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Abstract. A semi-automatic method to measure and quantify geomet-
rical and topological properties of complete vascular trees in fundus im-
ages is described. The method is validated by comparing automatic vs.
manual measurements in 17 individual bifurcations. We also compared
automatic analyses of complete vascular trees from 4 pairs of red-free
and fluorescein images. Preliminary results comparing 10 hypertensive
and 10 normotensive subjects show changes in geometrical properties
similar to those reported in previous studies. Several topological indices
show differences in the arterial, but not venous, trees in hypertensive sub-
jects. This suggests that a combination of geometrical and topological
measurements of the whole vascular network may provide more sensitive
indicators of morphological changes due to diseases.

1 Introduction

The basic geometrical properties in branching trees are lengths and diameters of
the branches and the angles at which branches meet at bifurcations. Generally
both the arteries and veins of the retina are binary trees, whose properties can
be considered either locally or globally. The local properties are, for example,
the relationships between the branching angles and the ratios of diameters at
individual bifurcations. The global properties focus on ordering and relationships
between branches. As an example, the orientation of minor branches relative to
the anatomical features of the retina could be an interesting topological property.

Retinal blood vessels from fundus images have usually been studied in terms
of individual bifurcations, measuring a few of the most clearly visible bifurcations
in an image. Differences in geometrical properties in retinal blood vessel have
been found as a result of different diseases. Hypertension, for example, causes:
reduction in the vessel diameter [8], reduction in the number of vessels present
per unit volume of tissue [10], reduction of the branching angle [9] and increase
in the length to diameter ratio [3].

In order to study the global properties of branching structures, it has been
usual to group bifurcations into schemes based on order or generation. Some
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of these models are ordered from the root of the tree toward the leaves, others
from the leaves toward the root. Some of these schemes assume all branches
are symmetrical, incorporating diameters and length but not branching angles.
Others assume all branches with the same order have the same diameter and
length and bifurcate with the same asymmetry. Several studies have been carried
out formulating models of the branching geometry, particularly of the human
conducting airways, following these different schemes (discussed by [7]). There
are no studies, as far as we are aware, related to retinal blood vessels from this
global point of view.

In this work a semi-automatic method to measure and quantify geometri-
cal and topological properties of continuous vascular trees in fundus images is
described. The combination of geometrical with topological properties in the
study of retinal vascular structures could yield more reliable indices to differen-
tiate pathologies in the vascular system.

2 Vessel Segmentation

Blood vessels are segmented using a previously described algorithm based on
scale-space analysis [5]. Two geometrical features based upon the first and the
second derivative of the intensity image along the scale-space, maximum gradient
and principal curvature, are obtained by means of Gaussian derivative operators.
A multiple pass region growing procedure is used which progressively segments
the blood vessels using the feature information together with spatial information
about the 8-neighboring pixels. The algorithm works with red-free as well as
fluorescein retinal images. Figure 1(a) shows the scanned negative of a red-free
retinal photograph and (b) the segmented binary image where the optic disc
region is marked in grey, vessels are tracked from this area outwards.

(a) (b)

Fig. 1. (a) Red-free fundus photograph negative, (b) the segmented binary image with
the optic disc marked in grey, vessels are tracked from this area outwards.
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3 Tree Labelling

Labelling each tree of vessels involves three steps: thinning the segmented bi-
nary image to produce its skeleton, detecting significant points and tracking the
skeleton of the tree.

Thinning. The skeleton of the vascular tree is obtained from the segmented
binary image by a thinning process where pixels are eliminated from the bound-
aries towards the centre without destroying connectivity in an 8-connected scheme.
This is an approximation to the medial axis of the tree. A pruning process is
applied to eliminate short, false spurs, due to small undulations in the vessel
boundary.

Detecting significant points. Three types of significant points in the skele-
ton must be detected: terminal points, bifurcation points and vessel crossing
points.

In a first pass, skeleton pixels with only one neighbor in a 3 × 3 neigh-
borhood are labelled as terminal points and pixels with 3 neighbors are la-
belled as candidate bifurcation points. Because vessel crossing points appear
in the skeleton as two close bifurcation points, a second pass is made using a
fixed size window centered at the candidate bifurcations. The number of inter-
sections of the skeleton with the window frame determine whether the point
is a bifurcation or a crossing. Figure 2 summarises the three possible cases.

Skeleton Intersections
with frame

Point
type

Spur

Bifurcation

Output

Crossing

2

3

4

Fig. 2. Types of significant points.

