time budget is, the smaller the regret bound will be, Wthh proves a trade-off
between regret bound and time constraint. If Lp(f7 ) < T, then RF-OKS++

can achieve a sublinear regret bound under a small time budget.

Theorem 5. Let { satisfy Assumption [A and Assumption @ Let {\:;}E,, n
and 0 follow Theorem[3 Under Assumption[q], with probability at least 1 — 9, the
expected regret of RF-IOKS satisfies, Vi € [K|,Vf € H,,

_ > B K L GBUT | KT
E[Lpl;T]_LT(f)—O<UG1VKT1n3T+ QG%W \/— In )

The regret bound depends on \/% which also proves a trade-off between regret

bound and time constraint. Achieving a O(T") bound requires R = Q2(T2(1=),
o € [4,1). The regret bounds in Theorem H depend on Ly (f;), while the regret
bound in TheoremBldepends on T'. Under a same time budget R, if Ly (f}) < T,
then RF-OKS++ enjoys better regret bounds than RF-IOKS.

5.3 Comparison With Previous Results

For online kernel selection with time constraint, if the loss function is Lipschitz
continuous, then there is a Q2(|| f7||3, max{v'T, %}) lower bound on expected

regret [9]. Theorem [l gives a nearly optimal upper bound. LKMBooks [9] gives
a O(VTInK + | I3, max{v/T, \/%}) bound in the case of K < d, and thus
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is slightly better than RF-IOKS. LKMBooks selects K hypotheses per-round.
RF-IOKS just selects a hypothesis per-round and is suitable for K > d.

For smooth loss functions, the dominated terms in Theorem [ are O(%)

and O(\/Lﬁ VTLr(f})+%). If the optimal kernel ;- matches well with the data,

that is, Ly (fL) < T, then O(L\ﬁf—g)) and O(V%«/TLT(]‘{Z)) are much smaller
than O(\/Lﬁ) To be specific, in the case of Ly (f%) = o(T'), RF-OKS++ is better
than LKMBooks within a same time budget R.

Our algorithms are similar with Raker [I6] which also adopts random fea-
tures. Raker selects K hypotheses and provides a O((vIn K+|| f||2)vVT+]| f|l1 \/T—ﬁ)

bound, where f = Ethl aiki(X¢,+) and || f]|1 = ||e]|1. The regret bounds of RF-
OKS-++ are better, since (i) they depend on Lr(f}) and E]K:1 Ly (f;) while the
regret bound of Raker depends on T7; (ii) they depend on U, while the regret
bound of Raker depends on || f]|; which is hard to bound and explain.

6 Experiments

We adopt the Gaussian kernel k(x,v) = exp(—%) and select 6 kernel
widths ¢ = 27213, We choose four classification datasets (magic04:19,020,
phishing:11,055, a9a:32,561, SUSY:20,000) and four regression datasets (bank:8,192,
elevators:16,599, ailerons:13,750, Hardware:28,179). The datasets are down-
loaded from UCI E, LIBSVM website [ and WEKA. The features of all datasets

are rescaled to fit in [—1, 1]. The target variables are rescaled in [0, 1] for regres-
sion and {—1,1} for classification. We randomly permutate the instances in the
datasets 10 times and report the average results. All algorithms are implemented
with R on a Windows machine with 2.8 GHz Core(TM) i7-1165G7 CPU [ we
separately consider online kernel selection without and with time constraint.

6.1 Online kernel selection without time constraint

We compare OKS++, IOKS with OKS and aim to verify Theorem [2] and Theo-
rem[3l We consider three loss functions: (i) the logistic loss satisfying Assumption
[Mwith v = 1 and Cy = 1; (ii) the square loss satisfying Assumption [[] with v = 2
and Cy = 4; (iii) the absolute loss which is Lipschitz continuous. We do not
compare with B(AO)2KS [I1], since it is only used for the hinge loss. If ¢ is
logistic loss, then we use classification datasets and measure the average mistake
rate, i.e., AMR := %23:1 Lg,-y,, and set U = 15. Otherwise, we use regression
datasets and measure the average loss, i.e., AL := % Zthl O(fi.1,(x¢),yi), and set
U = 1. The parameters of OKS++ and IOKS follow Theorem [2] and Theorem [3]

— Blma K8 —
where we change n = o ST B Theorem [3] and set £;,.x = 1. For OKS, we
2 http://archive.ics.uci.edu/ml/datasets.php

3 https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/

4 The codes are available at https://github.com/JunfLi-TJU/OKS-Bandit


http://archive.ics.uci.edu/ml/datasets.php
https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
https://github.com/JunfLi-TJU/OKS-Bandit
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Table 2. Online kernel selection without time constraint in the regime of logistic loss

. phishing a9a
Algorithm AMR (%) Time () AMR (%) Time (5)
OKS 13.80 £ 034 1734 £ 148 | 10.65 £0.12 20884 + 31.16
IOKS 1325 + 0.28 658 +£0.18 | 17.46 +0.12  103.91 + 13.89
OKS++ | 7.80+0.49 32.31+3.98 | 16.57 + 0.31 474.65 + 117.43
. magic04 SUSY
Algorithm AMR (%) Time () AMR (%) Time (5)
OKS 2223 £ 022 6.31 £ 0.95 | 32.98 = 0.66 9.97 £ 1.8
IOKS 21.50 £ 0.18  4.02 £ 0.11 | 31.75 + 0.30 6.68 + 0.15
OKS++ | 17.88+0.57 11.06+ 3.08 | 27.84 £ 0.70  19.88 + 5.28

