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Abstract. MapReduce is a popular programming model for data parallel compu-
tation. In MapReduce, the reducer produces an output from a list of inputs. Due
to the scheduling policy of the platform, the inputs may arrive at the reducers
in different order. The commutativity problem of reducers asks if the output of a
reducer is independent of the order of its inputs. Although the problem is unde-
cidable in general, the MapReduce programs in practice are usually used for data
analytics and thus require very simple control flow. By exploiting the simplicity,
we propose a programming language for reducers where the commutativity prob-
lem is decidable. The main idea of the reducer language is to separate the control
and data flow of programs and disallow arithmetic operations in the control flow.
The decision procedure for the commutativity problem is obtained through a re-
duction to the equivalence problem of streaming numerical transducers (SNTs),
a novel automata model over infinite alphabets introduced in this paper. The de-
sign of SNTs is inspired by streaming transducers (Alur and Cerny, POPL 2011).
Nevertheless, the two models are intrinsically different since the outputs of SNTs
are integers while those of streaming transducers are data words. The decidability
of the equivalence of SNTs is achieved with an involved combinatorial analysis
of the evolvement of the values of the integer variables during the runs of SNTs.

1 Introduction

MapReduce is a popular framework for data parallel computation. It has been adopted
in various cloud computing platforms including Hadoop [8] and Spark [16]. In a typ-
ical MapReduce program, a mapper reads from data sources and outputs a list of
key-value pairs. The scheduler of the MapReduce framework reorganizes the pairs
(k,v1), (k,v2)...(k,v,) with the same key k to a pair (k,[), where [ is a list of val-
ues v1,vs, ..., Un, and sends (k, 1) to a reducer. The reducer then iterates through the
list and outputs a key-value pair [’} More specifically, taking the “word-counting” pro-
gram as an example. It counts the occurrences of each word in a set of documents.
The mappers read the documents and output for each document a list in the form of
(wordy, county), (words, counts), ..., (word,, count,,), where county, is the num-
ber of occurrences of wordy, in the document being processed. These lists will be re-
organized into the form of (wordy, listy), (worda, lists), ..., (wordy,,list,) and sent

* We found some inaccuracies in the conference version, which are fixed in this long version.
We suggest the readers to refer to this version.
3 We focus on the Hadoop style reducer in this work.



2 Yu-Fang Chen, Lei Song, Zhilin Wu

to the reducers, where listy is a list of integers recording the number of occurrences of
wordy. Note that the order of the integers in the lists can differ in different executions
due to the scheduling policy. This results in the commutativity problem.

A reducer is said to be commutative if its output is independent of the order of
its inputs. The commutativity problem asks if a reducer is commutative. A study from
Microsoft [[18] reports that 58% of the 507 reducers submitted to their MapReduce
platform are non-commutative, which may lead to very tricky and hard-to-find bugs.
As an evidence, those reducers already went through serious code review, testing, and
experiments with real data for months. Still, among them 5 reducers containing very
subtle bugs caused by non-commutativity (confirmed by the programmers).

The reducer commutativity problem in general is undecidable. However, in practice,
MapReduce programs are usually used for data analytics and have very simple control
structures. Many of them just iterate through the input list and compute the output with
very simple operations. We want to study if the commutativity problem of real-world
reducers is decidable. It has been shown in [3|] that even with a simple programming
language where the only loop structure allowed is to go over the input list once, the
commutativity problem is already undecidable. Under scrutiny, we found that the lan-
guage is still too expressive for typical data analytics programs. For example, it allows
arbitrary multiplications of variables, which is a key element in the undecidability proof.

Contributions. By observing the behavioral patterns of reducer programs for data ana-
lytics, we first design a programming language for reducers to characterize the essential
features of them. We found that the commutativity problem becomes decidable if we
partition variables into control variables and data variables. Control variables can oc-
cur in transition guards, but can only store values directly from the input list (e.g., it
is not allowed to store the sum of two input values in a control variable). On the other
hand, data variables are used to aggregate some information for outputs (e.g. sum of the
values from the input list), but cannot be used in transition guards. This distinction is in-
spired by the streaming transducer model [1], which, we believe, provides good insights
for reducer programming language design in the MapReduce framework. Moreover, we
assume that there are no nested loops in the language for reducers, which is a typical
situation for MapReduce programs in practice.

We then introduce a formalism called streaming numerical transducers (SNT) and
obtain a decision procedure for the commutativity problem of the aforementioned lan-
guage for reducers. Similar to the language for reducers, SNTs distinguish between
control variables and data variables. Although conceptually SNTs are similar to stream-
ing transducers over data words introduced in [1]], they are intrinsically different in the
following sense: The outputs of SNTs are integers and the integer variables therein are
manipulated by linear arithmetic operations. On the other hand, the outputs of streaming
transducers are data words, and the data word variables are manipulated by concatena-
tion operations. SNTs in this paper are assumed to be generalized flat, which general-
izes the “flat” automata (c.f. [[11]]) in the sense that each nontrivial strongly connected
component (SCC) of the transition graph is a collection of cycles, instead of one single
cycle. Generalized flat transition graphs are sufficient to capture the transition structures
of the programs in the aforementioned language for reducers.
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The decision procedure for the commutativity problem is obtained by reducing to
the equivalence problem of SNTs, which is further reduced to the non-zero output prob-
lem. The non-zero output problem asks whether given an SNT, there exists some input
data word w and initial valuation of variables such that the output of the SNT on w is
defined and non-zero. For the non-zero output problem of SNTs, we apply a nontriv-
ial combinatorial analysis of the evolvement of the integer variables during the runs of
SNTs (Section[5.1). The key idea of the decision procedure is that, generally speaking,
if only the non-zero output problem is concerned, the different cycles in the SCCs can
be dealt with independently (Section[5.2]and [5.3). As a further evidence of the useful-
ness of SNTs for MapReduce programs, we demonstrate that SNTs can be composed
to model and analyze the reducer programs that read the input list multiple times (Sec-
tion[6)).

As a novel formalism over infinite alphabets, the model of SNTs is interesting in its
own right: On the one hand, SNTs are expressive in the sense that they include linear
arithmetic operations on integer variables, while at the same time admit rather general
transition graphs, that is, generalized flat transition graphs. On the other hand, despite
this strong expressibility, it turns out that the commutativity problem, the equivalence
problem, and the non-zero output problem of SNTs are still decidable.

Related work. SNTs can be seen as generalizations of register automata [10/14]] where
registers correspond to the control variables in our terminology. Although register au-
tomata can have very general transition graphs beyond the generalized flat ones, they
do not allow arithmetic operations on the variables. There have been many automata
models that contain arithmetic operations. Counter automata contain counters whose
values can be updated by arithmetic operations (see [OLSI111716]], to cite a few) in each
transition. Intuitively, the major difference between SNTs and counter automata is that
SNTs work on data words and can apply arithmetic operations to an unbounded number
of independent integer values, whereas counter automata contain a bounded number of
counters which involve only a bounded number of integer values in one configuration.
Cost register automata (CRA) [2] also contain arithmetic operations, where the costs
are stored into registers for which arithmetic operations can be applied. The equiva-
lence of CRAs with the addition operation is decidable. SNTs are different from CRAs
since the inputs of CRAs are words on finite alphabets, while those of SNTs are data
words. Moreover, SNTs allow guards over variables ranging over an infinite domain
but CRAs do not. There have been several transducer models on data words: Streaming
transducers [1]] mentioned before and symbolic transducers [17]. Symbolic transducers
have data words as both inputs and outputs. They can put guards on the input value in
one position of data words, but are incapable of comparing and aggregating multiple in-
put values in different positions. In [[13]], the authors considered a model for reducers in
the MapReduce framework where the only comparison that can be performed between
data values are equalities, and the reducers are essentially register automata/transducers.
Their model can describe a system with multiple layers of mappers and reducers.

The rest of the paper is organized as follows. Section [2] defines the notations used
in this paper. Section [3| describes our design of the programming language for reduc-
ers. Section ] defines SNTs. Section [5] describes the decision procedure of SNTs. Sec-
tion[6]discusses how to use our approach to analyze the commutativity property of more
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challenging data analytics programs. We conclude this work in Section|/| The missing
technical details and proofs can be found in the full version of this paper [4].

2 Preliminaries

Let Z, Z7° be the set of integers, non-zero integers, respectively. We assume that all
variables range over Z. For a function f, let dom(f) and rng(f) denote the domain and
range of f, respectively.

An expression e over the set of variables Z is defined by the following rules, e ::=
clez|(e+e)| (e—e), where z € Z and ¢ € Z. As a result of the commutativity
and associativity of +, without loss of generality, we assume that all expressions e
in this paper are of the form ¢y + c121 + - - + ¢p2zp, Where ¢g,c1,...,¢, € Z and
Z1y...,2n € Z. For an expression e = ¢g + ¢121 + - - - + ¢p2y, let vars(e) denote the
set of variables z; such that ¢; # 0. Let £5 denote the set of all expressions over the set
of variables Z. In this paper, it is assumed that all the constants in the expressions are
encoded in binary.

A valuation p of Z is a function from Z to Z. A symbolic valuation 2 of Z is a
function that maps a variable in Z to an expression (possibly over a different set of
variables). The value of e under a valuation p (resp. symbolic valuation (2), denoted
by [e], (resp. [e]q), is defined recursively in the standard way. For example, let 2
be a symbolic valuation the maps z; to z1 + 22 and 2o to 3z, then [221 + 230 =
2[z1] e + [22]2 = 2(21 + 22) + 322 = 221 + 529. For a valuation p, a variable z, and
¢ € Z, define the valuation p[c/z] such that p[c/z](z) = c and p[c/z|(z") = p(z’) for
N

In this paper, we use X and Y to denote the sets of control variables and data
variables, respectively. We use the variable cur ¢ X U'Y to store the data value that is
currently being processed in the input list and use X T to denote the set X U {cur}.

A guard over Z is a formula defined by the rules g ::= true | 1 = x2 | 1 > 2 |
x1 < T3 | g A g, where k1,25 € Z. Let p be a valuation of X and g be a guard over
X Then p satisfies g, denoted by p |= g, iff g is evaluated to true under p. Let [n]
denote the set {1,2,...,n}, and [a, b] denote the set {a,a + 1,...,b} when b > a and
() otherwise. A permutation on [n] is a bijection from [n] to [n]. The set of permutations
on [n] is denoted by S,,.

A data word w is a sequence of integer values d; . .. d,, such that d; € Z for each
i. We use hd(w), tl(w), and |w| to denote the data value d;, the tail ds . .. d,,, and the
length n, respectively. We use € to denote an empty data word. As a convention, we
let hd(e) = L, tl(e) = L, and |¢] = 0. Given two data words w, w’, we use w.w’ to
denote their concatenation. Given o € S,,, we lift o to data words by defining o(w) =
dy(1) - - - do(n), for each data word w = dj ... d,,. We call o(w) as a permutation of w.

3 Language For Integer Reducers

We discuss the rationale behind the design of the programming language for reducers
such that the commutativity problem is decidable. The language intends to support the
following typical behavior pattern of reducers: A reducer program iterates through the
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input data word once, aggregates intermediate information into variables, and produces
an output when it stops. Later in Section [6] we will show an extension that allows
resetting the iterators so that an input data word can be traversed multiple times.

s € Statements ==y :=e;| y+=e;| v :=a';| s s | if (g){s} [else {s}]
p € Programs ::= loop{s next; }ret ;| s next; p

Fig. 1. A Simple Programming Language for Reducers. Here x € X are control variables, y € Y
are data variables, ' € X, e € Ex+ are expressions, and r is an expression in Exyy. The
square brackets mean that the else branch is optional.

More concretely, we focus on the programming language in Fig. [T} The language
includes the usual features of program languages, variable assignments, sequential com-
positions, and conditional branchings. It also includes a statement next; which is used
to advance the data word iterator. The loop{s next; } statement repeatedly executes the
loop body s next; until reaching the end of input data word. The novel feature of the
language is that we partition the variables into two sets: control variables X and data
variables Y. The variables from X are used for guiding the control flow and the vari-
ables from Y are used for storing aggregated intermediate data values. The variables
from X can store only either initial values of variables in X or values occurring in the
input data word. They can occur both in guards g or arithmetic expressions e. On the
other hand, the variables from Y can aggregate the results obtained from arithmetic ex-
pressions e, but cannot occur in guards g or arithmetic expressions e. The initial values
of variables can be arbitrary. Given a program p, a data word w, and a valuation pg, we
use p,, (w) to denote the output of p on w, with the initial values of variables given by
po- The formal semantics of the language can be found in the appendix.

