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Abstract. A. Clark[2] has shown that the class of languages which have
a context-free grammar whose nonterminals can be defined by a finite
set of contexts can be identified in the limit, given an enumeration of the
language and a test for membership. We show by example that Clark’s
algorithm may converge to a grammar that does not define the input
language. We review the theoretical background, provide a non-obvious
modification of the algorithm and prove its correctness.

1 Introduction

An important goal of structural linguistics was to analyse and describe a lan-
guage in terms of distributions. Given an alphabet X, the distribution of a word
v € X* with respect to a language L C XY™ is the set

D(v) = {(u,w) € 2" x X* | uvw € L}

of all contexts where v appears in L. Having the same distribution with respect
to L is a congruence relation =, on X*, the syntactic congruence. It partitions
X* into disjoint distribution classes [v] := {v' € X* | v = v'}. By the My-
hill/Nerode theorem (c.f.[6]), =, has finitely many distribution classes if and
only if L is a regular language.

When the monoid operations of (X*, -, €) are lifted to word sets by A- B :=
{a-b|aec Abe B} and 1 = {e}, one obtains a monoid (P(X*),-, 1), which
is partially ordered by C. The operation (u,w) ® v := uvw of filling a context
(u,w) with a word v is lifted to context sets C' and word sets A by

CoA:={(u,w)ov]| (u,w) e C,ve A}

With respect to L, each set of contexts C has a largest set of fillers, C* = {v €
X* | Co{v} C L}, and each set A of words has a largest set of contexts,
A” = {(u,w) € X* x J* | {(u,w)} ® A C L}. Notice that D(v) = {v}* =: v" and

[0} = {u|v* S} 2 ful o =} = o]

** A shorter version will appear in Morill e.a (eds) Proc. 19th Conf. on Formal Grammar
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The maps A — A" and C — C% are closure operators. Via a Galois-
connection between sets of words and sets of contexts, the partial orders of
closed sets of words and closed sets of contexts are anti-isomorphic. Clark|[2]
defines a (syntactic) concept of L to be a pair (A4,C) such that A> = C and
C< = A. As here each component is closed and determines the other one, one
can use the component which is the better representation for a given purpose.

Note that L is itself a concept, namely L = {(e, €)}, and can be represented
by a finite set of contexts. Suppose L has a context-free grammar G (in Chomsky
normal form, CNF) whose nonterminals N are concepts of L, i.e. N = N> when
N is identified with {w € X* | N =¢ w}. A branching rule (N — AB) of G
then corresponds to N O AB, which is equivalent to N 2 (AB)><. If N, A, B
are represented by context sets C, D, E, this means C* D (DE?)><.

A. Clark[2] developed an algorithm to identify in the limit a CNF-grammar
for L from membership queries and an enumeration of L, provided L has a
CNF-grammar whose nonterminals can be defined by finite sets of contexts. The
basic idea is to extract from a finite subset £ C L a finite set F' of contexts
and a finite set K of subwords of L and relativize the operations -* and -9 of
taking all contexts resp. fillers with respect to L to - : P(X*) — P(F) and
K P(F) = P(K) by AF := AN F and C¥ := C<N K. Then there are only
finitely many relativized concepts of L, the pairs (A, C') € P(K) x P(F) where
A = OF and C = AF; using relativized closed sets C = CK¥ of contexts to
represent them, Clark builds a CNF-grammar G(K, L, F') by taking as branching
rules those triples (C' — DE) where CK D (DK EX)FK Tt is claimed that as K
and F increase, the grammars G(K, L, F') converge to a grammar for L.

But there is a technical problem: Clark’s criterion for C, D, FE to form a
grammar rule is right when working with infinite filler sets, i.e. C* 2 (DYE)"<,
since -*9 is a closure operator on P(X*) and hence DYEY C (DYEY)*<. But
the criterion is not correct with finite filler sets, i.e. CX D (DX EK)FE js not
equivalent to CX D DX EX: although -F'X is a closure operator on P(K), it is
generally not the case that DK EX C (DEEK)FK a5 the left hand side need
not be a subset of K. We give an example where Clark’s algorithm does not
converge to a grammar of the intended language.

Clark’s algorithm can be fixed by three modifications: (i) the criterion for
when three concepts C, D, E constitute a grammar rule has to be changed from
CE O (DEEK)FE to ¢ C (DEEX)F. Since this works directly with context
sets, it emphasizes the importance of the Galois correspondence between word
sets and context sets. (ii) the criterion in the learning algorithm that makes the
hypothesis grammar shrink is weakened; the effect is that the learner cannot
converge to a grammar that defines a strict superset of the intended language.
(iii) since for our modified definition, L(G(K, L, F')) is neither antitone in K
nor monotone in F' (as pointed out by R.Yoshinaka), we need a different line of
reasoning to show the convergence of the grammar inference process.

We prove that the modified algorithm indeed identifies in the limit the class
of context free languages with the finite context property. If we admit only
concepts whose context sets are closures of bounded context sets, the algorithm



has polynomial update time. Ryo Yoshinaka [8] has a different modification of
Clark’s algorithm where nonterminals need not be closed sets. This makes the
reasoning simpler, but results in a larger grammar.