Table 3. Online kernel selection without time constraint in the regime of square loss

Algorithm elevators bank

AL Time (s) AL Time (s)
OKS 0.0068 + 0.0001  3.23 + 0.25 0.0240 + 0.0002 1.51 £ 0.17
IOKS 0.0077 = 0.0001  4.08 &+ 0.05 0.0252 + 0.0002 1.57 £ 0.11
OKS++ 0.0046 + 0.0001 12.75 + 3.12 | 0.0205 + 0.0006 4.24 £ 0.76

. ailerons Hardware

Algorithm AL Time (s) AL Time (s)
OKS 0.0176 4+ 0.0060 6.94 + 0.82 0.0012 + 0.0000 53.84 + 1.80
IOKS 0.0351 = 0.0003  5.59 + 0.08 0.0010 =+ 0.0001 49.36 + 1.14
OKS++ 0.0166 4+ 0.0006 22.79 + 3.41 | 0.0008 £ 0.0001 114.47 + 23.42

Table 4. Online kernel selection without time constraint in the regime of absolute loss

Algorithm elevators ‘ bank ‘

AL Time (s) AL Time (s)
OKS 0.0507 + 0.0001 4.76 + 0.17 0.0961 + 0.0009  1.55 4+ 0.13
IOKS 0.0492 + 0.0004 5.20 £ 0.54 0.0961 = 0.0008  1.64 4 0.20

. ailerons Hardware

Algorithm AL Time (s) AL Time (s)
OKS 0.0723 + 0.0005 &8.20 £+ 0.19 | 0.0105 + 0.0001 56.14 £ 1.07
IOKS 0.0771 + 0.0007 9.86 + 0.68 0.0155 + 0.0002 52.01 + 3.72

set 0, A and 1 according to Remark [Il where A € {1,5,10,25} - /d/(KT) and
lmax = G = 1. The results are shown in Table 2, Table [3] and Table (]

TablePland TableBlprove that OKS++ performs better than OKS and IOKS
for smooth loss functions. The reason is that OKS++ adaptively tunes the pa-
rameters using the observed losses, while OKS and IOKS do not use this infor-
mation to tune the parameters. The experimental results coincide with Theorem
Besides IOKS performs similar with OKS, since IOKS is only asymptotically
better than OKS. If T is small, then the regret bound of OKS is smaller. The
theoretical significance of IOKS is that it proves that selecting a hypothesis does
not produce high information-theoretic cost in the worst case.
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Table 5. Online kernel selection with time constraint in the regime of logistic loss

. phishing a9a
Algorithm | B-D e en =57 | PP T avm @) 4,7 10°(s)
RF-OKS 500 | 14.61 4+ 0.65 9.63 | 450 21.25 +£ 0.12 11.61
LKMBooks | 250 | 12.50 4+ 1.03 9.46 | 220 20.06 £+ 0.54 11.53
Raker 70 | 13.60 £ 1.00 9.35 | 90 24.08 + 0.00 11.30
RF-IOKS 380 | 15.59 £+ 0.39 9.66 | 380 22.99 £+ 0.20 11.95
RF-OKS++ | 400 | 9.15 + 0.56 9.20 | 400 | 17.28 + 0.29 11.19

Table 6. Online kernel selection with time constraint in the regime of square loss

. elevators Hardware
Algorithm | B-D AL+10° 4,+10°(s) | °P AL+ 10° £, = 10°(s)
RF-OKS 450 0.72 + 0.02 6.47 | 420 0.13 £ 0.00 10.48
LKMBooks | 220 0.90 + 0.04 6.72 | 200 0.21 £ 0.01 10.76
Raker 40 0.70 4+ 0.04 6.57 | 80 0.20 &+ 0.00 10.25
RF-IOKS 380 0.89 + 0.01 6.83 | 400 0.12 £ 0.01 10.20
RF-OKS-++ | 400 | 0.51 + 0.02 6.45 | 400 | 0.09 £ 0.01 10.31

Table 7. Online kernel selection with time constraint in the regime of absolute loss

elevators B-D Hardware
AL t, % 10° AL t, % 10°
RF-OKS 530 | 0.0515 + 0.0004 7.13 | 400 | 0.0108 + 0.0001 10.39
LKMBooks | 230 0.0550 + 0.0014 7.35 | 200 0.0203 = 0.0020 10.41
Raker 50 0.0550 + 0.0012 7.41 | 80 0.0154 + 0.0001 10.37