Note that we do not allow multiplications in the language, so the reduction from the
Diophantine equations in [3|] no longer works. Even though, if we do not distinguish
the control and data variables, we can show easily that commutativity problem for this
language is still undecidable, by a reduction from the reachability problem of Petri nets
with inhibitor arcs [12/15]. The reachability problem of Petri nets with inhibitor arcs
is reduced to the reachability problem of the reducer programs, which is in turn easily
reduced to the commutativity problem of reducer programs.

Notice that in the programming language, we only allow additions (+=) or assign-
ments (:=) of a new value computed from an expression over Xt to data variables. In
Fig. 2| we demonstrate a few examples performing data analytics operations. Observe
that all of them follow the same behavioral pattern: The program iterates through the
input data word and aggregates some intermediate information into some variables. The
operations used for the aggregation are usually rather simple: either a new value is added
to the variable (e.g. sum and cnt in Fig.[2) storing the aggregated information, or a new
value is assigned to the variable (e.g. max in Fig. 2. Actually, the similar behavioral
pattern occurs in all programs we have investigated. Still, one may argue that allowing
only additions and subtractions is too restrictive for data analytics. In Section[6] we will
discuss the extensions of the language to support more challenging examples, such as
Mean Absolute Deviation and Standard Deviation.
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max{ sum{
max:=cur; sum:=cur; next;
next; loop{sum+=cur; next; }
loop({ ret sum;}
if (cur>max)
{max:=cur; }
next; cnt {
} cnt :=0; next;
ret max;} loop{cnt+=1;next; }
ret cnt;}

Fig. 2. Examples of Reducers Performing Data Analytics Operations

We focus on the following problems of reducer programs: (1) Commutativity: given
a program p, decide whether for each data word w and its permutation w’, it holds that
Ppo (W) = pp, (w') for all initial valuations po. (2) Equivalence: given two programs p
and p’, decide whether for each data word w and each initial valuation py, it holds that

Ppo(w) = pp, (w).
4 Streaming Numerical Transducers

In this section, we introduce streaming numerical transducers (SNTs), whose inputs
are data words and outputs are integer values. In SNT, we assume all data words end
at a special symbol [>, i.e., in the form of Z*>. A SNT scans a data word from left to
right, records and aggregates information using control and data variables, and outputs
an integer value when it finishes reading the data word. We will use SNTs to decide the
commutativity and equivalence problem of the reducer programs defined in Section 3}

ASNT Sisatuple (Q, X,Y, 4, g, O), where @ is a finite set of states, X is a finite
set of control variables to store data values that have been met, Y is a finite set of data
variables to aggregate information for the output, J is the set of transitions, ¢y € @ is
the initial state, O is the output function, which is a partial function from @ to Exyy .
The set of transitions § comprises

— the tuples (g, g A cur # >,1,¢"), where ¢, ¢’ € Q, g is a guard over X (defined
in Section [2), and cur # 1> denotes the fact that the current position is not the end
of the input, and 7 is an assignment function which is a partial function mapping
X UY to Ex+yy such that for each z € dom(n) N X, n(x) = cur,

— and the tuples (g, g A cur = >,1,4’), where ¢, ¢’ € Q, g is a guard over X, and 7
is an assignment function such that cur ¢ rng(n) (they are called the >-transitions).

We write ¢ Lom, ¢’ to denote (¢, g,7,q’) € § for convenience.

In the following, we assume that for each >-transition (g, g A cur = >,7,¢'), q
is a sink-state, that is, that are no transitions out of ¢’. Moreover, we adopt the con-
vention that when we mention the transition graph of an SNT S, we always ignore the
>-transitions.

In this paper, if not explicitly stated, we always assume that an SNT S satisfies the
following additional constraints. (1) Deterministic: For each pair of distinct transitions
originating from ¢, say (q, g1,m1,q}) and (g, g2, 72, ¢4), it holds that g1 A go is unsatisfi-
able. (2) Generalized flat: Each SCC (strongly connected component) S of the transition
graph of S is either a single state or a set of simple cycles {C1, ..., C,} such that there

/
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is a state ¢ satisfying that each cycle C; (where 1 < ¢ < n) is of length one and is a
self-loop around g, (3) Independently evolving and copyless: For each (¢, g,1,q) € 6
and for each y € dom(n) NY, n(y) = e or n(y) = y + e for some expression e over
X, (4) Monotone: For each control variable 2 € X and each nontrivial SCC S of the
transition graph, when staying in .S, either the value of z is unchanged, or x computes
the maximum or minimum value. Formally, for each nontrivial SCC S of the transition
graph, the following conditions hold.

1. Each transition (g, g,7, q) in S satisfies that g is a conjunction of the formulae of
the form cur = z, cur < x, or cur > z, where € X, and for each 2’ € dom(n),
n(z’) = cur.

2. For each control variable x € X, the following constraints hold,

— for each self-loop (g, g,7, q) in S, it holds that cur = x, cur < z, or cur > x
is a conjunct of g,

— either all the self-loops (g, g,7, ¢) such that cur > x is a conjunct of g satisfy
that n(z) = cur, or none of them satisfies this constraint, similarly for the
self-loops where cur < x occurs,

— there do not exist self-loops (¢, g1, 71, ¢) and (g, g2, 72, q) in S such that cur >
x is a conjunct of g1, m1(x) = cur, cur < x is a conjunct of go, and n2(x) =
cur.

The semantics of an SNT S is defined as follows. A configuration of S is a pair
(q,p), where ¢ € @ and p is a valuation of X U Y. An inifial configuration of S
is (qo, po), Where po assigns arbitrary values to the variables from X U Y. A se-
quence of configurations (qo, p0)(q1,p1) - - - (Gn, pn) is @ run of S over a data word

w = dj...d,> iff there exists a path (sequence of transitions) P = ¢ M

T M} q2 .. Q-1 (g 1r) qn (On 11 41) @n+1 such that for each ¢ € [n + 1],

pi—1|d;/cur] = g;, and p; is obtained from p;_; as follows: (1) For each z € X, if
n;(z) = cur then p;(z) = d;, otherwise p;(z) = p;—1(x). 2) Foreach y € Y, if
y € dom(n;), then p;(y) = [0:(y)]p,_.[d; jcur]> Otherwise, p;(y) = pi—1(y). We call
(Gnt1, pnt1) the final configuration of the run. In this case, we also say that the run
follows the path P. We say that a path P in S is feasible iff there exists a run of S
following P.

Given a data word w = d; ... d,[> and an initial configuration (qo, po), if there is a
run of S over wi> starting from (go, po) and with the final configuration (¢, +1, Prn+1)s
then the output of S over wi> w.r.t. pg, denoted by S, (wr>), is [O(gn+1)]p,., - Other-
wise, S, (wr>) is undefined, denoted by L.

Example 1 (SNT for max). The SNT S,.x for computing the maximum value of an
input data word is defined as ({qo, q1,¢2}, {max}, 0, 4, go, O), where the set of transi-
tions ¢ and the output function O are illustrated in Fig (here X = {max},Y = @, and
max := cur denotes the assignment of cur to the variable max).

Proposition 1. For each reducer program p, one can construct an equivalent SNT S,
which satisfies all the additional four constraints of SNTs, except the “Monotone” con-
straint. Moreover, the number of states of S, and the maximum number of simple cycles
in an SCC of the transition graph of S,, are at most exponential in the number of branch-
ing statements in p.
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(cur < max A cur # 1>, 0)

M (cur: max A cur # >, @)

(cur =1, 0)
(cur > max A cur # >, max := cur) O(g2) = max

Fig. 3. The SNT Spax for computing the maximum value

Intuitively, the main difference between reducer programs and SNTs are as follows:
A reducer program moves to the next value of an input data word only when a next
statement is executed, while an SNT advances the iterator in each transition. As a result
of this difference, when constructing S,, in Proposition [T} for each pair of consecutive
“next;” statements in p, the subprogram between them is transformed into a collection
of transitions in S,,, one for each execution path in the subprogram. Since the number
of execution paths in a program is exponential in the number of branching statements
therein, there is an exponential blow-up in the construction. For a reducer program p, the
SNT S, constructed in Proposition [T]is not necessarily monotone. We define the class
of monotone programs as the class of reducer programs p such that S, is monotone. All
the examples in Fig. 2 are monotone programs.

We focus on three decision problems of SNTs: (1) Commutativity: Given an SNT S,
decide whether S is commutative, that is, whether for each data word wr> and each per-
mutation w’ of w, S,, (wr>) = S, (w't>) for all initial valuations pg. (2) Equivalence:
Given two SNTs S, 8’, decide whether S and S’ are equivalent, that is, whether over
each data word wi>, S, (wi>) = S, (wr>) for all initial valuations po. (3) Non-zero
output: Given an SNT S, decide whether S has a non-zero output, that is, whether there
are a data word wr> and an initial valuation po such that S, (w>) ¢ {L,0}.

We first observe that the commutativity problem of SNTs can be reduced to the
equivalence problem, which can be further reduced to the non-zero output problem of
SNTs. For analyzing the complexity of the decision procedure in the next section, we
will state the complexity of the reductions w.r.t. the following factors of SNTs: the
number of states, the number of control variables (resp. data variables), and the number
of simple cycles of the transition graph. We will adopt the convention that if after a
reduction, some factor becomes exponential, then this fact will be stated explicitly, and
on the other hand, if some factor is still polynomial after the reduction, then this fact
will be made implicit and will not be stated explicitly.

Proposition 2. The commutativity problem of SNTs is reduced to the equivalence prob-
lem of SNTs in polynomial time.

We briefly describe the idea of the reduction in Proposition 2| here. Suppose that
S =(Q,X,Y,d,q,0) is an SNT such that X = {z1,...,zx}and Y = {y1,...,ui}-
Without loss of generality, we assume that the output of S is defined only for data words
of length at least two. We will construct two SNTs &7 and S, so that S is commutative
iff S is equivalent to both S; and Ss.
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— Intuitively, over a data word w = dydads . . . d,,>> with n > 2, S simulates the run
of S over dodids ... d, 01>, that is, the data word obtained from wr> by swapping
the first two data values. An additional write-once control variable z’ is introduced
in S to store the data value d;.

— Intuitively, over a data word w = dydads . . . d,,>> with n > 2, S5 simulates the run
of S over dads . . . d,,d1 1>, that is, the data word obtained from wr> by moving the
first data value to the end. An additional write-once control variable 2’ is introduced
in Sy to store the data value d;.

The correctness of this reduction follows from the fact that all the permutations of
dy ...d,>> can be generated by composing the two aforementioned permutations cor-
responding to &1 and Ss respectively (cf. Proposition 1 in [3])). The construction of Sy
(resp. Sz) from S is in polynomial time w.r.t. the size of S.

Next, we reduce the equivalence problem of two SNTs S, Ss to the non-zero output
problem of another SNT Ss.

Proposition 3. From two SNTs S1 and S, an SNT S3 can be constructed in polynomial
time such that (S1) ,,(w>) # (S2)p, (W) for some data word wt> and valuation po
iff (S3) p, (wt>) & {L, 0} for some data word wi> and valuation p.

The SNT S3 can be constructed by the product construction. Note that the product
construction preserves both the “Generalized-flat” and “Monotone” constraint.

To facilitate the decision procedure in the next section, in the following, we will
show for each SNT S, the nonzero-output problem of S can be reduced to a series of
nonzero-output problems of normalized SNTs S’ which enjoy some nice properties. To
this end, we introduce some additional notations below.

Let P be a path in S from gg to some state g. We define Confp as the set of con-
figurations (g, p) such that there are a data word w and an initial valuation pg satis-
fying that the run of S over w, starting from the initial configuration (g, po), follows
a path PP’ (i.e. P is a prefix of the path PP’), and reaches the configuration (g, p)
after going through P. Let z1,x2 € X. Then P is said to enforce x1 < x5 (resp.
X1 = xa,x1 > xg) if for each (g,p) € Confp, it holds that p = x; < xo (resp.
pE T =22, p E 11 > 22).