2 Correspondence between word and context sets

Let X' be a finite alphabet and L C X* a set of words. An L-context of A C X*
is a word pair or context (u,w) such that uAw C L. The largest set of L-contexts
of AC X*is

A7 o= {(u, w) | {(v,w)} © A C L} = {(v,w) | uAw C L}. (1)

An L-filler of a set C C X* x X* of word pairs is a word w € X* such that
uwv € L for each (u,v) € C. Let C ® A := {uwvw | (u,w) € C,v € A}. The
largest set of L-fillers of C C X* x X* is

C:={v|Co{v}CL} (2)

If C # 0, CYC Sub(L), where Sub(L) := {v € X* | Ju,w € Y* uvw € L} is the
set of all subwords of L. The following equivalence (3) is easy to check:

Proposition 1. The functions > : (P(X*),2) &= (P(X* x X*),Q) : -< form a
Galois-connection, i.e., for all A € P(X*) and C € P(X* x X*) we have

C9D A < CC A (3)
In particular, we have:

(i) - and -9 are antitone: A* D B for all word sets A C B and C* 2 D7 for
all context sets C C D.
(ii) A"® = A” and C® = C? for all word sets A and context sets C.
(iii) < 4s a closure operator on (P(X*),C) and - is a closure operator on
(P(X* x X*), Q).
(iv) " : ({C| C CX*x X}, D)= {A" | A C X*} Q) : -2 form an order
isomorphism between the closed word sets and the closed context sets.

Claims (i)-(iv) are standard consequences of a Galois-connection (see Appendix
1, Lemma 7). Since A C L gives (¢,€) € A” , hence A C {(¢,€)}* = L, we have

ACL < A™CL. (4)
In particular, L itself is closed: L*® = L.
Proposition 2. For all A,B C X*, (A"*B>)*< = (AB)"".

Proof. Since "9 is a closure operator on P(X*), it is sufficient to show that
APIB C (AB)*. Let a € A”, b € B>, hence A” C a” and B> C b". Moreover,
let (u,w) € (AB)", so uABw C L. Since {u} x Bw C A” C a” we have uaBw C
L, so (ua,w) € B> C b, and uabw € L. Thus, ab € (AB)><.



For the residuation A/B :={v € X* | {v}B C A} of word sets A, B, we have:

Proposition 3. For all A,B C X*, (A/B)*® C A*/B. If A = A", then
(A/B)"* = A/B.

Proof. Pick v € (A/B)>9. We need to show v € A*?/B, which is equivalent to
vB C A i.e. that zvBy C L for all (z,y) € A”. So let (z,y) € A”. Then

x-A/B-B-yCaAy C L,

hence {(x,by) | b € B} C (A/B)". Therefore, since v € (A/B)>9, we have
xvBy C L. Thus, vB C A™, which shows v € A*>/B. So (A/B)** C A*/B. If
Ais closed, A/B C (A/B)** C A*/B = A/B.

2.1 The residuated lattice B(L) of all concepts of L

A syntactic concept of L is a pair (A4, C) of a word set A and context set C' such
that A” = C and C< = A. Note that here A = A and C = C® are closed sets,
and by the order isomorphism of Proposition 1 (iv) and (ii), one can represent
a concept (A, C) by its closed word set A9 or by its closed context set C.

Theorem 1. (Clark(1]) The set B(L) of all concepts of L forms a monoidal,
residuated and complete lattice,

B(L) := (B(L),o,1,\,/,V,A, T, L,<)

where the operations are, in terms of closed word sets, given by

AVB = (AUB)
o . )< ’
AOB.—(AMB) ) ANB = AnNB,
1:= {6} s T = X}*
B\A:={ve *|B-{v} C A}, L= e

A/B={veXt [{v}-BCA}y, 4 _p... Alm

Proof. (Sketch) Monoid properties for o and 1 follow from Proposition 2:
(AoB)oC = ((AB)"C)* = ((AB)>C*)* = (ABC)*
Aol = (A- {9 = (A- )" = A.

By proposition 3, we know that A/B is closed when A is. Since the residual laws
hold in P(X*) they hold in B(L), because for concepts A, B, C,

AoBCC < (A-B""CC < A-BCC. (5)
(See also Jipsen e.a.[4], Lemma 7.1.)

The residuations make the syntactic concept lattices complete for the full
Lambek calculus, see [7]. Clark emphasizes the lattice structure “as a good
search space” for grammatical inference. To learn CFGs, it is sufficient that
(B(L),V,L,o0,1)is a complete idempotent semiring, in which context-free gram-
mars can be interpreted.



Proposition 4. The syntactic concepts of L form a complete idempotent semir-
mg

B(L) = (B(L),+8®) oBE) BL) 1By .— (B(L),V, L,o,1),

and the mapping h : P(X*) — B(L) given by h(A) := (A*9, A%), is a continuous
semiring-homomorphism.