RF-IOKS 400 | 0.0515 + 0.0007 7.63 | 400 0.0164 + 0.0002 10.97

Algorithm | B-D

6.2 Online kernel selection with time constraint

We compare RF-OKS++, RF-IOKS with Raker [16], LKMBooks [9] and RF-
OKS [19]. We construct RF-OKS by combining random features with OKS. The
parameter setting of Raker and LKMBooks follows original paper, except that
the learning rate of Raker is chosen from {1,5,10,25} - 1/v/T. The parameter
setting of RF-OKS++, RF-IOKS and RF-OKS is same with that of OKS++,
IOKS and OKS, respectively. We limit time budget R by fixing the number of
random features. To be specific, we choose RF-OKS-+ as the baseline and set
D; = D = 400 for all i € [K] satisfying the condition in Theorem [l Let the
average per-round running time of RF-OKS++ be t,. We tune D or B of other
algorithms for ensuring the same running time with ¢,. The results are shown
in Table Bl Table [6l and Table[Z In Thale [ we use RF-IOKS as the baseline.
For smooth loss functions, RF-OKS++ still performs best under a same
time budget. The reason is also that RF-OKS++ adaptively tunes the param-
eters using the observed losses, while the other algorithms do not use the ob-
served losses. For the square loss function, Theorem M shows the regret bound

depends on O(\/—%«/TLT(fi*)) which becomes O(\/Lﬁ) in the worst case and
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thus is same with previous results. To explain the contradiction, we recorded
the cumulative square losses of RF-OKS++, i.e., ZtT:1(ft-,It (x¢) — y¢)? and use
it as a proxy for Lp(f7). In our experiments, Lp(f7) ~ 88.6 on the elevators
dataset and Lp(f) ~ 23.8 on the Hardware dataset. Thus Lr(f}) < T and
O(ﬁ\/TLT( 1)) is actually smaller than O(%) The above results coincide
with Theorem [}

RF-IOKS shows similar performance with the baseline algorithms, which is
consistent with Theorem [l The regret bound of RF-IOKS is slightly worse than
that of LKMBooks and Raker, and is only asymptotically better than RF-OKS.
All of the baseline algorithms tune the stepsize in hindsight, which is impossible
in practice since the data can only be predicted once. RF-IOKS also proves that
selecting a hypothesis does not damage the regret bound much in the worst case.
More experiments are shown in the supplementary materials.

7 Conclusion

In this paper, we have proposed two algorithms for online kernel selection under
bandit feedback and improved the previous worst-case regret bound. OKS++
which is applied for smooth loss functions, adaptively tunes parameters of OKS
and achieves data-dependent regret bounds depending on the minimal cumula-
tive losses. IOKS which is applied for Lipschitz loss functions, achieves a worst-
case regret bound asymptotically better than previous result. We further apply
the two algorithms to online kernel selection with time constraint and obtain
better or similar regret bounds.

From the perspective of algorithm design, there is a trade-off between regret
bound and the amount of observed information. IOKS proves that selecting a
hypothesis or multiple hypotheses per-round will not induce significant variation
on the worst-case regret bound. OKS++ which performs well both in theory and
practice, implies that there may be differences in terms of data-dependent regret
bounds. This question is left to future work.
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A Proof of Theorem

We will bound the regret by the cumulative losses of any hypothesis f € H;.

I;=i

WeaCe).p)y, 5 WuiCea).y) = LF ) p),
Dti T & P

U fri(xe), ye) = L(F(xe), ye) ¢
Pt,i

O(fei(xe), ye) — €(f(xe)5 ye)

> U for (x0),ye) —

-
Il
-

NE

I=i

-

[ee,r, — €] +

-
Il
-

1

-
Il

I7,=i,

-

<pt —u, ét> +

MH
3

Il
-

t

~
Il
—

(1

1 Ep)

where u € Ag. We can set u = e;.

A.1 Analyzing =,
To start with, we prove a technique lemma.

Lemma 1. Leta > b > 0. Then

T SQ((L%—b%)7 and lb<2(a2—62)
as a2

Proof (of Lemma[d]). Multiplying by a3 (and ai) on both sides and rearranging
terms yields a + b > 2a3b3 (and a +b > Qa%b%). It is easy to verify that

11 1.2 11 1.2
a+b>2a2b2 =2(a3b3) - (aSb”5) > 2a30b3,
where the last inequality comes from a > b. Thus we conclude the proof.
Recalling that p: = (1 — §¢)q: + 5,5 . We decompose = as follows,

T T
- - 1 -
=1 Z%—u &)+ ) (Pt — ai, &) th—u,ct>+zét(%—qt,0t)
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Let to be the last time instance such that (GCO)%(UK)% 207 . We consider
two cases. For t =1,...,to, we have
Ln (GOSWUESSE & _ 14

K 1
Ktzlzmax{(cco)%(UK) CEK} 2K

-

1 1
Fort=to+1,...,T,leta=3"_ K ¢l and b= PRI D ¢} ; in Lemma [Tl

Then we obtain
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Combining the two cases, we obtain
5 (GC0)3(UK)S S0/ &s_ _ (GC0)3 (UK)S 5
=1 2max {(Gco)% (UK)§7QC§K} 2K

| wlm

L
K

T 1
_ - 1 2 (GCy\3 <2
=1 < Z(% —u,é) + §U3 (7) T

t=1
To analyze =1, we redefine the updating of g: in online mirror descent (OMD)
framework, that is,

Va +1wt(qt+1) Va,¥e(ar) — &,

qi+1 =arg min qut (q7 q:ﬁ+1)7
q€Ak

where ¢ (p) = ZZK 1 LiIn p;. The Bregman divergence defined on negative entropy
regularizer is Dy, (u,v) = Zfil n—lt (ui In 3+ —u; + vi) .
The first step of OMD is equivalent to
Vi € [K], qiy1,i = qryiexp (—neei) .
The second step of OMD is the solution of the following problem

K 4 " K K
min —(gln—"——q+ q;+1,i> +A g —1]— BiGe41,i-
€Ak N < Tty zz:; zz:;

The optimal solution is g1, A" and {3; }1K:1 Solving the optimal problem gives

/ ~
qt+1,i qt,i exp (—1uCe,i)
qit+1,5 = =

K K RN
Zj:l Qg1 Zj:l Gt,; €xp (—1tCt,5)

which coincides the updating of OKS.
We decompose (q¢ — u, &) as follows,

(ar —u, &) =(qt41 — w, &) + (qr — dip, )
:Dwt (u: Qt) - Dwt (uv q:&+1) - Dwt (q2+1: qt
< Dwt (u7 Qt) - Dwt (uv Qt+1) _Dwt (q;+1: qt

+ (ar — qpy1, Er)
+{ar — Qyy1,E)

1

-
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©
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We analyze =11 and =1 2 respectively.