An SNT S = (Q, X,Y, 6, qo, O) is said to be normalized if (1) Path-feasible: for
each path P starting from gg, Confp # (), (2) State-dominating: all the paths starting
from the initial state gy and ending at a given state ¢ (including the empty path qq)
enforce the same order relation between control variables, more precisely, for each state
q and each pair of distinct control variables x1,z5 € X, all the paths from ¢ to ¢
enforce r1 > x5, or all the paths from gg to g enforce z1 < xs, or all the paths from gg to
q enforce x1 = x4, (3) >-transition-guard-free: Each >-transition (g, g A cur =>,1,4’)
satisfies that g = true.

Proposition 4. For each SNT S, the nonzero-output problem of S can be reduced to a
series of the nonzero-output problems of normalized SNTs S’ in exponential time.

The main idea of the reduction in Proposition ] is to record in the states the order
relation between control variables, which is enforced by the path that has been traversed
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so far. Since a state in S may be split into several states in S’, the transition graph of
S’ might not be generalized flat any more. Nevertheless, we can show that this will not
happen and the “Monotone constraint” guarantees that the normalized SNTs S’ are still
generalized flat. The SNT S, illustrated in Fig. [3|is normalized, since there is just one
control variable in Spax.

In the rest of this paper, we assume that all the SNTs S = (Q, X, Y, J, g, O) are
normalized. Moreover, for each ¢ € @), we use =<, to denote the total preorder com-
prising the pairs (z;, z;), (x;, ;) € X x X such that all the paths from gy to g enforce
x; = x;, the pairs (x;,xz;) € X x X such that all the paths from ¢y to ¢ enforce
z; < z;. Let ~4 denote the equivalence relation on [k] induced by =g thatis, i ~¢ jiff
x; 2q x; and x; =, x;. We assume that each normalized SNT S = (Q, X, Y, 0, go, O)
satisfies that for each ¢ € @), <, and ~, can be computed from ¢ in linear time. In
addition, we use 79 to denote the number of equivalence classes of ~q-

S Decision procedure for the non-zero output problem

We prove our main result, Theorem I] by presenting a decision procedure for the non-
zero output problem of normalized SNTs. We fix an SNT S = (Q, X, Y, 4, qo, O) such
that X = {z1,..., 2 andY = {y1, ...,y }. We first define summaries of the compu-
tations of S on paths and cycles in Section[5.1] then present a decision procedure for the
case that the transition graph of S is a generalized lasso in Section The transition

graph of S is said to be a generalized lasso if it comprises a handle H = ¢ M

1 Qm-1 M Gm. a collection of simple cycles C1, ..., C,, such that each cy-

. .. =D, 1m
cle C; is a self-loop around ¢,,,, and a >-transition ¢, M Gm+1- We extend

the procedure to SNTs whose transition graphs are not necessarily generalized lassos in
Section 5.3l

Theorem 1. The non-zero output problem of normalized SNTs can be decided in time
exponential in the number of control and data variables and the number of simple cycles
of the transition graph.

Corollary 1. The commutativity problem of monotone reducer programs can be de-
cided in time exponential in the number of control and data variables, and doubly ex-
ponential in the number of branching statements of reducer programs.

Remark 1. Though the decision procedure for the commutativity problem of monotone
reducer programs has a complexity exponential in the number of data variables, and
doubly exponential in the number of branching statements, we believe that the decision
procedure could still be implemented to automatically analyze the programs in practice,
in which these numbers are usually small.

5.1 Summarization of the computations on paths and cycles

Suppose P = pg M Pl Pn-1 M pp, 18 a path of S. We assume that the

initial values of the control and data variables are represented by a symbolic valuation
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2 over X U'Y such that for each pair of variables z;,z; € X, 2(x;) = 2(z;) iff
Z; ~p, T;. When P is traversed in a run of S over a data word w, the data value in
a position of w may have to be (un)equal to the initial value of some control variable
or some other data value in w that have been met before (enforced by the guards and
assignments in P). Let ~p denote the equivalence relation on [n + k] induced by P
defined as follows:

— Foreachi,j € [k], i ~p jiff z; ~p, ;.

- Foreachi,j € [n], k + i ~p k + j iff the guards and assignments on P enforce
that the data value in the ¢-th position of w must be equal to that in the j-th position
of w.

— Foreachi € [k] and j € [n], i ~p k + j iff the guards and assignments on P
enforce that the data value in the j-th position of w must be equal to the initial
value of z;.

Assuming that there are r-© “fresh” equivalence classes of ~, that is, equivalence classes
J of ~p such that J N [k] = ( (intuitively, the data value represented by J is not
enforced to be equivalent to the initial values of control variables). We use the variables
o ol ... ,Dfﬁ to denote the data values corresponding to these “fresh” equivalence
classes, one for each such equivalence class. Note here we use the superscript P to
denote the fact that ¥ (resp. 91, ...) is associated with the path P. In addition, we
assume that there are sP° equivalence classes of ~p on [k], that is, equivalence classes J
of ~p on [n+k] such that JN[k] # (). Suppose J1, . . ., Jys is an enumeration of these
equivalence classes of ~p on [k]. Let 770 : [sP°] — [k] such that 7P°(j) = min(J; N
[k]) for each j € [sP0]. Intuitively, 7P° chooses a representative control variable for
each equivalence class. Note that 7P0 is an injective function, moreover, sPO and 7Po
are completely determined by ~, .

Example 2. Let S be an SNT where X = {z}, Y = {y}, and P = p, Lorm),

p1 (g2,22) Do (ga.1s) ps3 be a path of S such that (g1,71) = (cur = z,y := cur),

(g2,m2) = (true, (x := cur,y := y + cur)), (g93,73) = (cur = x,y := y + cur). Then
k =1, n = 3. The guards and assignments enforce that the data value in position 1 is
equal to the initial value of =, which implies that 1 ~p 1+1,i.e. 1 ~p 2, in addition, the
data value in position 2 is equal to that in position 3, which implies that 1 +2 ~p 1+ 3,
i.e. 3 ~p 4. Therefore, the equivalence relation ~ p has two equivalence classes, {1,2}
and {3, 4}, of which {3,4} is the fresh equivalence class. We conclude that r* = 1 and
9% is used to denote the data value corresponding to this fresh equivalence class.

Proposition 5. Suppose that P is a path starting form py and the initial values of XUY
are represented by a symbolic valuation {2 such that for each pair of variables x;,x; €
X, 2(xj) = 2(x;) iff x; ~p, xj. Then the values of X UY after traversing the path
P are specified by a symbolic valuation O satisfying the following conditions.

— The set of indices of X, i.e., [k], is partitioned into IE and Iﬁ, the indices of per-
sistent and transient control variables, respectively. A control variable is persistent
if it stores the initial value of some control variable after traversing P, otherwise,

it is transient.
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— For each x; € X such that j € 1P, 9P (g i) = 2z

pes ))), where WFG

w70 (k. (j P
III; — [sP°] is a mapping from the index of a persistent control variable ; to
the index of the equivalence class such that the initial value of control variables
corresponding to this equivalence class is assigned to x; after traverszng P.

— Foreach x; € X such that j € IF, P2 (g )—OPP( " where 7L : IE — [rF]

is a mapping from the index of a transient control variable to the index of the data
value assigned to it.
— Foreachy; €Y,

O D(y;) =< + M Q)+ D A Rawm) + D B0k,

j,E[Sm ]”E[T ]
P P P ; P
where s /\ aj Lo G o B e 6]',75 are integer constants such that \;" €

{0,1} (as a reiult of the “independently evolving and copyless” constraint). It can
happen that /\;-D = 0, which means that §2(y;) is irrelevant to or9) (yj). Similarly

for oszl =0, and so on.
,

In Proposition |5} the sets Iﬁ and IP.

+r» the mapping 7rp€ and wﬁ, and the constants
P )\P .

. BP = only depend on P and are independent of {2. In addition, they can
pe) !
pe

inverse function of «}’, that is, for each j' € mg(m pe), (71'5;)71( N={jell]

7P(4) = j'}. Similarly for (72)~!.
As a corollary of Proposition[3] the following result demonstrates how to summarize
the computations of S on the composition of two paths.

be computed in polynomlal time from (the transitions in) P. We define (7 as the

Corollary 2. Suppose that Py and Py are two paths in S such that the last state of Py
is the same as the first state of Py. Moreover, let ©F1:2) (resp. @2:2)) be the sym-
bolic valuation summarizing the computation of S on Py (resp. P»). Then the symbolic

. .. . . . ©(PL,2)
valuation summarizing the computation of S on Py Py is @2, ©77177),

Let the first state of P; and P, be p; o and po o respectively. In order to get a
better understanding of the relation between Oz @) and (O(FP1.9) @(P2.2)),
in the following, for each y; € Y, we obtain a more explicit form of the expression
QP2 ©71%) (y;), by unfolding therein the expression 62,

Oz O () = (5?2* )‘5725?1) + (’\fiz’\fi’) 2y;) +

P, Py Py _
Z — ()‘ 2 ]; + - Z - ajf(,,%)l(ju)) Q(Iﬂ-"“ﬁ(]‘/)) +
j'€mg(mpl) 77 €(mpd) =1 (j") N rg(xT20)
Z o <>\P2 JP; ) Q(Zﬂm(j/)) +
€[TR \mg(mpd)
s (e Lm0
Jremg(nl)) 7€) L) Nme(x72)

) (/\fz,ﬁf; )a”l + Y Al

7/ ElrPi\mg (i t) J'€lrrz]
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In the equation, j° € rng(w 1) implies that for each j” € (ﬂg)*l(j'), x i stores

the initial value of o ) after traversing P;, which means that the initial value
of x;» for each j” € (7‘(‘5)71(]‘/) before traversing P is £2(x 715(;,)), and some
of xjn for j” € (WE)_I(j’ ) are chosen as the representatives of the equivalence
classes of ~ (in this case, 7" is in the range of 7P2.0), therefore we have the item

P20
ey , P
> aj)z(ﬂm)_l(j”) 2(z 715 (jy)- When j" € rng(m;,!), the
§"€(mypd) 1) N mg(n72:0)
initial value of z]” for each j" € (7Ttr )~1(j') before traversing P is Dﬁl, and some

of xju for j” € (m1)~1(j") are chosen as the representatives of equivalence classes of

. P, Pr
therefore we have the item > I 0,/ For
J7E(m )L () Nmg(x720)

j' € [sP70] = g (I )U([sP1°]\rg(n1})), we have the item ()\P2 J; )22 715 1))

~J
pP2,0°

i.e. the coefficient of 2(z_zr5 0 /)) in @(Pl’”) multiplied by /\P2 Moreover, for j' €
[rP1] = rng(wt,, ) U ([#Pr]\ mg(x1)), we have the item (/\Pzﬁ /)0 fl i.e. the coeffi-
cient of Df,l in (1) multiplied by )\f 2,

In the following, by utilizing Propositionand Corollary for each path C* (¢ > 1)
which is obtained by iterating a simple cycle C' = (q, g,7, q) for £ times, we illustrate
how @(Cﬂ’m is related to ©(C¥) and ¢. For convenience, we call £ a cycle counter

variable. It is easy to observe that both IE and Ig are the union of the equivalence
classes of ~,. From the “Monotone” constraint, we know that for each x € dom(n),

it holds that n(x) = cur. Therefore, if j € Ipe, then x; still stores the initial value of

x; after traversing C'. This implies that for each j' € rng(m, ) let 79(j') = j, then

771106(]) = j'. Therefore, for each j" € rng(m; ) the value of x4(;/y is unchanged after

traversing C.
Proposition 6. Suppose that C'is a simple cycle (i.e. a self-loop around a state q) and
. . ¢ ;
P = C% such that ¢ > 2. Then the symbolic valuation 0D 1o summarize the
computation of S on P is as follows:
0 N (y,) = (1 +AS o+ (A_jc)‘ffl) ¥ + (A9 2(y;) +
) (1 +AT 4t (Af)“) %, Qi) +
]'/Grng(ﬂ'?e)
Y (A9 G, Q) +
J'€[sT\mg(n§.)

