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Abstract. This paper concerns an adaptive finite element method for
the elliptic obstacle problem. We consider the formulation of the problem
as an elliptic variational inequation. The adaptive algorithm (modified
Uzawa adaptive method)we construct is based on a combination of the
Uzawa method associated with the corresponding multivalued operator
and a convergent adaptive method for the linear problem. As our main
result we show that if the adaptive method for the linear problem is
convergent, then the adaptive modified Uzawa method is convergent as
well. A numerical experiment shows the studied properties of the method.

1 Introduction

Adaptive mesh refinement based on a posteriori error estimates is an essential
instrument for efficient numerical solving of Partial Differential Equations, in
particular nonlinear problems.

The obstacle problem may be considered as a model problem for variational
inequalities (see, e.g,[1],[2], [5], [6],[7] ). The obstacle problem belongs to a class
of problems which have found applications in such diverse fields as elasticity
and fluid dynamics(see,e.g,[4],[5],[6],[7]). These problems are characterized by
free boundaries that are a priori unknown. An issue to consider is that in their
formulation the solution is sought in a convex and not necessarily linear subset
of some vector space.

In this paper we construct an adaptive finite element method for the elliptic
obstacle problem (adaptive modified Uzawa method). We formulate the varia-
tional inequality in terms of a multivalued operator. As it is well known, the
Uzawa algorithm consists in solving in each iteration a linear problem and a
nonlinear adaptation of the Lagrange multiplier associated with the multivalued
equation. As our main result we show that if the adaptive method applied for
the linear equation is convergent then, the adaptive modified Uzawa method is
convergent as well.

The convergence is proved with respect to a discrete solution in the space
corresponding to a sufficiently refined mesh. In order to assure the convergence of
the Lagrange multiplier, the space of piecewise constant finite element functions
is extended with bubble functions.
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We get the following convergence result:

Main result. Let (U;, P;) the sequence of finite element solutions of the lin-
ear problem and the corresponding Lagrange multiplier produced by the adaptive
modified Uzawa algorithm. There exist positive constants C' and § < 1 such that

lu—Ujll + |p = Pyl < C&7

where | - | is the L?(2) norm and || - || := |V - | is the energy norm; u and p are
the discrete solutions on a sufficiently refined mesh.

Several examples show the convergence of the method. The numerical ex-
periments have been developed with the finite element toolbox ALBERT [I1],
extended with new function basis including bubble functions.

2 Continuous Problem

Let 2 a bounded, polyhedral domain in R¥(d = 2,3). L?(§2) the space of
Lebesgue-measurable functions that are square-integrable. Set W := H'(£2) the
Sobolev space of functions in L?(£2) with weak derivatives of first order in L?(£2).
V := H}(£2) is the subspace of W whose functions vanish on boundary 942. In
the following, (-,-) denotes the inner product in L? and < -,- > the duality
pairing between the corresponding spaces. Moreover, consider the bilinear and
linear forms:

a(u,v) = (Vu, Vv), < Au,v >= a(u,v),Yu,v € V (1)
< F,v>=(f,v) (2)

The rest of the data is given by a force density f € L?(f2) and an obstacle
¥ € W with ¢ < 0 on 9f2. The obstacle v is associated with the nonempty,
V-closed, and convex set of admisible displacements:

K:={veVjp>1ae in 2} (3)
The continuous problem reads as follows:

Continuous Problem. Given 2,f 1) as above, find u € KC such that the follow-
ing variational inequality holds:

alu,v —u) > (fv—u) Yvek (4)

It is well known that the above problem admits a unique solution u, see, e.g.
[3]. The unilateral constraint « > ¢ yields a line singularity (free boundary) that
is the internal boundary of the contact set:

C:={xe€ 2 :ulx)=1vy()} (5)

The free boundary location is a priori unknown and a prime computational
objective.
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3 Formulation with Multivalued Operator