Summing over t = 1,...,T gives
T
Z =1, *,le (u7 ql) + Z[Dwt (u7 Qt) - ,Dwt—l (uv Qt)] - DwT (u7 CIT+1)
t=1 t=2
a ; 11
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where fmax = maxy,; ¢¢,;. The second inequality comes from the fact ¢;; > %. For
Z1,2, we have

T T K 1 q
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where the first inequality comes from exp(—z) < 1 —z + %:c2 for z > 0. The last
inequality comes from Lemma[Il Combining all results gives

\/ maxCT K 64KCT K 1.2 (GCy % ~2
E maxC In K _Ui r
2V wen Kt e M eae, T ( K ) T.K
1
2 (GCL\3 ~2
O,
where we assume C~'T7K > K2, We will analyze the case éT,K < K? later.
A.2 Analyzing =5
Using the convexity of loss function, we have
T 1 T
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The last inequality comes from p¢ ; > ft and Assumption 2l Let
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where 0(fri(xt),yt) == MH .Fort=ty+1,...,T, we have

Pt,i

to >
Ae.i 1 1 ~ i L(fr,i(xt),yt)
KGC, fri(xe),ye) < VBU3KS(GCo)3 - V208 LA
ot§1 5 U(fri(xe),ye) (GCo) T’K; VI+ A

Next we assume that 1
Crx > gU2K2GC0. (10)

Using Assumption [[land Assumption 2] we further obtain

3U2 1 1 =1 £l
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Let 37, e(f“p(tw}l ,—i be the unknown parameter. Solving () gives

4 eh 2 1 2 .11 1 U k), )
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A.3 Combining =7 with =5
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Next we need to bound Cr.x = >, _; ¢, = =
Wit

Lemma 2. Let z > 0. Let y > 0 and a,b > 0 be constant. If x — by < a:c%, then
:tc—by<(46)?ay’g +(3 13a®.

Proof (of Lemma[3). We consider two cases. For all z satisfying azrs > 3by, we
furgher have z < %ax%. Rearranging terms yields z < (‘—;)Sas. For all x satisfying
ax3 < 3by, we further have x < 4by. Substituting into the condition, we have
z— by < a(4by)%. Combining with the two cases concludes the proof.

Lemma 3. Let 1, 6; and {), Z} *1 follow Theorem 2. Then OKS++ guarantees

iffut Xt), Yt)

t=1 Pt 1

w|»-A

~ ~2
Lk (f) +8K3US (GCo)F L3 1 (f) + 99U K*GCy,

[ /\

where Lig(f) = 3K 3L Weowoy,

Pt,i
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Proof (of Lemmald). Assuming that condition ([I0)) holds. Then we start with (II).
Summing over ¢ = 1,..., K yields

ZZ fealxe), ye) = €F (K0, ye)y

i—1 t—1 Dt

=
ol

T
~ 1
<Y avavtitch (ot |30 ety

i=1 t=1

2 1 1 TKthxt 1KTéftxtyt
BN TSI L1 3y BLUELISDINNED ) SR ELARBINS
t=1 i=1 i=1 t=1
2
2 2 1 LS Zf x y) 3
=2V3U3 K3 (GCy)3 <ZZ L, It ]Ijt_i> .
i=1 t=1 Dt

According to Lemma [2] solving the inequality gives

T
~2
ZZ bl y, < o)+ 8K3UE(GC0) S LE () + 99U K76,

Dt,i

Recalling that w =YK, WH ,—i. If condition (I0) does not
it

hold, that is, C~'T,K < éUZKZGCO. Combining the two cases concludes the proof.

A.4 The final regret

Substituting the inequality in Lemmainto (I2) and omitting the lower order terms,
we obtain

Ze(ft,ft (xt)7 yt) - Z Mﬂlt:i

T
~2 ~ 1
=0 | U3 (GCo)s K™3C3 . + USKTCP,(GCo)® ZM(;MM:@'
t=1 *

ol

T
1 -1 O(f(x¢),ye)
6 G ) .
Ko L7 . ( E — L=
t=1

—o | U3 (Gfg‘))gi? (f)+Us(GCo)

Finally, we need to take expectation w.r.t. {I;}7,. Note that Et(w(;%}ht:i) =

L(f(x¢),yt) for any fixed f. The conditional expectation can be canceled since
f(f(xt)7yt) is independent of {I,}:Z}. Besides,

K

B[l fe,r (%0), y) | Ty Ta] = B | Y peal(fei(xa), yo)l T, T

i=1

The conditional expectation can not be canceled since #( f¢(xt),y+) dependents on
{I.}._}. For each i € [K], let f be the optimal hypothesis in H;. Then we recovery
the ﬁrst statement of Theorem 2.
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Next we prove the second statement of Theorem 2. The proof is same with the
proof of the first statement. The difference is that we use the fact |¢'(f(x),y)]* <
Col(f(x),y). We just need to reanalyze =j.
T
= < 3U? KC ftl Xt 7yt)
- 2)\T 1

]IIt:i-

Let G =1 in §; and A¢ ;. ¢ keeps unchanged. Then the final regret satisfies

T T é
Z (ft It xt 7yt Z ]I Iy=i
t=1

|
Q
c
wlto
A
W=
[l
= ool
=
=
+
c
it
C)l)—‘
(il
o c:l*—‘

T
py 3 ALy,

t=1

Taking expectation w.r.t. {I;}7—; concludes the proof.