Z Z ()\JC/J)JCJ’ + Z ag(ﬂ.q)luu)) ()\?)675710?5 +

j’erng(rg) s€le—1] ]‘”6(776>71(j/)m""g(7r?)

>y (09)sg)el w8705

7' E[rC)\mg(ng.) s€lE-1] J'€lC]

where the variables D for s € [{] represent the data values introduced when travers-
ing C for the s-th time.



14 Yu-Fang Chen, Lei Song, Zhilin Wu

From Proposition |§| and the fact that )\j6 € {0,1}, we have the following observa-
tion.

- If Aj? = 0, then

, _
O Dy =S+ ¥ af, Qwmmy) +

J _
j'emg(xS,)

> ( > af - w,)) aC,Z S ﬁfj,a]”.

j'emg(rns) \j"”€(r&)~1(j')Nrng(nT) ' €r9]

- If )\j6 =1, then

O N (y) =5 + Qy))+ X 0 2wapy)+ X oS 2z +
j’emg(rSL) 7' €[s7)\mg(nS.)

C el C¢
DOREDY (@%/Jr > ajc,mq)lw) 05" +

j'€mg(r() s€lE=1] 3 E€(rE)~1(57) Nrng(nT)

C, .l
3 3 BJC],DJ T+ [)’]C],aj .

e[rC\mg(xC) s€lt—1] §'€[rC)

Example 3. Let S|, be the SNT illustrated in Fig. EI, which is obtained from Spax b
replacing the control variable max with x; and introducing the data variables y1, y2, 3.
Consider the cycle Cy in S, . Then O(q2) = ag + a1z1 + b1y + bays + bsys =

y1 — 2ys + ys. Moreover, IS = {1}, IO1 =0, Wcl(l) =1, )\Cl = /\C1 = 1, and

- ’ Tpe
AS* = 0. On the other hand, IS = 0, IS* = {1}, 752(1) = 1, and A2 = A$? =
/\g2 = 1. Suppose ¢ > 2. Let DC“ DCI’ represent the data values introduced

when traversing the path C{, then

O D (yy) = Q) + (1) Qar) + 0 -4 A
O 1) = ) + (20)2(0r) + 25T 1 4 2T
Ot () = SLIERS

On the other hand, let 0027 , DCQ’

ing the path C¥%, then

represent the data values introduced when travers-

OCED () = D(y1) + 2(zy) + 4051 4 4 407201 4 302
02 (yy) = Q(ya) + 302(x1) + 5002’ 500 2002’
@<Cﬁﬂ><y3>:9<y3>+59<x1>+601 +6aw Pt

5.2 Decision procedure for generalized lassos

In this section, we present a decision procedure for SNTs whose transition graphs are
generalized lassos. From Proposition [6] we know that the coefficients containing the
cycle counter variable £ in ©(C*?) () can be non-zero when A§ = 1. The non-zero
coefficients may propagate to the output expression. In such a case, because the SNTs
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(cur < x1 Acur #b,

y1:=y1 +4x1+ cur,
y2 :=y2 + 2x1 + 2cur,
y3 = 3cur)

(cur # >,x1 := cur

@ 1,Y2,Y3 = CUF
(cur = >, ()

(cur > x1 A cur # >, x1 1= cur, O(q2) =y1—2y2+y3
y1 :=y1+ X1+ 3cur,
y2 :=y2 + 3x1 + 2cur,
y3 :=y3 + 5x1 + cur)

(cur = x1 A cur # >, 0)

Fig.4. The SNT S},....: Extending Siax with data variables

are “transition-enabled” (i.e. for any sequence of transitions, a corresponding run ex-
ists), intuitively, one can pick a run corresponding to a very large ¢ so that it dominates
the value of the output expression and makes the output non-zero. In the decision pro-
cedure we are going to present, we first check if the handle of the generalized lasso
produces a non-zero output in Step I. We then check in Step II the coefficients contain-
ing ¢ in the output expression is non-zero. If this does not happen, then we show in Step
III that the non-zero ouput problem of SNTs can be reduced to a finite state reachability
problem and thus can be easily decided.

Before presenting the decision procedure, we introduce some notations. Let e be an
expression consisting of symbolic values §2(z) for z € X UY and variables 01, ...,
corresponding to the values of the input data word. More specifically, let e := pg +
p12(z1) 4+ p2(zep) 1014 - - +E50s, such that po, po, - -+ i, €1, - -+ Es
are expressions containing only constants and cycle counter variables. Then we call po
the constant atom, p; £2(2;) the £2(z;)-atom for i € [k+1], and £;0; the d;-atom for j €
[s] of the expression e. Moreover, p1, ..., fig+1,&1, - - -, &s are called the coefficients
and 2(z1),...,2(2k41),01....,05 the subjects of these atoms. A non-constant atom
is said to be nontrivial if its coefficient is not identical to zero.

In the rest of this subsection, we assume that the transition graph of S comprises

a handle H = ¢ M q1---Qm—1 M Qm, a collection of simple cycles
C1,...,Cy such that gy, is the unique state shared by each pair of distinct cycles from
{C4,...,C,}, and a >-transition ¢, M Gm+1- Moreover, without loss of gen-

erality, we assume that O(g,,+1) = ao + a121 + -+ + arxg + biyr + -+ + by,
and O(q) is undefined for all the other states ¢. For convenience, we deﬁne O(gm)
by replacing simultaneously z with 7(z) in O(g,+1), for each z € dom(n). Suppose
O(gm) = af + a1 + - - + ajxp + biy1 + - - - + bjy;. Then for the non-zero output
problem, we can ignore the >-transition and use O(g,,,) directly.

A cycle scheme s is a path C&CE2 CE’ such thatéy,...,i; € [n], b1,..., 0 > 1,
and for each j € [t — 1], 4; # ij41. Intultlvely, 5 is a path obtamed by first 1terat1ng Ci,
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for ¢, times, then C;, for {5 times, and so on. From Proposition [] and Corollary [2] a
symbolic valuation ©(**) can be constructed to summarize the computation of S on s.

Lemma 1. Suppose s = Cfll C’f; .. C’ft‘ is a cycle scheme, and (2 is a symbolic val-
uation representing the initial values of the control and data variables such that for
each z;,x; € X, 2(z;) = 2(x;) iff i ~y,, j. Forall j € I;;” N rng(m?™), let 1j
be the largest number r € [t] such that j' € )

1% _ . .

sepr] Ipe®, ie., xj remains persistent
Ly . . Ciy T

when traversing Cfll ij ...C, " . Then foreach j € [l and j' € I,c* Nrng(w?™), the
Tt

coefficient of the 2(x;:)-atom in O (y;) is
)"

Cl.‘? CZS —_ Cl.‘? Cl.‘?
et X <1+’\j T () 1> & rmy-1(y 1l (Aj ’
s2€[s1+1,1]

s1€[r;/]
E ’

_ T — q ls—1 0779‘ Cis' :
where (1) e=0whenrj =tand(2)e = (\;"") O a1 (1) 5/6[1511 . <)\j )
with s =1 + 1 when r; <1.
The constant atom of @) (yj) is

- - - £52
> (1 AT (A >) DR (Af )
s1€[t] s2€[s1+1,t]

Moreover, for all j € [l], in e=:9) (y;), only the constant atom and the coefficients of

. . C; o . .
the £2(x;)-atoms with j' € Ipe* N rg(m9™) contain a subexpression of the form (1561
for some s € 7.

Notice that above, )\fisl € {0,1} for j € [I] and s; € [t]. Hence the value of

14
C

Ci i Ci o2
(T+A (A )t171) can only be 1 or ¢, and <)\j 52) € {0,1}.

Therefore, both the constant atom and the coefficients of the £2(z;)-atoms with j’ €

Ci - .
Ipe' Nrng(n?) can be rewritten to the form of ¢o + ¢141 + caly + -+ + ¢4y for
Co - ..ct € Z. Note that some of ¢g . . . ¢; might be zero.

Step I: We are ready to present the decision procedure. At first, we observe that after
traversing H with the initial values of the variables given by some valuation (2, for
each j/ € I}, the value of the control variable z;; becomes 22 +y» TOTE formally,
’ Tir D
H,0 H
o 0)(953") =0y

CioN
In Step I, we check if [O(gm)]ocm.20) is not identical to zero. This can be done

by checking if the constant-atom or the coefficient of some non-constant atom of the
output expression [O(g, )] g, 20 is not identical to zero.

Step I. Decide whether [O(g, )] gz, 20) is not identical to zero. If the answer is yes,
then the decision procedure terminates and returns the answer true. Otherwise, go
to Step II.
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Complexity analysis of Step I. Since ©*1:¥%) can be computed in polynomial time from
H, it follows that Step I can be done in polynomial time.

Example 4. Let Smax be the SNT in Example Since q; % g2, we can define

O(q1) = ap + ajz1 + by + byyz + byys = O(q2) = y1 — 2y2 + y3. The handle H
comprises exactly one transition. Thus ¥ = 1 and

[[O(Ch)ﬂ@w,oo) = Dlﬁ — 20? + aﬁ =0.

Therefore, the handle H does not produce a non-zero output.

Step II: The goal of Step II is to show that

— either for each cycle scheme s, all subexpressions in [O(g.,)] os.0(H.20), contain-
ing the cycle counter variables are identical to zero and hence can be ignored,

— or there exists a cycle scheme s such that [O(gm )] 5. 67,20, is not identical to
Zero.

Lets = Cfll ij ...Cf: be a cycle scheme. From Lemma for each j' € Ipcei1 N
rng(7?m) and symbolic valuation {2, the only subexpression containing ¢; in the coef-
ficient of £2(x;/)-atom of [O(gm)] g, o) is

> b (( 767)~()\$7”)[') (l+)\_7CT+'“+(/\](7)' ) f%m)d(jf)‘ (*)

1<5<1
Since A, AL AT € {0, 1}, the expression (*) can be rewritten as i (;, ;+)f1+
Vs, (i1,57) TOr some integer constants pg, (;, j7) and vg (5, 41

The only subexpression containing ¢; in the constant atom of [O(gm )] g, =) is

£ (58 05 (s O 7 (o

1G<?
The expression () can be rewritten as s, (i ,0)5 1+ Vs, (4, ,0) for some integer constants
s, (i2,0) A0d Vs iy 0)-
We are ready to present Step II.

Step II. For each i1 € [n], check all cycle scheme s = C’ZIC’ ... C;, such that
i2,...,1%; are mutually distinct. There are only finitely many thls kind of cycle
schemes. If one of the following constraints is satisfied, then return true.

1. Thereis j' € Ipcei1 N rg(7%) such that i (;, jry # 0.
2. ps(iy,0) # 0.

If the decision procedure has not returned yet, then go to Step III.

Complexity analysis of Step II. Since i1, ...,1; are mutually distinct, the number of
cycle schemes s = C’fll Ci, ... (5, in Step II is exponential in the number of cycles in
the generalized lasso. Once the cycle scheme s is fixed, the two constraints in Step II
can be decided in polynomial time. Therefore, the complexity of Step II is exponential
in the number of simple cycles in the generalized lasso.
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Example 5. Let S, be the SNT in Example | We need consider the following cycle
schemes, C{*, C5*, C1Cy, CLCYy, CECyCy, CE1CLC,. We use 51 = O, 55 =
C’fl (s, and 53 = Cfl C5 (1 to illustrate Step I1.

- In [O(q1)]gs1., the subexpression containing ¢; in the coefficient of the £2(z1)-
atom is - - -
> (1 FAT 4 (/\].Cl)fl—l) a$
1<5<3
=1x4; x4+ (=2)xlx24+1x1x0=0.

- In [O(q1)] g2, the subexpression containing ¢; in the coefficient of the £2(z1)-
atom is

S AT (1A 4+ () of)
1<5<3 '
=1x1xl x4+ (-2)x1x€ x24+1x1x1x0=0.

- In [O(q1)]os3., the subexpression containing ¢; in the coefficient of the £2(z1)-
atom is

b AFAT) (1427 + -+ (AT 1) o
—Ix1xl x4+ (=2)x1xl x24+41x0x1x0=0.