Consider the functional on V that characterizes the convex K:
0 vek
o) = {0, 0 Q

The problem (H) is equivalent to: Find u € V such that
Au+p=F inV (7)
p € Ok (u) in V' (8)
where Ol is the subdiferential of Ix, which is a multivalued operator, and V’
is the dual space of V. Set IT the Yosida approximation of dIx. The solution is

then characterized by the existence of p € V, such that the pair (u,p) € Vx V
holds:

Au+p=F inV (9)
p=1II\(u+ Ap) in V/ (10)

The operator II) = %(Id — Px), where Py is the projection operator on K.
Moreover, ITy is a Lipschitz operator with constant 1/\

4 Discretization

Let 75 be a uniformly regular triangulation of {2 characterized by the diameter
h. Let V;, C V indicate the space of continuous piecewise linear finite element
functions and extended with the bubble functions over T, i.e., V, = {v, €
CoO2)| VT € T, wnr € Pi(T) + B(T)}, where B(T) is generated by the
product A\j A2z of the barycentric coordinates. Let M, C L2(£2) be the space of
piecewise constant finite element functions over Tp,.

We consider the operator IT j, = %(Id — Px, ), where K}, is a suitable ap-
proximation of IC, that is, K, = {¢ € M| ¢qr > ¥(br) VT € Tn}, being by
the barycentre of T' . The discrete problem reads as follows:

Find (upn,pn) € Vi, x My, such that

Auh—l—Rtph =F (11)
pn = Iy n(Rup + App) (12)

where R denotes the orthogonal projection operator in L?(§2) norm from V),
onto M, and R! is its transposed operator.
The Uzawa algorithm iterations are written:

For any py (), obtained pj, Y
Aup D = F — Rtp, -1 13)
oD = Iy, (Rup @ + App0—1) (14
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It is well known that the above algorithm is convergent: for some A > 0 we
have

lim [Jup® —up| =0 (15)
71— 00

Remark 1. Notice that the above algorithm may be considered as a fixed point
iteration for the application defined over Mj,:

1
q— I\ — XRA—l}zt)qJrRA—lF) (16)

Since V;, and My, are finite dimensional spaces and V}, has bubble functions,
the kernel of R? is null. Thus, the application

M, - R
q— |R'ql
defines a norm in Mj.We can now choose A such that:
= %RA‘lRﬂ —1—B(h) <1 (17)
hence,
o' = pnl < (1= B(R))Ipr" ™" = pl (18)
and

lim () = 0 (19)

5 Adaptive Algorithm

In this section we describe the adaptive-modified Uzawa method. To simplify
notations let us assume that 7; stands for the mesh obtained from 7;_; by
refining and the corresponding sets of finite element functions are denoted by
(V;,M;) and (V;_1,M;_)). Consider a pair of successions:

VoCViC... CV,CV,1C...CV;=V,
MoCcM; C...CM; CM;; C...CMj=M,

For any Py € Mg, ¢9 > 0,0 <~v < 1. Given Pj_l S M]‘_l, let u; € V; denote
the solution of

a(uj,v) =< F,uv> —(Pj_1,v) YveVy (20)
An adaptive FEM method is applied to find U; € V; such that
1Uj —usll < Cej, |(R; — Ry)Uj| < Ck; (21)

where €; < vye;_1. This procedure is denoted by
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(E’Uj) < ELLlPTlC(E,hUj,l,Ej,f) (22)
We, finally, actualize the multiplier:
Py = I, ;(R;U;j + APj—1) (23)

The following box describes the algorithm:

Adaptive Modified Uzawa Algorithm AMUA.

Choose parameters A >0, 0 <y <1l,e9>0; set j=1.
Select any initial mesh 7y and any Py € M.
Update ¢; «— ygj_1.

Compute (7}, U7) — ELLlPTlC(’];‘_l,Uj_l,Pj_l,Ej,f)‘
Compute P]' — UPDATE('];/ Uj—lvpj—l', /\)

Update j «+— 5+ 1.