B Property of OMD with the Tsallis entropy
regularizer

Let ¢ (p) = S0, = e pl , where « > 1. The gradient w.r.t. p is as follows
L_q

. 1
Vi € [K], Vi(p)= o Dy

Yu,v € Ak, the Bregman divergence defined by the a-Tsallis entropy is

Dy, (0, v) =the(u) — ¢e(v) — <th(V) u - V>

K
o
S R® SELT R
i=1 b, i=1 Me.i
il 1 1_q
= Z < au + (a—1)v* +v2 ul> .
The first mirror updating is as follows,
1 1_, 1 10
- -~ (Grg1,0)> " = _Ut,i 4  — Cei (13)

To derive the second mirror updating, we first write the Lagrange function.

K , 1 , 1 L K K
a—1 i)« + i)« i — O ia
=% (@ = 1)(gi11,0) (qt+1, )* tgi —ag? p (Z 0" 1) =S b
i=1 =1 =1

nt,z

The optimal solution is q¢41, p* and {,BZ > .. The KKT condition is as follows

K
L

1_ * * * *
qt(fu,i = (q2+1,i)°‘ ! + nt,i(—ll - B )7 s.t. thJrl,i =1,8; 20,8, q+1, = 0.
i=1
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Combining with ([I3]), we obtain

a

T—a
Qi1 = (qt s (G —pt - 53)) .

Next we construct a solution. Assuming that {3; = O}fil. Then it must be qi11,; >
0,Vi € [K]. Under this assumption, denote by

K o

1 1—a

fw)=>" <qt i (G — u)) ca> 1.

i=1
We consider p € [0, max; & ;). Recalling that if ps,7, > max; n¢;, then é&; = ;i_:iﬂizjf'

, 1_
In this case, nip < ::—; < 1. Thus ¢ to Neipe > 0. If per, > max;nes, then
4t
1

Ct,i -I;—7,. Similar analysis gives q°;  — Meil > 0. It can be verified

Gri= ——bi
ti = Di,i+max; ng ;

that df(“) > 0 in [0, max; & ;). Thus f(p) is mcreasmg in [0, max; ¢ ;]. Since f(0) <
1 and f(maxZ ¢t,;) > 1. There must be a u* € [O maxZ Ct,i] such that f(u*) = 1.

We can solve p* by binary search. In this case, qth1 ; > 0 for all i € [K]. Thus the
assumption 8] = 0,Vi € [K] holds.

C Proof of Theorem

Proof. Similar to the proof of Theorem 2, we decompose the regret as follows,

T T of
Zf(ft 1 (X¢) Z Ir,=:
t=1 t=
S  L(fri (%), e) = 0f (x2), 90)
:émax Z(pt —u, Ct + Z Des Ir Ii=i,
t=1 t=1 *

[
(1

1 2

_ A(fi(xe), yr)]I
T . li=Iy

Pt,ilmax

= —]Il 1,- We can let u = e;.

where u € Ax and ¢ e

C.1 Analyzing =,

Recalling that p: = (1 — §)q: + 5%‘ where § = T~%. Then £ can be bounded as
follows,

T T T
= Z(qt —-u, Et) + Z(pt — qt, 5t> + Z(pt —u, Ct — 5,5)
t=1 t=1 t=1
(gt — u, é&) is still decomposed as follows,

(qe —u,é) < Dy, (u,qr) — Dy, (0, Qe 1) =Dy, (Qr41,9:) + (e — Qis1, Er) -

(1
[

1,1 1,2
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We first analyze =1 ;.
Since q1 = %1;(, we have

T
Z~1 1 < Dzm (u q1 + Z[Dwt+1 u Qt+1) Dy, (u, qtﬂ)]
t=1
= - 1—1 1 T
a—1)K o + K" au; — au?
:Z ( ) + Z Dy, i1 (W, qe41) — Dy, (0, qe41)]
i=1 m,i 2
« 1 T K 1 .
<Zr'w 4 < — )hu- Gosr
! ;; Nit1i My (s, i)
Where
1 1 14 wi N )
h(uwi, qiri) = —ou? + (o — 1)qfy ; + it = —— + 7q5,,; — 8uf,
IR
and o = 8.
Let t1,...,tn, be the rounds such that 7;y1,; = vns,i. For t <t,,, we have 111, >

Ne,i- For t > t,,, we have 1:+1,; = 1:;. Following the proof of Lemma 13 in [I], we
directly obtain (i) n; < %10g2 T; (i) v™ < eilosa T gt — ezlhz; (iii) N, +1,0 =
0™ < 2.1m and (iv)

T — 1
1 1 —e 2In2 U 1 1
Z Z ( - = > h(us, qes1,i) < = + 7qt8ni+1,’i — 8u?