From Example [3| we know that if s = C5', C5' C1, or C5' C1Cs, then for each j =
1,2,3, the coefficient of the £2(z;)-atom in O (y;) does not contain the cycle
counter variable ¢;. Therefore, the coefficient of the {2(x1)-atom in [O(q1)] .2 does
not contain ¢; as well. From this, we conclude that with S/, as the input, the decision
procedure does not return in Step II and it will go to Step III.

In the following, we present the arguments for the correctness of Step II. Suppose
s=CMC,...C.

i1

— If there exists j’ € [pC;” Nrng(7?) and Ms,(iy,j7) 7 0. Then from the cycle scheme
5 = Cfll Ci, ...C,,, we can assign a sufficiently large value s to ¢; so that the
coefficient of the £2(x;/)-atom in [O(gn,)]ows.20), Which is equal to the sum of
1415,(4,,j7) and some constant, becomes non-zero. The guards and assignments in
the path HC Cj, ... C;, enforce a preorder over the subjects of those nontrivial
non-constant atoms. Pick one of the nontrivial non-constant atoms with a maximal
subject w.r.t. the preorder. Since the subject is maximal, it can be assigned an ar-
bitrarily large number so that the corresponding atom dominates [O(g)]ors.20) -
This is sufficient to make [O(gm,)] g (#s,20) nON-ZETO.

— Otherwise, if [O(¢m )] oms.20) contains some other nontrivial non-constant atoms,
then we can apply a similar argument as above and conclude that [O(g,,)] g s, 20)
can be made non-zero.

— On the other hand, if [O(gm )] gx-.2,) contains no nontrivial non-constant atoms,
but jig.(;,,0) # 0, then we can let /; sufficiently large to make the expression
[0(gm )] gms.20) non-zero.
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Therefore, when Step II returns true, that is, at least one of the two conditions in Step
II holds, then we are able to conclude that there must be an input data word w and an
initial valuation p, such that S, (w) & {L, 0}.

If Step II does not return true, we show below that for all cycle schemes s; =
C’fll Cf; e Cf:ll with iy, 2, ...,4;, € [n],all the subexpressions containing cycle counter
variables {1, ..., 6y, in [O(gm)] 5., e.20), are identical to zero and hence can be
removed. Let i ...4;, be the sequence obtained from iy ...i;, by keeping just one
copy for each duplicated index therein. In Step II we already checked the cycle scheme
59 = C’fll Ci, ... 01;2- Step II guarantees that all the subexpressions containing ¢; in
[O(gm)] os5.0(H:20), are identical to zero and hence can be removed. Because for all

C1 Cn

Jell A A" € {01} (A7) (0 ) = A=A "2 We proved
that the (x) and (xx) style expressions are equivalent in both [O(gm)] 5., o205,
and [O(¢m)] g (,,0(11.2)),- Hence we can also remove all subexpressions containing ¢,
from [O(gm)] 5., 01,2, , Without affecting its value. Those subexpressions contain-
ing {2 can also be removed by considering the cycle scheme s3 = ij Ciy ... Cz';/g and
applying a similar reasoning, where the sequence 73 . ..y, is obtained from 3. ..4,,
similarly to the construction of 45 . . .4}, from iy . . . 4, . The same applies to all other cy-
cle counter variables /s, . .., £, . For each y; € Y, we use the notation Ol (y;) to
denote the expression obtained by removing from the constant atom and coefficients of
the non-constant atoms of ©(¢1:¥) (y;) all subexpressions containing the cycle counter
variables.

Lemma 2. Suppose that the decision procedure has not returned true after Step II. For
each cycle scheme s, let f = [O(gm)] g..001.20), and f" = [O(gm)] (1,20, - For

all valuations p, [f], # 0 iff [f'], # 0.

@(5,(—3

Step III: From Proposition@ we can observe that for each cycle C; (where 1 < i < n),
the expression @(Cﬁ@(mnn)r(

- If )\]CT — 0, then Q(Cf,@(H,ﬂo))— (yj) _ @(Cf,Q(H,ﬂo))(yj).
- If )\jc =1, then

y;) for y; € Y is of one of the the following forms.

¢ o(H. 20))— Ci
OO 4y = QUL0) () +- > N a](-:jlﬂ(x,rm(j/)) +
' €lsTm\rmg(mpd )

Ci i Ci,s
2 2 |\ B+ 2 “j,(w%n)’(f")) 0+

jremg(rg) SEl1] (e =1 () Neng(xT)

C; ~Ciys C; ~Ci l
> > Byt X Bt

§7€[rTi]\me(ry ) SEE1 el

Note that if /\]C = 1, then the expressions containing the cycle counter variable /, e.g.

. 2 o (H,20)\—
665?", are removed from ©(C:-© )" (¢,

We define the abstraction of @(5’@“{’%))7, denoted by Abs(Hs), as the union of
the following three sets of tuples:
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— the tuple for the constant atom: { (07 (5@7 + )\fslﬁ, e 7sl(§)7 + Afs?)) },
— tuples for the control variable atoms: {(j', (¢;1,...,¢;.1)) | 7' € [k]}, where ¢j/ ;
is the coefficient of the O (¢, )-atom in O )™ (4. for j € 1],
— tuples for the other atoms: {(k + 1, (c1,...,¢))}, where (cq,...,¢) is the vec-
tor of coefficients of the d'-atom in (6(5’@(H’QO))_(yj) forall j € [I] and ?' &
{00 D (@) | 2y € X},

Note that in Abs(Hs), if ji1,jo € [k] and ji ~q,, jo. then we have @€ ) (2, ) =
@(57@(&90))(;6]_2)' Therefore, (le,l» ey le’l) = (ng,la ey ng,l)~

Let o7 = | J{Abs(Hs) | s a cycle scheme}. Then & can be constructed inductively
as follows, until <71 = 7.

1. ol = {Abs(HC}),...Abs(HC,)},
2. For i > 0, o7 is the union of <7 and the set of A’ such that A" is constructed
from some A € .« and some cycle C;; (where i’ € [n]) as follows. At first we

observe that ~, C (IPC;“ X Ig;"') U (Itcr'“ X Ig"'). The argument is as follows: If

j € ItC/' and j" € I%", then z;/ is assigned a fresh value and x; is assigned
the initial value of some control variable, thus x;; and x;~ are not equivalent w.r.t.

~
qm "

— Suppose (0, (c1,...,c)) € A Then (0,(c},...,c})) € A’, where for each

j € [ AT = 0, then ¢} = €5, otherwise, ¢} = ¢; (in this case, the

Q)

expression ;% is removed).
— For each j' € [k], suppose (5, (¢j/ 1,-..,¢j1)) € A, do the following.
o Ifj’ € Igg', then (5, (¢} 15, ¢} ;) € A’, where for each j € [1],
e

<

* if \,” =0,thenc, ., =« ,
J 3. T,

J,Tpe J")

c.

* otherwise, ¢, is

= cj; (in this case, the expressions «

J'sd . T,
Jimpé” (5")
removed).
o If j/ € I, then

(k+1,(chry,es i), (; (,BC“ _ LB )> e A,

C.ro 0" C.r,.
L, (37) L, (37)

. o\Cy ;L .
where for each j € [{], if A;" =0, thenc), ; = ;G131 otherwise,

il

C . g . .
s = €0+ 05 Ly oa gy Where i = min({j” € [K] | " ~q,, §'}).
In this case, after going through Cj/, the control variable x ;- stores a fresh
value and the initial value of x ;. is not stored in any control variable, thus
the (4, ...)-tuple is updated and a (k+1, . .. )-tuple is added for the initial

value of x .
- For each tuple (k + 1, (c1,...,¢)) € A, we have (k+ 1,(c},...,q)) € A/,
where for each j € [l], if /\jc’“ = 0, then ¢j; = 0, otherwise, ¢; = ¢;. In

addition, for each j' € [rC'] \ mg(75¥), (k + 1, (616:}/,, e ,B%f)) e N
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By a simple analysis on the inductive computation of <7, we can show that all
the tuples (j', (¢1,...,¢)) occurring in & satisfy that ¢y, ..., ¢ are from a bounded
domain U, which is stated in the following lemma.

Lemma 3. Suppose that the decision procedure has not returned yet after Step 1I. For
all cycle scheme s and y; € Y, the constant atom and the coefficients of all non-constant

5’@(H,.rzo))*(

atoms in O y;) are from a finite set U C 7Z comprising the constant atom

. . . Z1'1 o (H,20)\—
and the coefficients of the non-constant atoms in the expression 0% @ ) (y;)

or ©(Ciy Ciy O 7)™ (yj) for iy, ia € [n] such that iy # iy and ¢;, € {1,2}.

Note that although the set U can be exhausted by the cycle schemes stated in
Lemma 3] the inductive computation of .27 may not be.

Step III. We first construct the set .o/ Then for each A € o7, do the following.

1. If (0, (co,1,---,co1)) € Asuchthat af + bico1 + - -+ bjco, # 0, then return

true.
2. If there is j* € [k] such that ( >°  aj.) +bicjr1 + -+ bjejry # 0, then
J"~am 3’
return true, where (j', (¢ 1,...,¢5.1)) € A
3. Ifthereis (k+1,(c1,...,¢)) € Asuchthat bici + - - -+ bjc; # 0, then return
true.

If the decision procedure has not returned yet, return false.

In order to reduce the size of o7, we can restructure <7 into a pair &' = (£, A) as
follows, without affecting the computation in Step III.

1. Initially, let & = A := 0.
2. Foreach A € <7, do the following: Let A’ := A\ {(k+ 1, (c1,...,¢)) € A}. In
addition, let = := ZU{A'}and A:= AU{(k+ 1,(c1,...,¢1)) € A}

Complexity analysis of Step III. The size of the set U is polynomial in the size of gen-
eralized lasso. Then size of =’ is at most exponential in k[ and the size of A is at most
exponential in [. Therefore, the size of <7’ is at most exponential in k/ and the compu-
tation of .7’ takes exponential time in the worst case. The three conditions in Step III
can be checked in time polynomial over the size of «7’. In summary, the complexity of
Step III is exponential in &/, the product of the number of control and data variables.

Example 6. Let S/, be the SNT in Example Then

max

@(Cf’mi(yl) = 2(y1) +002(xy1) + 010171 + o+ 0101727
OCHD” (o) = Q(ys) + 002(z) + 200" + - + 200,
BN (y3) = 3007

and ©(C2:)” (y;) = 0(C3:2) (y;) for each j = 1,2, 3. The computation of .27 starts
with the set oy = {Abs(HC"), Abs(HC5)}. We illustrate how to compute Abs(HC})
and Abs(HC5).
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— Since none of ©H:%) (y.)’s O(C1.2)" (y;)’s and 02" (y;)’s contains con-
stant atoms, we know that (0, (0, 0,0)) occurs in Abs(HC1) and Abs(HC5).

— After going through H, each of y, y», y3 is assigned the first data value, and after
going through HC1, z1 holds the first data value. From octo” (y;)’s mentioned

above, we know that each of ©(C1:0™ 7 ) (3 ) and ©(C1:0 7 ) (11,) holds one

copy of the first data value, and ©(C1:©*" ) (1.} contains no copies of the first

data value. Therefore, (1, (1,1,0)) occurs in Abs(HC1). Similarly, since x; holds
the second data value after going through HC5, we have (1,(3,2,1)) occurs in
Abs(HC5).

— In addition, by a simple calculation, we know that Abs(HC4) contains another
tuple (2, (1,2, 3)) and Abs(HC>) contains another tuple (2, (2,4, 6)).

To summarize, we have Abs(HCy) = {(0, (0,0,0)), (1, (1,1,0)),(2,(1,2,3))} and
Abs(HC>) = {(0,(0,0,0)),(1,(3,2,1)),(2,(2,4,6))}. Then starting from <%, we
compute @y = oy U {/(HC;,C;,) | 41,42 = 1,2}, and so on. We illustrate how to
compute Abs(HC,C5) from Abs(HCY).

— Since (0, (0,0,0)) occurs in Abs(HC) and )\1072 = )\2072 = Agj = 1, we know that
(05 (07070))5 AbS(IiC’lcz)i o o o

- From 1 € I? and AT® = AZ® = A$® = 1, we have (2, (1 + a7}, 1+ a53,0 +
a%)) =(2,(141,14+3,0+5)) = (2,(2,4,5)) € Abs(HC,C52). In addition, we
have (1,(B{2,...,B53)) = (1,(3,2,1)) € Abs(HC1C5).