Go to step 2.

DO WN -

With the hypothesis above, we have the following convergence theorem for
the algorithm:

Theorem 1. There exist positive constants C' and 6 < 1 such that the iterative
solutions (U;, P;j) produced by the adaptive-modified Uzawa method satisfy:

[ug = Ujll + |ps — Pj| < C& (24)
where (uy,py) € V; x My denote the solution of the problem (I1)-(13).
Sketch of the proof in the case ¥ = 0:
P =1, j(R;U; + A\Pj_1) = (25)
=11, ;(Ryjuj + APj_1 + R;(U; — uj) + (R; — Rj)U,) (26)

The solution u; of (Z0) may be written as u; = A~'(F — R}, P;_1). Observe that
in the case ¥ = 0 we have II;(z) = II;(z) if z € M. Hence

1
Py =11, ;(\(I - XRJA_lRf])PjA + RjATIF 4+ Ry(U; — uj) + (R — Ry)U;)
(27)
If we write py, the solution of (IZ), as follows

1
ps = I ;A1 — XRJ,4—11~25)pJ +R;ATF) (28)

Then, subtracting (27) and (28)), applying norms, we find an upper bound, for
different constants C

C C
ps = Bjl < (1= B(W)lps = Pi—a| + I1U; = usll + SI(R; = Ry)Uj|

c
lps — Pj| < (1= B(h))|ps — Pj—1| + X607J
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As in [9], by induction arguments we obtain
Py = Pyl < lps — Roln’ + %eojnj <cy (29)
where n = maz{(1 — 5(h)),v} and n < < 1.

To find an error bound for |Ju; — Uj||, observe that
||UJ — ’LLJH < C|pJ — Pj|. Hence,

lur = Ujll < llug —ugll + lu; = Ujll < C(|lps — Py + &) (30)

which proves the result.
For the case ¢ # 0 we need to add |¢p — 9;| < Ce; to the condition (ZI)
where 1); is the interpolated function in M.

6 Numerical Experiment

Consider 2 = {z € R?: ||z|| < 1}, f(x) =0, and ¥(z) = max{0,1 —4|z|},Vx €
2. The solution of the problem u(z) =1 — ||z, for all z € 2 and C(u) = {0}

Let us assume an initial triangulation 7y of {2, and the posteriori error esti-
mate

lu = unll < nlun) = (> nr(un)®)*? (31)
TeTy

where(see [I0] for H! error estimate for the linear problem —Au = f(x))

nr(un)? = C3RZ|| — Aup + fC) a0y +

+CF Y he|lv - Vun]lZery
TN

If tol is a given allowed tolerance for the error, and n(up) > tol, we refine the
mesh while 7 > tol. For the Maximum strategy (see [L1]), a threshold v € (0,1)
is given, and all elements 7" € T; with

>y max nr
nr W’T/ETUT

are marked for refinement.

Set v = 0.8, eg = tol = 1.0 and the Yosida parameter A = 1.0. Figure [l
shows the behaviour of the true error in H'—norm as a function of the number
of up-degrees of freedom (DOF). We observe the improvement in applying our
adaptive method (in solid linestyle) compared with the results obtained with
uniform refinement (in dashed linestyle). Figure 2] shows mesh in the final step
and the solution isolines.
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i
i
|
I
1
3
5

Fig. 2. Mesh and solution isolines

7 Conclusions

We have developed an adaptive Uzawa algorithm to solve the obstacle problem
which is a modification of the classical Uzawa method. We justify the use of a
a-posteriori error estimation from the linear elliptic problems for this kind of
non-linear problems. The numerical results asserts the validity of the theoretical
analysis and the efficiency of the algorithm. A better improvement should be
obtained with a finest control of the interpolation error of the obstacle function
1. This will be done in a future research.
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