Ne+1a My m,;InT z
By, 41,0

It can be verified that h(u;, qtniﬂ,i) with u; = 1 increases with 1/qtni+1,i for any
0< Qtr,+1,0 < 1. Let T' > 40. We further have

1
1 =77 1

Qtp,+1,i  DPtn,+1,i 2

1
1= _3)ptni+1,i > 0.468p7+1,:-
T4

We further obtain

1

XT: o e 8KE  (0.468prs1,1)% +7((0468pr1,)) 5 —8 _ 8KF  piyay
=1 n ezmzn; InT ~on AnInT’




Improved Regret Bounds for Online Kernel Selection under Bandit Feedback 25

where n1,; =, Vi € [K]. Next we analyze =1 2.

—_ / ~ K / 1 é ’ é,1
S12 =t — Quq1,C) — Z -~ —a(qig1,:)* + (@ = 1)q + @149
i=1 1"
K i = ’ 1 , .
, —a(giy1,:)® + (a— D)qS; + (@i41,0) ™ — Mt,iGe41,iCi
=(q: — Ai415 Ct) Z
i—1 Mtyi
K
. a—1 ; 1
:<qt7 Ct> + Z ( qt+1 7, o = t(?ti)
iz i
K 1
. a—1 1\ T-e 1
=(ar, &) +Z e <<77mctz +QH ) —q&>
i=1 *
K 1
a—1 1 _1 a—1 1
=(qt, Ct) + Z 45 < — e, zqt i cm')) — a5
i=1 Mt.i
K -1
a—1 % nmqtz‘* t,i o 2 2-2 5 1
Ct) g % Ci | —q2
> 2ol , _21x094 70 1, 1,
Z 2 77t idy; “ Cti < —2(a — 1) NPy 1; Ct, 1 < 1.177pt71tc,5’1t7

i=1

where the first inequality comes from Lemma [ and the last but one comes from
Pei = (1=0)qei = (1 =T %) qei and ne,s < 2.1n, Vi € [K],t € [T].
Combining the upper bounds on =1,; and =12 gives
%
=, <BgE_Preis
n dnlnT
7

7 Priis —1 9 max; Nt,iCe,1, &t
§ — ———— + 1.1 8 il L2 Ll 250 2L
dnlnT + LIPy g C + K Z Z e tz:; Pt,1, + Max; Nt

a1 T T
+1lnp, Fin, Y (Pe—qu )+ > (P —u — )

[
S |oo
o
I
o
<
I
o

where &; := ]Ipt,rt <max; ¢,
Lemma 4 (|23]). For any z <1, y > 0,

y(1l+y) (1 _ x)fmax{y,l}y T > 07

(1—x)y§1—|—y:c+{y(1+y)x z < 0.

C.2 Analyzing =

The analysis is same with the analysis of =2 in the proof of Theorem 1 (see Section

Im) Let)\“:

¢1+2T:1 Vrilg,

3U? 1
=2 *2,\

Vil

T=1
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C.3 Combining =7 with =,
Combining the upper bounds on =; and =5 yields

z
8

s SNTICOND) PEirs T
Zé(ft’ft (Xt),yt) - Z : ]IIt:’i < fmax _—ﬂ’l% + 1.1n Zpt,icilt
t=1 t=1

P 4n

ool

. T d max; N¢,iCt, 1, ¢
KS b= D0 ity

=1 Dt I + max; Mt ,i

G| 1 —
— =i < Gi -Vir =G\ pr+1,i - Vir,
=1 Pt b P

where V.7 = Zthl #H“:i' Next we bound the following term

7

~ emaxps i
max Og(pT+1 i) = 2\/§UG1\/ pPr+1,i - Vi — TZ;}

PT+1, P>

3
Let n = Mf— Let the first derivative of g(pr+1,:) equals to zero. The
UG1VT In2(T)

maximum of g(pr+1,;) is obtained at /pri1,; = (%)%(@LT In (T )/T)%\/F

.z
max_ g(pri1,i) = 25.1UGIVEL T 3 \/_ln3 T.

PT4+1,i >0

Combining all results gives

- O (x0), ) Lo
Ze(f“t (%), y¢) — Z t.7 : I1,=i < fmax <1‘1nzpt,icih

=1 Dt =1

3 T K T
8 T7Z ~ i Dt.i 25. 1UG ~ T
+2 ZZCt,i+Z IR, TeiCt, TGt ) + LY, VEInd T.

n — “— Pt,1, + Max; i 3

-

Next we need to take expectation w.r.t. {I;}7_;. Note that E[MHI i =

Eve—1[(f(x¢),y)] = é(f( ¢),yt). The condition is canceled since é( (x¢),yt) is
independent of {I;}!_". Similarly, we have E[¢;;] < 1 and E[et,r,] < 1. (i)

K
-1 5 1—41 1
E |:pt’]8tct,lt S Zpt,i 5 = K87

where the maximum is obtained at p;; = + for all 7 € [K]. (ii)

X

(

d max; N¢,iCt, 1, € a

E i T, iCt I Qt
|:t§_:1 Ppt,1, + max; n¢,; ;
[ T

t=1

max; M, Z)Ct Z]I’L ItI[pt Iy <max; 1, ,L:|

1 Pt,i + max; n¢,;

<
Il

Mx

2 Pt,iCt,i
maxm i) —
Pt,i + Mmax; Nt

s
Il
—

112, K7

<ABK°T = —max—
= " U2G2InT
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3
where max; n;,; < 2.1n and n = %. (iii)
z
~ 7 ~ % T 1 g 7
E(Vie| < (B[Vir])" = (B> —Lii| | <75
[ 1.T:| 1 ; Pri t

Thus the final expected regret bound satisfies

Zf ft]t Xt yt:| Zf

116 KT 1702, . VTK 1
< l 3 T max max émaxT‘L .
30UG1VKT In + U2G21 T + Ua —lnT +

Omitting the lower order terms concludes the proof.