- Since (2,(2,4,6)) occurs in Abs(HC;) and A2 = \S? = A& = 1, we have
(2,(2,4,6)) € Abs(HC,Cy). Moreover, because [r°] \ rg(752) = 0, no other
tuples are added into Abs(HCC?).

In summary,
Abs(HC:C3) = {(0,(0,0,0)),(1,(3,2,1)),(2,(2,4,5)),(2,(2,4,6))}.

From the fact that (1, (1,1, 0)) occurs in Abs(HC4 ), we know that a} + b} x 1+ b}, x
14b65x0=04+1x1+(—2)x1+4+1x0=—1# 0. Therefore, Step III returns true
and a non-zero output can be produced by following the path HC}.

5.3 Decision procedure for SNTs

We generalize the decision procedure for the special case that the transition graphs of
SNTs are generalized lassos to the full class of SNTs. We define a generalized multi-
lasso as m = H1 (01,17 ey Cl7n1)H2(C271, ey C2JL2) e HT(C’I‘,17 ey Cr,nr)Hr-i-l

s.t. (1) foreach s € [r], Hy = ¢s1 Lg2.m2), Qs.2 - Qs.ma—1 Lgms hms ), s.m. 1s a gener-
alized lasso, Hy+1 = @y m,. M ¢, ) forl <s<s <r,H(Cs1,...,Csn.)
and Hy(Cyr 1,...,Cy ) are state-disjoint, except the case that when s’ = s + 1,

Gs,m, = qs',1, and (3) q1,1 = qo.
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Since the transition graph of S can be seen as a finite collection of generalized
multi-lassos, in the following, we shall present the decision procedure by showing how
to decide the non-zero output problem for generalized multi-lassos.

In the following, we fix a generalized multi-lasso

m = Hl(Cl,l, ey Cl,nl)HZ(CQ,la e ,CQ,nQ) . HT(CTJ, ey Or,nr>Hr+1s
and assume without loss of generality that O(¢') = ag+ai1x1+- - +arxp+biy1+-- -+
by, and O(q") is undefined for every other state ¢ in m. For convenience, we adapt the
output function O a bit to define O(gr,m, ) = ay+ajz1+- - -+aj .z, +biy1 +- -+ by,
where ay +ajx1 + - - -+ ajxp + iy + - - - + bjy; is obtained from O(¢”) by replacing
simultaneously each z € dom(n’) with 7'(2).

Step I’: We do the same analysis as in Step I for the path H; ... H,..

StepII’: Let s € [1,r—1]. In order to analyze the set of cyclesC = {Cs1,...,Csn, }s
next we show how to summarize the effect of the path H,; ... H, on the values of the
variables in the state g, , by extending the output function and defining O(gs,,, )
(note that g, is the unique state shared by all those cycles in C). Suppose that
[[O(qr,m7-)ﬂ(~)(Hs+1-~-H7-v9) = ag+ai 2(z1)+-- '+agg($k)+b11/9(yl)+' ) '+b;IQ(yl)+
e, where 2(x1)...02(zy) and 2(y1) ... 2(y;) represent the values of z; ...z and
Y1 ...y in the state g, , and e is a linear combination of the variables that repre-
sent the data values introduced when traversing Hsy1 ... H,. Then we let O(gs . ) :=
ag +afzy + -+ allwg + by + -+ 0y

Step II'. For each s € |[r], s € |[ng], and each cycle scheme s =
Ch .0y, ... C, such that Ci, ... Ci, € {CoryeoyComiyerosCrayensCrn}
and Ci, ...C;, are mutually distinct, we perform an analysis of the expression
[[O(qs’ms)]]@(Eye(Hl,.,HS,QOh , in a way similar to Step II. If the decision procedure

does not return during the analysis, then go to Step IIT'.

Intuitively, in Step II', during the analysis of the cycle scheme s = C’fls,C’iQ .Gy,
the effect of the paths Hqy4,..., H, and the cycles C;,,...,C;, on the coefficients
of atoms which contain the cycle counter variable /1, is described by the expressions

)\fs“ .../\fir)\?z .../\f” for j € [I]. Since the output expression O(gs. ) defined

above has already taken into consideration the expressions Af”l .. )\f " for j € [I], in
Step I, we can do the analysis as if we have a generalized lasso where the handle is
Hy ... H,, the collection of cycles is {Cs 1,...,Cspn,s .-, Cr1,...,Crp,. }, with the
output expression O(gs m, )-

Step III’: After Step IT', if the decision procedure has not returned yet, then similar to
Lemma[3] the following hold.

— For each s € [r] and each path s = Hys1Hs ... Hgs, such that for each s’ € [s],
54 18 a cycle scheme over the collection of cycles {C’S/J, ey CS/_,,,S, }, it holds that

the constant atom and all the coefficients of the non-constant atoms in ©(#:%0) ™ (vj)
are from a bounded domain U.
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— Moreover, an abstraction of s, denoted by Abs(s), can be defined, so that .27, which
is the set of Abs(s) for the paths s = Hys1Hy ... Hess (where s € [r]), can be
computed effectively from H1,C11,...,Cipny, Hoy oo o, Hry Crayo o, Crp,

Step III'. We apply the same analysis to .7 as in Step III. If the procedure does not
return during the analysis, then return false.

Complexity analysis of Step I'-III'. The complexity of Step I’ is polynomial in the the
maximum length of generalized multi-lassos in S. The complexity of Step II” is ex-
ponential in the maximum number of simple cycles in a generalized multi-lasso. The
complexity of Step III' is exponential in the number of control and data variables in
S. In total, the complexity of the decision problem for the non-zero output problem of
normalized SNTs is exponential in the number of control and data variables, as well as
in the number of simple cycles, in the worst case.

6 Extensions

int avg() { int MAD() { int SD() {

sum:=cur; sum:=cur; cnt :=0; next; sum:=cur; cnt :=0; next;

cnt :=0; next; loop{sum+=cur; cnt+=1;next; } loop{sum+=cur; cnt+=1;next; }

loop({ avg:= sum/cnt;mad:=0;init; avg:= sum/cnt; sd:=0;init;
sum+=cur; loop{ loop{
cnt+=1; if (cur<avg) {mad+=avg-cur; } sd+=(cur—avg) x (cur—avg) ; next;
next; } else{mad+=cur-avg; }next; } }

ret sum/cnt;} ret mad/cnt; } ret SQRT (sd/cnt);}

Fig. 5. More Challenging Examples of Reducers Performing Data Analytics Operations

In this section, we discuss some extensions of our approach to deal with the more
challenging examples. For cases with multiplication, division, or other more compli-
cated functions at the return point, e.g., the avg program, we can model them as an
uninterpreted k-ary function and verify that all £ parameters of the uninterpreted func-
tions remain the same no matter how the input is permuted, e.g., the avg program al-
ways produces the same sum and cnt for all permutation of the same input data word.
This is a sound but incomplete procedure for verifying programs of this type. Never-
theless, it is not often that a practical program for data analytics produces, e.g., 2q/2r
from some input and g/ for its permutation. Hence this procedure is often enough for
proving commutativity for real world programs.

The MAD (Mean Absolute Deviation) program is a bit more involved. Beside the
division operator / that also occurs in the avg example, it uses a new iterator operation
init, which resets cur to the head of the input data word. The strategy to verify this
program is to divide the task into two parts: (1) ensure that the value of avg is indepen-
dent of the order of the input, (2) treat avg as a control variable whose value is never
updated and then check if the 2nd half of the program (c.f., Fig.[6) is commutative.
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We handle the division at the end of the pro-
g . . int MAD2 () {
gram in Fig. [6]in the same way as we did for the “avg:= cur;next;
avg program. The guarantee we obtain after the  1oop!
A - . if (cur<avg) {mad+=avg-cur; }

corresponding SNT is checked to be commutative else{mad+=cur-avg; }

is that the program outputs the same value for any next; }
R A ret mad/cnt;}

value of avg and any permutation of the input

data word.

The SD (Standard Deviation) program is even
more challenging. The main difficulty comes from
the use of multiplication in the middle of the pro-
gram (instead of at the return point). In order to have a sound procedure to verify this
kind of programs, we can extend the transitions of SNTs to include uninterpreted k-ary
functions. However, this is not a trivial extension and we leave it as future work.

Fig. 6. The 2nd half of MAD

7 Conclusion

The contribution of the paper is twofold. We propose a verifiable programming lan-
guage for reducers. Although it is still far away from a practical programming language,
we believe that some ideas behind our language (e.g., the separation of control variables
and data variables) would be valuable for the design of a practical reducer language. On
the other hand, we propose the model of streaming numerical transducers, a transducer
model over infinite alphabets. To our best knowledge, this is the first decidable au-
tomata model over infinite alphabets that allows linear arithmetics over the input values
and the integer variables. Although we required that the transition graphs of SNTs are
generalized flat, SNTs with such kind of transition graphs turn out to be quite powerful,
since they are capable of simulating reducer programs without nested loops, which is a
typical scenario of reducer programs in practice. At last, we would like to mention that
although we assumed the integer data domain, all the results obtained in this paper are
still valid when a dense data domain, e.g. the set of rational numbers, is assumed.
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A Formal Semantics of the Programming Language

Transitions Side Condition

(y == e;p,w, p) — (p,w, p') p’ = pllel /vl

(y+=e;p,w,p) — (p,w,p') P = plly +elp/y]
(if (9){s1} lelse {s2}1;p,w, p) — (s51;p,w,p) |p = g
Eif (9){s1} lelse {s2}1;p, w, p} — (s2ip,w, p) [p g
(
(
(

next; p, w, p) — (p, t(w), p’) p' = plhd(w)/cur] ifw # €
x = cur;p,w,p) — (p,w,p’) p' = plp(cur)/z]
loop{s};ret r,w, p) —> (s;loop{s};retr, w, p)
loop{s};retr, e, p) — (retr, e, p)

Fig. 7. The Semantics of the Programming Language

Formally, the semantics of a program p in the programming language is defined as
a transition system in Fig.[/| Let p be a reducer program and w be an input data word.
Each configuration of the transition system is a triple (p’, w’, p), where p’ is a program,
w’ is a suffix of w, and p is a valuation over X+ UY such that p(cur) = hd(w’) (where
if w’ = ¢, then hd(w’) = L). Let pg denote a valuation which assigns each control and
data variable an initial value, and p,, be the valuation such that p,,(cur) = hd(w) and
pw(z) = po(z) for each z € X UY. The initial configuration is (p, tl(w), p.,). We use
Ppo (W) to denote the output of p on w wrt. pg. Then p,, (w) = d if there exists a path
from the initial configuration (p, w, p,,) to some return configuration (ret r, €, p,.) such
that [r],, = d. Otherwise, p,,(w) = L. Since the program is deterministic, i.e., given
an initial valuation pg, each input data word has at most one output, the semantics of p
is well-defined.

B Proofs in Section 4l

Proposition [I} For each reducer program p, one can construct an equivalent SNT S
where the number of states and the maximum number of simple cycles in an SCC of the
transition graph are at most exponential in the number of branching statements in p.

Proof. We introduce a few notations first.

Let s be a loop-free program. An execution path m of s is a maximal path in the
control flow graph of s (here we use the standard definition of control flow graphs).
Each execution path 7 corresponds to a program s, obtained by sequentially composing
the statements in 7, where the statements assume(g) are used to represent the guards g.
Then s can be seen as a union of s, where 7 ranges over the execution paths of s.

Let p be a reducer program of the form s; next; loop{ss; next; }; ret r. In the fol-
lowing, we show how to construct an SNT S, to simulate p.