Once all of the significant points are
identified, bifurcation points are la-
belled as -r where r is the radius of
the maximum circle centered on that
point that fits inside the boundary
of the bifurcation. The sign is used
to distinguish between the radius
and chain code numbers that are de-
scribed in the following section. For
the crossing points the skeleton is
modified to define a single crossing
point.

Until this stage the process is
fully automatic, but it fails when
two true bifurcation points are very

close and are merged into a crossing point or when two vessels cross at a very
acute angle so that the two candidate bifurcation points fall outside the window
frame and are thus defined as two bifurcation points. These cases must be cor-
rected by hand. The complete image is labelled and normally contains several
independent vascular trees.

Tracking. Each tree is tracked individually. The coordinates of the
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starting point of the skeleton of the root are saved and a chain code is
generated specifying the direction of the next skeleton point as shown.
When the first bifurcation point is reached the chain of the current
branch is ended and the coordinates of the starting points of the two daughters
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are saved. The process is iteratively repeated for every branch of the tree until a
terminal point is reached and all daughters have been numbered. Using a binary
scheme, the root is labelled 1 and thereafter the daughters of parent k0 are
labelled k1 = 2k0 and k2 = 2k0 + 1. With this numbering scheme we are able to
track the tree in either direction.

4 Measurement of Tree Properties

Using the data generated in the labelling stage and the binary image, three types
of geometrical features are automatically measured: lengths, areas and angles.

Lengths. Two lengths are measured directly from the skeleton. The first is
the true length of the branch from the starting to the end points of the skeleton
computed as Lt = No +

√
2Ne where No and Ne are the number of pixels with

odd and even direction codes along the skeleton. The second measure of length
is the end-to-end distance Ls.

(a) (b) (c)

Fig. 3. (a) The area A is the number of vessel pixels bounded by the two perpendicular
lines to the skeleton and La is its true length. (b) and (c) the borders at crossing points
are closed using a displaced section of the skeleton until maximum correlation of pixels
with the borders is found.

Areas. Using the value of the radius defined at each bifurcation point, a circle
and a line tangent to this circle and perpendicular to the skeleton are drawn on
the border image at each end of the branch. This is done to close the region to
be measured as illustrated in Figure 3(a). This ensures that ambiguities in the
area near bifurcation points are excluded. The number of vessel pixels bounded
by these tangents is defined as the area A. The average diameter of the selected
branch is calculated as d = A/La, where La is the true length of the segment
measured along the skeleton.

When two blood vessels cross, the borders in the crossing region for both
vessels are opened. These are closed by taking a section of the skeleton centered
at the crossing point and displacing it parallel to the skeleton in both directions
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until maximum correlations of pixels with the border are found (Figure 3(b,c)).
This maintains the natural shape of the curvature of the vessel in the crossing
region.

βj = 1
L

∑N
i=1 Wiθi

β0

β1

β2

Fig. 4. Three average angles βj are defined
and measured within a distance of 5 times the
radius defined in the bifurcation point.

Angles. A bifurcation angle is
associated with a parent vessel. Be-
cause a vessel branch can be very
tortuous, and because daughters can
be parents themselves, three differ-
ent angles are defined and mea-
sured: the total average angle of the
branch, a head angle and a tail angle.
The latter two are defined within
a distance of 5 times the radius
of the particular bifurcation point
(Figure 4). An average angle is de-
fined as βj = 1

L

∑N
i=1 Wiθi, where θi

is the associated angle of the pixel i
(45◦ steps in the chain code), Wi is
the associated weight in the chain
code W = 1 for odd and W =

√
2

for even directions, N is the number
of pixels in the section of the skele-
ton and L is the true length of the
section.

Derived geometrical properties. Other properties can be derived to de-
scribe the vascular tree structure from these measurements.

– Length to Diameter ratio: λ = La/d.
– Expansion factor: sum of the cross sectional areas of the two daughter

branches divided by the area of the parent γ = (d2
1 + d2

2)/d2
0.

– Asymmetry factor: the cross sectional area of the minor daughter divided by
that of the major ζ = d2

2/d2
1.

– Angle of daughters: angles of each daughter with respect to the parent α1 =
β1 − β0 and α2 = β2 − β0.

– Branching angle: ω = α1 + α2.
– Angular asymmetry: the angle of the major daughter respect to the parent

divided by that of the minor η = α1/α2.
– Tortuosity: T = Lt/Ls.
– Junction exponent: the exponent x relating the parent and daughter vessel

diameters dx
0 = dx

1 + dx
2 . Murray [6] suggested that x = 3 for maximum

efficiency in arteries.