D Proof of Theorem [4]
Assumption 5 For a fized k; € K, there is a bounded constant B; such that,
Vx € X, |bw, (x,w)| < Bi.

We first establish a technique lemma.
Lemma 5. For a fized ki, with probability at least 1 — 8, Vf € H;, there is a f € F;
such that | f(x) — f(x)] < \7—BL;1/21n

Proof. For a f € Hy, let f(x) = [, a(w)px, (X,w)ps, (w)dw, where |a(w)| < U. We
construct f(x) = Zf:il G(DW: qu (x,w;). It can be verified that

Vi € D], Eu,lfi(x)] = Efa(w;) b, (x,w5)] :/Qa(wj)pn(wj)czﬁm (¢, wj)d w;

where f;(x) = a(w;)ds, (x,w;). Besides, | 2a(w;)] < . Under the condition of
Assumption B we have | f;(x)| < |a(w;)| - |¢n(x,w;)| < UB;. Since f1(x),. .., fp(x)
are i.i.d., then the Hoeffding’s inequality yields

5 D;e®
- > el < it ).
P [|f(x) Jx)| > 6] = exp ( 2(UB¢)2>
Let the fail probability equal to d, then we conclude the proof.

Next we begin to prove Theorem [l

Proof (of Theorem [§). ¥i € [K], Vf; € H;, the expected regret w.r.t. f; can be
decomposed as follows,

E[Lp,.;] — Lr(f) = E [Lp,.s] — Lr(fi) + Lo (fi) — Lr(f2),

2

]

=1
where f; € F;. Denote by f; = Z]*D:H @ji(-,wj) = w'z(-) where w = VD&
and ||w|2 < U. At each round t, our algorithms maintain {wi}/Z, and ensure
|lwil|2 < U. Thus the upper bound of = is given in Theorem 2 and Theorem 3. We
just need to bound Zs.
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D.1 The first statement
Recalling that Theorem Bl Let Lt = Z Lz (f;). We obtain

_ ~ 1 _ _1 1
1::]E[me}—LT(fi):()(U%coaK*%p yUiciKt LSL %(fi)>.

-

n

The key is to bound Z5. Using Lemma [B] with probability at least 1 — 7',

T

Zv = Le(fi) = Lo(fi) <30 (fi(xa),pe) - (filxe) = filxe))

1

-
Il

€' (fi(x), ye)le < CoLr(fi) - €, (14)

-

-
Il

1

where € = U—if 2111%. The fail probability 70 comes from the union-of-events

bound to t =1,...,T. Rearranging terms yields

R 1
Lr(fi) < mLT(ﬁ) <ALz (fi),
Coe

Lr(fi) = Lr(fi) < mLT(ﬁ) < 4CoeLr(fi),

. 3 . . . _ UBi 1 . .
where we require that Coe € (0, 7). Substituting into ¢ = Vb 21In 5. This condi-

i

tion becomes D; > %C(%UQB? In %. Combining =7 and =9 yields, with probability
at least 1 — 0,

Vi€ [K], E[Lp,.;| — L (f:)

=0 U3 <GCO> ZLT Ii)

\/E 2an Lo(f).

Let fi = f and D; = B, R. Then we recovery the first statement.

1
K 6
1
+U3 (GCo)3 K6 [E Ly } L2(f)

+ 4Co

D.2 The second statement

Using Lemma [B] with probability at least 1 — T4,

<D O (filxe)sye) - (filxe) = filx))

<\j T |0(fi(xi),u)? - € < \/CoTLr(fi) - e.

Solving for Lz (f;) yields
Lr(fi) — Lr(fi) <v/CoTLr(fi) - € + CoT€?,

Lr(f) <3(Le(fi) + CoTé)
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Recalling that e = 22

-,/21n %
Combining =7 and Z»> yields, with probability at least 1 — 4,

Vi € [K], E[Lp,..| — L(fi)

—o | U3 (GCO) ZLT i)

co U?B2T n KT UB;

D; 5 D

Let fi = fi and D; = B, R. Then we recovery the second statement.

o=

L7(f)

’~] [

LU (GCo)TK

S

O()TLT (fl) ln %) .

E Proof of Theorem

Proof. Using Assumption 2] we change ([4). With probability at least 1 — 7',
Lr(fi) — Lr(f:) < TGe.
Combining =, and =5 gives, with probability at least 1 — K76, Vi € [K],

VfeH;, E[Lr] - Lr(f:)

b K5 GBUT
=0 [ GUVKT 5 T 4 —mx
< U2G3VRT | /B )

The fail probability KT5 comes from the union-of-events bound to ¢t = 1,...,7T and
i=1,...,K.Let § = %= — and f; = f. Then we conclude the proof.