The loop body s2; next can be seen as a union of programs p, for execution paths
7. We assume that no two distinct programs p, share locations. We first transform
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the loop into a collection of state-disjoint (except the state [y, the entry point of the
loop) cycles C.;, one for each program p,.. Let us focus on a program p,. The set of
states in C; comprises the location [y which is the entry point of the loop, and the
locations succeeding each next statement in p,. Moreover, we identify the location
succeeding the last next statement and the entry point. The effect of the subprogram s’
between two successive next statements in the locations [y, [, can be summarized into
a transition (ly,¢’,n’, l2) of p,. This is possible due to the following two constraints:
1) the conditions g in the statements if (g){s]} [else {s5}] of p, are the conjunctions
of cur ® ¢ and cur ® z, 2) the assignments to the control variables are of the form
x := cur, and the assignments to the data variables are of the form y := e and y+ =e,
where e contains only control variables or cur. As a result of the two constraints, we
can trace the evolvement of the values of the control variables and simulate all the
statements assume(g) occurring in s’ by a guard ¢’ (obtained from these guards g by
some variable substitutions), moreover, the effects of all the assignments therein can
be summarized into an assignment function 7’. Similarly, we can do the same for the
subprogram between the entry point and the first next statement of p.

In addition, each execution path of s1; next; can be simulated by a simple path of
transitions of Sp,, which ends in the state [y, the entry point of the loop.

The return statement t is handled by adding a transition with guards of the form
cur = p> from the state [ to a sink state I. The output function O,, of S,, is defined as
follow: O, (I') = r and O({) is undefined for all the other states [.

Because in the program “sy; next; loop{sa; next; }; ret r”, the subprogram ss con-
tains no occurrences of next;, we know that each nontrivial SCC in &, comprises a
collection of self-loops around a unique state. Therefore, S, is generalized-flat. a

Proposition 2] The commutativity problem of SNTs is reduced to the equivalence prob-
lem of SNTs in polynomial time.

Proof. Suppose that S = (@, X,Y,,qo, O) is an SNT such that X = {z1,..., 2k}
and Y = {y1,...,y;}. Without loss of generality, we assume that the output of S is
defined only for data words of length at least two. We will construct two SNTs S; and
S, so that S is commutative iff S is equivalent to both S; and Ss.

— The intuition of &; is that over a data word w = dydads ... d,> withn > 2, S
simulates the run of S over dod1ds . . . d,, >, that is, the data word obtained from w
by swapping the first two data values.

— The intuition of S is that over a data word w = didads . ..d,> withn > 2, S;
simulates the run of S over dads . . . d,,d1>, that is, the data word obtained from w
by moving the first data value to the end.

The correctness of this reduction follows from Proposition 1 in [3].

The construction of Sy.

Intuitively, over a data word w = dydads . . . d,,I>, we introduce an additional write-
once variable z’ to store d;, then simulates the run of S over dad:ds . . . d,,>> as follows:
When reading ds in w, the variables are updated properly by letting x’ to represent dy
and cur to represent ds.
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Let g, ¢y € Qand 2’ ¢ X. Then S; = (QU{q), ¢1}, X U{z'},Y, 61,40, 01) such
that

- 01(q}) and O1(¢}) are undefined, and for each ¢ € Q, O1(q) = O(q),
— 07 is constructed from ¢ as follows,

e cach element of ¢ is an element of 7,
(91,m1) @ (92,m2)

o for each pair of transitions gg g2 in S, we add the transitions
(qp,cur # >, m1,q1) and (g1, ¢’ A cur # >, 15, g2) into d1. Intuitively, we use
a’ to store the value of d; in 7} and summarize the computation of 7; and 7
in n, with the information that d; is stored in =’ and d5 is stored in cur.
Formally, 7}, g, n} are defined as follows.

* nj(a’) = cur and 1} (2) is undefined for all z € X UY. This implies that
after the transition (qj, true, 11, q1 ), each variable z € X UY still holds
the initial value.

* g = g1 A gh, where g}, is obtained from g, by replacing cur with z’, and
each xz € X Ndom(ny) with 7y ().

* Foreach z € X UY, if z € dom(732), let n5(z) be the expression obtained
by replacing all occurrences of cur in 75(z) with ’, then 7% (z) is obtained
by substituting all occurrences of variables z’ € dom(ny) in 75(z) with
m(z').

x Foreach z € X UY, if z ¢ dom(nz), then n5(z) = n1(2).

The construction of Sa.

Intuitively, over a data word w = d; . ..d, >, we introduce an additional control
variable 2’ to store d1, then simulates the run of S over ds . . . d,,d1: When reading > in
w, the variables are updated properly by letting 2 to represent dj .

Suppose ¢ ¢ Q and 2’ € X. Then S> = ({g)} U Q, X U {z'},Y, 02, ¢, O2) such
that

- O2(q() is undefined, and for each ¢ € @, O2(q) = O(q),
— 09 is constructed from ¢ as follows,
e cach element of § whose guard does not contain cur = > is an element of Js,

o true,n; .
e we add the transition ¢, Lruem), qo to d2, where 1} (z') = cur and 7} (z) is

undefined forall z € X UY.

e for each pair of transitions ¢; q3in S, we add
the transition (q1, ¢’, 5, ¢3) into 5. Intuitively, we use z’ to store the value of
dy in 7] and summarize the computation of 7; and )2 in 775 with the information
that d; is stored in z’.

Formally, ¢', n}, are defined in the following.

x g = g1 A gh A (cur = 1>), where ¢} and g5 are obtained from g1, go as
follows: g} is obtained from g; by replacing all occurrences of cur with
2/, and g} is obtained from g5 by replacing each x € X N dom(n;) with
1 (), then substituting all occurrences of cur with .

* Foreach z € XUY,if z € dom(nz), then 75 (2) is the expression obtained
from 72 (z) by replacing all occurrences of variables z’ € dom(#;) therein
with 771 (2') and then substituting all occurrences of cur with z’.

(Gurcurem), - (gacur= o)
2
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x Foreach z € XUY,if z € dom(n;)\dom(32), then n}(2) is the expression
obtained from 7, (z) by substituting all occurrences of cur with z’.
x Foreach z € X UY, if z ¢ dom(n2) U dom(n;), then n5(z) is undefined.

It is easy to see that the size of both &1 and S» are polynomial with respect to the
size of S. Note that S; and S, constructed above preserve the generalized-flatness and
mononicity of S, since the constructions do not modify the transitions in the nontrivial
SCCs of the transition graph. ad

Proposition[3| From two SNTs S and S,, an SNT Ss can be constructed in polynomial
time such that (1), (w>) # (S2)p, (W) for some data word wt> and valuation po
iff (S3) p, (wt>) & {L, 0} for some data word wi> and valuation p.

Proof. Let S = (Ql, X1,Y7,04, q1,0, Ol) and Sy = (QQ, X5,Y5, 09, q2,0, 02) be two
monotone SNTs. Without loss of generality, we assume that Q1NQ2 = 0, X1NX5 = 0,
and Yl n Y2 = @

We first construct S as the product of S; and Ss. Specifically, S = (Q1 X Q2, X7 U
X5, Y1UY5, 6, (q1,0; QQ’()), O), where

- 6 COII’lpI'iSGS ((CI17Q2)>91 A g2,mM U 2, (qllaqé)) such that (%»91#71&1) € 61’
(q2,92:m2,¢5) € b2, and g1 A g is satisfiable,

— for each (q1,¢2) € @1 X Q2,
e if O1(q1) is defined and O3(g2) is undefined or vice versa, then O((q1, ¢2)) =
1,
e otherwise, if both O1(g1) and O2(g2) are defined, then O((¢1,g2)) = O1(q1)—
O2(q2),
e otherwise (both O1(q1) and O3(g2) are undefined), O((q1, g2)) is undefined.

From the aforementioned construction, it is easy to see that S; and S, are inequivalent
iff there is a data word w such that the output of S over w is non-zero. Moreover, since
both &7 and S; are generalized-flat and monotone, we know that S is generalized-flat
and monotone as well. a

Proposition[d For each SNT S, the nonzero-output problem of S can be reduced to a
series of the nonzero-output problems of normalized SNTs S’ in exponential time.

Proof. Suppose S = (Q, X,Y, 6, qo,O) is an SNT such that X = {x;,...,24}. Our
goal is to reduce the nonzero-output problem of S to a series of nonzero-output prob-
lems of normalized SNTs &' = (Q', X,Y,d', ¢, O').

Let TPOx denote the set of total preorders between control variables (Recall that
a total preorder over X is reflexive and transitive relation < over X such that for each
z;,x; € X, either (z;,2;) €Xor (z;,2;) €X). For € TPOx and z;,z; € X, x; is
said to be a <-successor of z; or x; is said to be a <-predecessor of x;, if (z;, x;) €=,
(x;,x;) ¢=, and for each x;; € X such that (x;, z;/) €=, it holds that (z;,z,/) €=<.

Then for each <p€ TPOx, we construct an SNT &’ = (@', X,Y, ¢, ¢}, 0’) as
follows: Q" = @ x TPOx, and ¢, = (o, <o). Moreover, O’ is defined as follows: For
each (¢, <) € @', O'((¢g, <)) = O(q). It remains to define ¢’.

The transition set ¢’ is defined by the following rules:
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— Foreach (q,gAcur £ >,m,q") € §, ¢ includes all the transitions (g, <) M

p—
(¢', =) satisfying the following constraints.
e ¢’ is of one of the following forms,

* g = @< Acur =z, or

* g = o< Acur > x; Acur < x; such that z; € X is a <-successor of
z; € X, or

x g = @< A cur > x; such that there does not exist a <-successor of xz;, or

x g = =< A cur < x; such that there does not exist a <-predecessor of x;,

where o< = A 9z, 2, and for each pair of indices ', " € [k] such that
i<y’

i! < j/’ if ('ri’axj’)a (xj’ami/) €=, then 1%1.,,%./
if (:L‘,;/,l‘j/) €= and (:Ej/,li,;/) gj, then @/}mi,,mj,
w%"v%" =Ty > Ty

e g and ¢’ are compatible, more precisely, g A ¢’ is satisfiable (note that ¢,
which encodes the information in =<, has been included in g).

o <’ 1is constructed as follows.

x Case ¢ = p=< A cur = z;: At first, for each z;; € X, introduce a fresh
variable z}, to denote the value of z; after the transition (g, g A cur #
>,1,q"). Let X’ denote the set of fresh variables. Let <" be the reflexive
and transitive closure of the relation

< U (s al), (@), a0) | 20 € X\ dom(n)} U
{(CUI’, xi)v (.231‘, Cur)} U {(J?;/, inw), (xi”’ .T;/) ‘ 77(331") = xi”} U
{(x},,cur), (cur,z},) | n(zs) = cur}.
Then =<’ is the total preorder obtained from <” N X’ x X’ by replacing
each z, € X' with z; € X.
x Case g’ = p<Acur > x;Acur < x;: At first, for each z;» € X, introduce a
fresh variable x, to denote the value of x; after the transition (¢, g Acur #

>,1,q"). Let X’ denote the set of fresh variables. Let =" be the reflexive
and transitive closure of the relation

< U {(zy,2l), (@}, zp) | 2 € X \ dom(n)} U

{(xjv cur), (Curvxi)} U {('r/i/vxi”)v (xi"vx;’) | 77(3%") = xi”} U
{(x},,cur), (cur,xl,) | n(xzy) = cur}.

xy = x;, otherwise,
x4 < xj, otherwise,

Then =<’ is the total preorder obtained from <” N X’ x X’ by replacing
each zf, € X' with z; € X.
e Case g = @< Acur > x;, or g = @< Acur < x;: Similar.

— Foreach (q,g A cur =1, n,¢") € 4, ¢’ includes all the transitions (g, <) M

(¢', =) satisfying the following constraints.

e =< and g are compatible, more precisely, < A g is satisfiable, where < is
defined as above.

o =<’ is constructed as follows. At first, for each ;; € X, introduce a fresh vari-
able z/, to denote the value of z; after the transition (¢, g A cur = >, 1, q).
Let X’ denote the set of fresh variables. Let < be the reflexive and transi-
tive closure of the relation < U {(z;, %), (), x) | 7 € X \ dom(n)} U
{(&}, i), (o, 2h) | n(xe) = x40} Then < is the total preorder obtained
from <” N X’ x X' by replacing each z}, € X’ with z;» € X.
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At first, from the construction, we know that &’ is path-feasible, state-dominating,
and >-transition-guard-tree. We then show that S’ is generalized-flat. It is sufficient
to prove that for each state ¢ in some nontrivial SCC S of S, there does not exist a
nontrivial SCC in S’ that includes at least two distinct states (¢, =1) and (g, <2).