5 Preliminary Results and Conclusions

Validation of measurements. The true values of geometrical properties in
retinal blood vessels remain unknown. Instead indirect methods are used and
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evaluated by comparison with an established technique rather than with the
true quantity. With this purpose two validation studies were undertaken. Au-
tomatic measurements of individual bifurcations were compared with manual
measurements for 17 randomly chosen bifurcations from red-free retinal images.
The mean and the standard deviation of the normalised differences of diameter
were −11 ± 14 % (n = 51, p < 0.001), i.e. automatic were smaller than man-
ually measured diameters. The normalised differences of branching angles were
13 ± 12.3 % (n = 17, p < 0.006), i.e. automatic were larger than manual angles.
The p values were calculating using the two sided Wilcoxon signed-rank test [2].
A Runs test for the differences as function of parent vessel diameters showed
no systematic tendencies with vessel width. Since the manual measurements in-
volved the average of 5 diameters measured close to the bifurcation and the
angles between straight lines fitted by eye, these differences can not be taken as
error but as indications of the variability of different measurement techniques.

We also compared automatic measurements of the clinically more common
red-free images with automatic measurements of fluorescein images for the same
eye in 4 subjects. The normalised differences for the three geometrical features
diameters d, branching angle ω and true length of the parent vessel Lt (excluding
the roots) are shown in Table 1, some of the derived geometrical properties such
as length to diameter ratio λ, tortuosity T , expansion factor γ and asymmetry
factor ζ are also shown.

Feature Differences (%) n p

d 2.5 ± 24.5 277 0.012
ω −0.1 ± 12.6 128 0.317
Lt −0.3 ± 9.1 107 0.026
λ −7.8 ± 25.8 107 < 0.001
T 0.4 ± 2.3 107 0.073
γ −11.7 ± 31.8 128 < 0.001
ζ −19.3 ± 30.5 128 < 0.001

Table 1. Mean and standard deviations of the normalised differences of several ge-
ometrical features between red-free and fluorescein measurements. Values of p were
calculated using the two sided Wilcoxon signed-rank test. Diameter d, branching angle
ω, true length Lt, length to diameter ratio λ, tortuosity T , expansion factor γ and
asymmetry factor ζ. Measures with n = 107 were done in parent branches excluding
roots.

The p values of the Wilcoxon test show that there is no a significant difference
between ω and T . The rest of the features were significantly different but the
normalised differences are all small and significance is due to the large number
of vessels measured. For example, the normalised difference in d corresponds to
only 2.5%. The Runs test again showed no significant tendencies, except for the
diameters in which there is a tendency to under estimate diameter in vessels with
diameters less than 12 pixels. Most of these vessels are terminal branches which
were more difficult to detect in the lower contrast red-free images. It should also
be noted that the number of bifurcations analysed using the automatic analysis
is significantly higher than in any study involving manual measurements.
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Structural analysis. A table of measurements is automatically obtained
with the basic geometrical features described above for each tree in an image.
At the moment, arterial and venous trees are identified by an expert. Figure 5
shows (a) one arterial tree with its keys marked and (b) one venous tree, both
from the image in Figure 1(b).
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Fig. 5. Selected trees from Figure 1(b). (a) arterial tree with its vessels numbered and
(b) the associated venous tree.

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34
70

80

90

100

110

d
0
 (pixels)

ω
 (

de
gr

ee
s)

Norm (n=142)
Hyper (n=68)

Fig. 6. Median of the branching angle ω as a function of the parent diameter d0 in ar-
terial trees. Normotensive and Hypertensive groups, where n = number of bifurcations.
Grand medians and quartiles are to the left (square symbols).

Preliminary results for 10 hypertensive and 10 normotensive subjects us-
ing red-free images (2000 × 2300 pixels) have been obtained. A diameter-based
classification system, originally used for lung airways [7], is used for our com-
parisons. Figure 6 shows the branching angle ω of arterial trees as a function of
the parent diameter d0. The overall median shows that ω for hypertensives is
more acute than for normotensives as reported in [9], although the difference is
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not significant. In the normotensive group ω is relatively constant as the parent
diameter increases, whereas the hypertensive group shows an increase in ω for
parent vessels ≥ 14 pixels. A pixel corresponds to approximately 4 µm based
on the diameter of the optic disc for this scale of images, although due to inter-
individual variations in refractive indices of the eye it is not possible to establish
an absolute scale.
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Fig. 7. Median of the length to diameter ratio λ as a function of diameter d in arterial
trees. Normotensive and Hypertensive groups, where n = number of vessels. Grand
medians and quartiles are to the left (square symbols).