F  Omitted Algorithms

In this section, we give the pseudo-code of RF-OKS++ and RF-IOKS.

In our experiments, we use the Gaussian kernel k(x, v) = exp(— %) The feature

mapping can be computed as follows [12],
1 . .
Zr(x) = 75 ((cos(au;rx)7sm(z.u;rx))7 cey (cos(ng)ﬁln(ng))) ,

where {g:}21 ~ N (04,0 %14x4), i.e., a multi-dimensional normal distribution.

G More Experiments

In this section, we show more experiments for online kernel selection with time
constraint. The baseline algorithms and parameter setting are same with Section
6.2 in the main text. The results are given in Table [8] Table [@] and Table [0
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Algorithm 3 RF-OKS+-+

Input: K = {k;,D;}$,, R

Initialization: {wi =0}/%,, q1 =p1 = 1k

1: For all ¢ € [K], sample {w; ; }J.D:i1 from p., (w) independently
2: fort=1,...,T do

3: Receive x;
4: Sample a kernel k7, where I; ~ p;
5: Compute feature mapping zr, (x;) = \/%_It(gzﬁ,.€ (Xt,Wrg,1)5 - - -5 P (Xe, Wiy, Dy, )
6: Output ¢ = 27, (x¢)w;* or sign(7:)
4 22 5 F -3
7 Compute A\ 1, = US (max{GCU K" )8 x}) ©

[(fq—,It (x7),y7)
Pr,Iy

VAJBK S (GCo) B ¢1+22:1

" 2
8: Update Wt[fH = argmingez, ’W - (Wt“ - )‘f’ftvw{fg(ft’“ (xe), yt)ﬁ) H2
9: Construct ¢, = ﬁct,lt
sdt
L1
10:  Compute & = L(GCo)3(UK)3 /max {(GCO)%(UK)%,zch},m

V2In K
\/1+Zf—:1 Or 1, g

11: Update qi+1,: =
12: end for

exp(—ne E_1E-4) _ 8¢ .
S, exp(ome 213:1 ) and set pry1 = (1 — d¢)qe1 + Flx;

Algorithm 4 RF-IOKS

Input: K ={k;, D}, R, a=8 v= eIHT

Initialization: {w} =0}, q =p:1 = %11(

1: For all ¢ € [K], sample {w; ; }]D:il from p., (w) independently

2: fort=1,...,T do

3: Receive x¢

Sample a kernel k7, where Iy ~ p:

Compute feature mapping 2z, (x¢) following line 5 in Algorithm
Output ¢ = 2/, (x¢)w;* or sign(7:)

Compute Ay, = \/0.5U/\/1 +3 Ve, ”%
Update wfil following line 8 in Algorithm

Ct, Iy
Pt, Iy

Ct, Iy
Pt, 1, Fmax; ng

Construct ¢, = if p¢, 7, > max; 1, otherwise ¢ 1, =

8

_z 7
10: Compute gi41,; = <qt7i8 +nei(Cei — u*)> for all i € [K]

L Compute pry1 = (1 —8)qey1 + 21k
12:  if —t— > p;,; then

DPt41,i
13: Pi+1,i = ﬁ, N1, = UNtyi
14: else
15: Pt+1,i = Ptyiy Mt+1,0 = Nty
16: end if

17: end for
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Table 8. Online kernel selection with time constraint in the regime of logistic loss

. magic04 SUSY
Algorithm | B-D —— e — 561 PP T avm ) 5 1070
RF-OKS 500 22.45 + 0.21 6.45 | 500 33.78 £ 0.45 6.89
LKMBooks | 250 | 22.73 + 0.96 6.67 | 220 | 38.47 + 0.77 6.89
Raker 40 | 22.83 4 0.70 6.80 | 40 | 33.62 + 1.20 6.75
RF-IOKS 380 | 22.21 & 0.26 6.59 | 320 | 33.93 + 0.27 6.94
RF-OKS++ | 400 | 18.41 + 0.35 6.28 | 400 | 28.93 + 0.96 6.63

Table 9. Online kernel selection with time constraint in the regime of square loss

. bank ailerons
Algorithm | B-D AL+10° f,+10°(s) | °P AL+ 107 ¢, =10°(s)
RF-OKS 450 2.55 + 0.03 7.57 | 480 2.26 + 0.06 7.83
LKMBooks | 220 2.24 4+ 0.02 7.52 | 200 1.72 £ 0.13 7.55
Raker 50 2.38 4+ 0.02 7.93 | 80 | 0.89 £ 0.06 7.72
RF-IOKS 370 2.63 £+ 0.02 7.89 | 370 3.35 &+ 0.04 7.87
RF-OKS++ | 400 | 2.14 + 0.05 7.30 | 400 1.68 £+ 0.03 7.70

Table 10. Online kernel selection with time constraint in the regime of absolute loss

. bank ailerons
Algorithm | B-D AL 5,100 | PP AL 4, =10°
RF-OKS 500 0.0969 + 0.0004 8.63 | 400 | 0.0728 + 0.0005 8.52
LKMBooks | 250 | 0.0941 + 0.0004 8.28 | 250 | 0.0780 + 0.0073 8.47
Raker 50 0.0980 =+ 0.0004 8.87 | 50 |0.0724 + 0.0019 8.32

RF-IOKS 400 0.0994 + 0.0015 8.80 | 400 | 0.0738 £ 0.0008 8.91
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