To the contrary, suppose that there are a state ¢ in some nontrivial SCC S of S and
two distinct states (g, <1) and (¢, <2) in some nontrivial SCC of S'.

Since <1 #=5, without loss of generality, we assume that there are a pair of distinct
control variables x;, x; such that (z;,z;) €= and (z;, ;) ¢=2. We introduce some
notations first. For z € {x;, z;}, we say that x computes the minimum (resp. maximum)
value in S if whenever cur < x (resp. cur > x) occurs in a transition (g, g, 7, q) of S, it

holds that (x) = cur. We distinguish between the following situations.

— Suppose that both x; and x; compute the minimum value in S. Since both x; and
x; compute the minimum value in S, when starting from some configuration (g, p)
such that p = z; < x; and keep applying the transitions in .S, we know that in each
transition,

e cither the current data value is less or equal to both ; and x;, then both z; and
x; are assigned to the current data value and become equal,
e or the current data value is greater than x; and less or equal to x;, then the
current data value is assigned to z; (with the value of x; unchanged), then
x; < x; holds after the transition,
o or the current data value is greater than both z; and z;, then both the value of
x; and that of z; are unchanged.
Therefore, when following a path from (g, <1) to (¢, %2) in &', the fact z; < z;
persists. This implies that (z;, z;) €=9, a contradiction.

— Suppose that both z; and x; compute the maximum value in S. Similarly to the
arguments in the previous situation, we know that when following a path from
(g,=1) to (g, %2) in &', the fact z; < z; persists. This implies that (x;, ;) €=,
a contradiction.

— Suppose that x; computes the minimum value in .S and x; computes the maximum
value in S. Since x; computes the minimum value and z; computes the maximum
value in S, we know that the value of x; is non-increasing and the value of z; is
non-decreasing. Therefore, when following a path from (g, <1) to (¢, =<2), the fact
x; < x; persists. This implies that (z;, 2;) €=», a contradiction.

— Suppose that x; computes the minimum value in .S and x; computes neither the
minimum value nor the maximum value in S. Then the value of x; is non-increasing
and the value of x; is unchanged when staying in S. The arguments are similar to
the previous case.

— Suppose that x; computes neither the minimum value nor the maximum value and
x; computes the maximum value in .S. Then the value of x; is unchanged and the
value of z; is non-decreasing when staying in S. The arguments are similar to the
previous case.

— Suppose that x; computes the maximum value in S and x; computes the minimum
value in S. Then in S, the value of z; is non-decreasing and the value of x; is non-
increasing. From (x;,2;) €= and (z;, ;) €=2, we know that when following a
path from (g, =<1) to (¢, <2) in &, sometime the value of x; becomes strictly greater
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than that of z;, and this fact persists afterwards. Therefore, we have (z;, ;) €=2
and (x;, xj) ¢#=5. Since in S, the value of z; is non-decreasing and the value of x;
is non-increasing, we know that when following a path from (g, <2) to (¢, <1) in
S’, xj < x; persists. Therefore, (z;,z;) €=<; and (z;, ;) ¢=1, a contradiction.

— Suppose that x; computes the maximum value and x; computes neither the mini-
mum value nor the maximum value in .S. Then the value of z; is non-decreasing
and the value of x; is unchanged when staying in S. The arguments are similar to
the previous case.

— Suppose that z; computes neither the minimum value nor the maximum value in S
and x; computes the minimum value in S. Then the value of z; is unchanged and
the value of z; is non-increasing when staying in S. The arguments are similar to
the previous case.

— Suppose z; (resp. ;) computes neither the minimum value nor the maximum value
in S. Then the value of z; and x; are unchanged when staying in S. Therefore, if
z; < x; holds in the state (g, =1), then it holds in each state belonging to the same
SCC as (¢, =<1) in S’. In particular, (x;,z;) €=, a contradiction.

Consequently, in each of the situations aforementioned, we always get a contradiction.
We conclude that the assumption is false and S’ is indeed generalized-flat. ad

C Proofs in Section [5.1]

Proposition 5| Suppose that P is a path starting form po and the initial values of
X UY are represented by a symbolic valuation {2 such that for each pair of variables
xi, x5 € X, 2(xj) = 2(x;) iff vi ~p, x;. Then the values of XUY after traversing the
path P are specified by a symbolic valuation O satisfying the following conditions.

— The set of indices of X, i.e., [k], is partitioned into I, P and IF, P the indices of per-
sistent and transient control variables, respectively. A control variable is persistent
if it stores the initial value of some control variable after traversing P, otherwise,
it is transient.

— For each x; € X such that j € 1P, 0P (g i) = 2z

pes ) ), where WE

770 (x ] (§ P
IZZ — [sP°] is a mapping from the index of a persistent control variable x; to
the index of the equivalence class such that the initial value of control variables

corresponding to this equivalence class is assigned to x; after traversing P.

— Foreach x; € X such that j € IF, O (z;) =dF 7P (5) where nfl: I} — [r"]
is a mapping from the index of a transient control variable to the mdex of the data
value assigned to it.

— Foreachy; €Y,

@(PQ)( )—s +)\ 2(y;) + Z afj/(z( ﬂpoj) Z ﬂ“,,o -

J'€[sP0] 3" ElrP]
P P P : P
where 5 )\ a] 10 O o Bits---s ﬁj’rﬁ are integer constants such that \; €

{0,1} (as a result of the “independently evolving and copyless” constraint). It can
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happen that )\jf = 0, which means that §2(y;) is irrelevant to o) (y;)- Similarly

Sfor afl =0, and so on.
)

Proof. Suppose S = (Q, X, Y,5,qo,0) is a normalized SNT and P = py 2",

P1---Pn-1 M Py, is a path of S. We assume that the initial values of the control

and data variables are represented by a symbolic valuation {2 over X U Y such that for
each pair of variables x;, x; € X, £2(z;) = 2(z;) iff x; ~p, z;.

We show by an induction that for each i : 1 < i < n, a symbolic valuation @; over
Xt UY can be constructed to describe the value of x; (resp. y;) after going through
the first ¢ transitions of P. Moreover, an index set I; C [k] is computed as well.

— At first, compute © and I as follows.
1. Foreach x; € X, Oy(z;) := (), where jo = min({j" € [k] | 5" ~p, 7})-
2. If g1 |= cur = z; for some x; € X, then Og(cur) := Oy(z;) and s := 0,
otherwise, Og(cur) := ¥ and s := 1.
3. Foreachy; € Y, Oy(y;) := 2(y;).
4. In addition, let Iy = 0.
— Leti: 1 < < n.Then ©; and I; are computed as follows:
1. Initially, let I; := ().
2. For each z; € X, we distinguish among the following situations,

o if x; & dom(n;), then O;(x;) := O;_1(x;), in addition, if j € I;,_q, let
I =L U{j}

e if 2; € dom(7;), in addition, either 7;(x;) = x; for some z;; € X, or
ni(x;) = curand g4, , Ag; = cur = x; for some z;; € X, then let
@Z(I'J) = Qi,l(x]—/), in addition, if HPTIIS I,_q,thenlet I; :=I; U {j},

e if n;(x;) = cur and there do not exist ;; € X such that ¢4, , A g; =
cur = xj, then let 91'(37]‘) = Qi,l(cur) and I, .= I; U {j}

3. Compute ©;(cur) as follows:

e If i < n and there exists x; € X such that p,, A g;11 |= cur = x;, then
let 9i<CUF) = @z(xg>

e If ; < n and there do not exist z; € X such that pg, A gi41 = cur = xj,
then let s := s + 1 and ©;(cur) := 0L,

e If i = n, then let ©;(cur) := L.

4. Foreachy; € Y,if y; € dom(n;), then let ©;(y;) := [n:(y;)]e,_,, otherwise,
let @z(yj) = 9i—1(yj)~

Then let IL = I,,, Ip?; .= [k]\ IZ, and r¥ := 5. The mapping 77;?@ and 72 are defined
as follows:

— For each j € Ip?;, let z;; € X such that O,(z;) = 2(zj), then 7l (j) :=
(@)~ _ R
— Foreach j € I, let s’ € [rF] such that ©,,(z;) = oF, let v} (j) := 5.
The symbolic valuation ©"*?) can be defined as the restriction of @,, to X UY’. Since

for each assignment 7; and y; € Y, n;(y;) = eorn;(y;) = y; +efore € Ex+, it
follows that O ) (y;) is of the form required by the proposition. O
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Proposition [6] Suppose that C'is a simple cycle (i.e. a self-loop around a state q) and
. . ¢ )
P = C* such that { > 2. Then the symbolic valuation € ) to summarize the
computation of S on P is as follows:
O D(y;) = (1427 + -+ 09) 1) 8 + WD) 02(yy) +
Z <1+)\JC+..‘+()\]C)/’*1> agj,Q(l‘ﬂau,))—i—
j'€mg(ng,)
(\)1al,
' €[sT)\rmg(ws.)

C3C C C\l—s— qu‘;
2 > ()‘j Biy + 2 ‘Ij,qu)l(j”)) (AF) 105 +

j'emg(xC) s€lt—1] 3" E€(w5) =1 (") Nimg(nT)

> > (098G )0+ o 8%

7' €[rC)\mg(x{.) s€l¢=1] '€l

Q(i.ﬂﬁ(jr)) +

where the variables D?’s for s € [{] represent the data values introduced when travers-
ing C for the s-th time.

Proof. We prove by an induction on /¢ that o(c".2) (y;) is of the desired form required
by the proposition.
The induction base: ¢ = 2.

Let Dﬁcﬁg) RN Di?) be the data values introduced when traversing the cycle for the

second time. Then from Corollary [2, we know that (%2 = 9(C:0'“) ig defined
as follows: Foreach y; € Y,

— — —\ 2 s —
0Ny = (F+27F) + (O0F) 2w+ X (1427) af 2emnir)
j'emg(ng,)

+ Z _ A?agj,ﬂ(qu(j,))
3’ €[sT\mg(nS,)

C aC C C,1
+ X | A8t DY G amy-rgey | O
j'emg(nS.) J"e(rs) 15" )Nmg(x7)
TR0 ) AC1 T 0.2
+ Y (/\j M,)aj, + Y 7057
3 €[rCN\meg(n) J'€[rC]

Induction step: Let £ > 3.

From the induction hypothesis, we know that for each y; € Y, @(Chlﬂ) (y]) is of
the desired form.

-1
From Corollary ") — 9.6 ) Then for each y; € Y, by unfold-
ing the expressions @(0271’9)(13]4/) for 5/ € [k] and @(Clz*l’m(yjn) for 5 € [l] in

£—1
OGO ) (1), we can observe that ©(C*2) (y,) is of the desired form. O
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D Proofs in Section 5.2

Lemma Suppose s = chotz . C’ft‘ is a cycle scheme, and (2 is a symbolic val-

11 12
uation representing the initial values of the control and data variables such that for
each z;,xj; € X, 2(x;) = Q2(x;) iff i ~g,, j. Forall j' € I,S’;” N rng(m?™), let 1j

be the largest number r € [t] such that j' € Ig;is, ie., xj remains persistent

s€(r]

' Nrng(n?m), the

Loy
)

_ _ 0y
where (1) e=0whenrj =tand(2) e = (Aci‘*)es_lacis 11 ()\gs'>
'€[s+1,t]

J 3y (mTm) =1 (5) s

Lr 1 . . i
when traversing Cfll ij ... C;, 7" Then for each j € [[] and j' € Ipi

coefficient of the 2(x;:)-atom in O (y;) is

Ciyy Cigp g, — Ciyy Ci,
e+ > ]<1+/\j 1 +--~+()\j 1)y 1> aj,(wlqﬁ)fl(j,) 1T ]</\j 2

516[7‘]/ S$2€[s1+1,t

with s = rj + 1 when rj <t.
The constant atom of @) (yj) is

IR
Ci, Cisivp. _ Ci, Ci, 2
T (e ey ) S ()

s1€[t] s2€[s1+1,1]

Moreover, for all j € [l], in O (y;), only the constant atom and the coefficients of
the £2(x;)-atoms with j' € I,g’;” N rng(w%) contain a subexpression of the form gty

for some s € Z.

Proof. The lemma can be shown by applying Proposition[6] Corollary 2] and an induc-
tion on the length ¢ of the cycle schemes. a
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