Figure 7 shows the median of the length to diameter ratio λ of the arterial tree
vessels as a function of the diameter d. The overall median is significantly larger
in hypertensives than normotensives in agreement with [3]. For the normotensive
group λ is nearly constant over all diameters whereas in the hypertensive group
λ seems to be larger in the medium sized vessels 7 < d < 16 pixels. Note
also that the number of vessels in the normotensive group is much higher than
in hypertensive, as reported in [10], and that there are no vessels with d >
25 pixels in the hypertensive group, in agreement with the reduction in vessel
diameters [8].

Topological analysis. Since we also keep the information about connectiv-
ity between branches in the table of measurements that is automatically gen-
erated, we are able to make topological analyses of the vascular trees. Vascular
trees are branching structures which are treated as binary rooted trees, a special
type of graph. A graph is a set of points (or vertices) which are connected by
edges. A tree is a graph with no cycles. A rooted tree is a tree in which one
vertex is distinguished as the root and a binary tree is one in which at most
three edges are contiguous to any vertex [4].

Some important topological features of biological trees are those which mea-
sure the symmetry and elongation of a given branching structure. The topological
indices we examined in this work are the most commonly used indices within
biological applications [1]. (a) Strahler branching ratio (R), (b) maximum tree
exterior path length or altitude (A), (c) total exterior path length (Pe), and (d)
number of external-internal edges (NEI), and the total number of external (or
terminal) edges (NT ).
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The Strahler branching ratio (R) is calculated by ordering all the edges within
a given tree using Strahler ordering. This ordering scheme assigns all external
edges an order of one. Where two edges of order m come together, the third edge
is assigned to order m + 1. Where an edge of order m meets an edge of order
n, the third edge is assigned to order max(m, n). The Strahler branching ratio
(R) is defined as R = Nm/Nm+1, where N is the number of edges and m is the
order, Figure 8(a) shows this ordering scheme. The altitude (A) is computed as
the largest external path length, where an external path length is defined as the
number of edges between the root and the terminal edge. The total path length
(Pe) is the sum of all the external path lengths. Figure 8(b) shows an example
where A = 6 and Pe = 30. Finally the number of external-internal edges (NEI),
where an EI edge is an edge which is terminal and its sister is non-terminal, in
Figure 8(c) NEI = 3 and the total number of terminal edges is NT = 7. The
number of external-external edges NEE = NT − NEI .

(a) (b) (c)

Fig. 8. Topological indices: (a) Strahler order scheme where the branching ratio is:
R = Nm/Nm+1, (b) Altitude (A = 6) and total path length (Pe = 30), and (c) number
of external-internal edges (NEI = 3), where the total number of terminal edges is
NT = 7.

Using the same set of normotensive and hypertensive subjects as before,
we calculated each of these topological indices for all trees with NT > 4, for
both artery and vein trees. Table 2 shows the p values for the t-test between
groups, where we can see that all indices for arteries were significantly different
except for the altitude (A), whereas for veins all indices were not significantly
different. These results suggest that arteries from the hypertensive group are
topologically different from normal. Comparing R for different Strahler orders
showed that neither arterial nor venous trees were self-similar.

The purpose of this analysis is not to reach any conclusions about physiology,
but to show the kind of analysis that could be usefully applied to provide insights
about the changes in the geometry of the whole retinal blood vasculature in dis-
eases such as hypertension. We have shown that the (nearly) automatic method
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Index Arteries (n = 21) Veins (n = 25)

NT p = 0.013 p = 0.501
A p = 0.247 p = 0.385
Pe p = 0.049 p = 0.989
EI p = 0.043 p = 0.189

Table 2. Comparison of topological indices between normotensive and hypertensive
groups for arteries and veins separately. p values for the t-test between groups. Number
of terminal edges NT , altitude A, total path length Pe and number of external-internal
edges EI .

of geometrical quantification proposed in this paper is sensitive enough to show
differences in geometrical changes already reported in the literature. It also sug-
gests that analysis of the geometry and topology of the whole vascular network
may provide more sensitive indicators of changes due to disease. Future work
will include fractal analysis and other combinations of geometrical features and
comparisons with other ordering schemes in order to quantify retinal vascular
trees more fully.
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