A context-free grammar G with constants from X is a system of polynomial
equations X; = p;(X1,...,X,). Its least solution in P(X*), the tuple of lan-
guages L(G, A) for nonterminals A, is componentwise mapped by h to its least
solution in B(L), the tuple of closed sets L(G, A)*<. For the main component,
we have h(L) = h(L(G, S)) = L(G,S)** = L = L.

Remark 1. Since the Kleene-closure A* is the least solution of AX +1 < X in
P(X*) and h preserves least fixed-points, the semiring of syntactic concepts of
L can be expanded to a Kleene algebra (B(L),V, 1,0, 1,%), using (A, C>® =
(A7), ((C9))7).

2.2 The lattice B(L, F') of concepts of L relative to F

We restrict ourselves to context-free grammars in weak Chomsky Normal Form
(CNF), where rules may have the forms (C' — ¢), (C' — a),(C — DE), where €
is the empty word, a is a terminal and C, D, E are nonterminals of the grammar.
A motivating idea of Clark was that a finite set V' of concepts in the monoidal
lattice B(L) gives rise to a grammar G(L, V) that defines a sublanguage of L.

Proposition 5. (c.f. Lemma 1 in [2]) Let L C X* and V C B(L) be a finite
set of concepts, here viewed as context sets C C X* x X* that are closed, i.e.
C=C®. Let G(L,V) = (X,V,P,S) be the grammar with

S ={(e )},
P={(C—w)|weXu{e,CeV,we C}
U {(C — DE)| C,D,E € V,(D°E*y C C}.

Then L(G(L,V)) C L.
Proof. By induction, one shows that if C' =* w, then w € C, and L = S<.

In suitable cases, each concept C = C* of V may be generated by a finite
subset Cy C C' (c.f. the diagnostic contexts in 3.4 of Harris[3]), i.e. C = C},
and then V is determined by a collection of subsets of a finite set F* C X* x X*
of contexts. In particular, when L does have a grammar G whose nonterminals
A define word sets L(G, A) that are the filler sets C'§ of a finite set C4 C F of
contexts, we can hope to find such a grammar G from a finite fragment £ C L
that provides each context (u,v) of F' through some word uwv € E.

The idea now is to construct from a finite set F' of contexts a finite “approx-
imation” B(L, F) of B(L) and define a variant G(L, F) of G(L,V) such that
L(G(L,F)) C L. In suitable cases, G(L, F) defines L.



Proposition 6. For sets F' C X* x X* of contexts and A C X* of words, let
AF .= A* N F. The mappings - : (P(X*),2) = (P(F),C) : -* form a Galois-
connection, i.e. for all A € P(X*) and C € P(F') we have

C‘DA < CCAF.
In particular, properties (i) — (iv) of proposition 1 hold with -¥ instead of -*.

A concept of L relative to F is a pair (A,C) of P(X*) x P(F) such that
AF = C and C? = A. In this case, A = C9 = A" is closed with respect to -f'<
and C = AF = C¥ is closed with respect to -9F

Proposition 7. Let F' C X* x X*. The set of all concepts of L relative to F
forms a complete lattice B(L,F) = (B(L,F),V,A, T, L, <), where

T = (X, o) L= (F.F)
(A1, C1)V <A2, Cy) = ((ALUA)NF CinCy)
(A1,C1) A (Ag, Co)  := (A1 N Ay, (C1UCy))
(A1,C1) < (Ag,Co) : == A} C Ay ACy D Ch.

(Notice that )" = F and ()¢ = X*.) Define an operation o : B(L, F)x B(L, F) —
B(L,F) by
(A1,C1) 0 (A2, Cy) = ((A1A2)", (CTCH)T).

Indeed, (A1 A2)F = (A142)F = (C7C5)E and (C7C5)F< = (A1 A2)F<. More-
over, o is monotone with respect to <. However, proposition 2 does not ex-
tend from ->9 to -f9 and o is not a monoid operation on B(L,F); nor is
1 = ({e}F {e}F") neutral with respect to o.

Let PF9(X*) be the set of -F“-closed word sets and P (F) the set of -<F-

closed sets of contexts from F. We sometimes use the component functions of™
on PFI(X*) and o%F on P (F) of o, defined by

Al OF<] A2 = (A1A2)F<1 and Cl OQF CQ (Cl 02) .

If F is finite, a concept (A, C) of L relative to F has a finite representation by
its closed context set C.

Lemma 1. If F C X* x X* is finite and (¢,¢€) € F, then L(G(L, F)) C L, where
G(L, F) is the CNF-grammar (V, X, P, S) with

V.={C|0#£CCF Cc¥ =y},

S = {(e. )},

P:={(C—w)|CecV,we XU{e,C Cw'},
U {(C - DE)|C,D,E€V,CC (D'EY)}.

Proof. As for proposition 5, we show by induction on the length of derivations
that if ¢ =* w, then w € C<. The claim follows from S¢ = {(e,¢)}F? =



{(e,€)}* = L. For a derivation C = DE =* uE =* uv with u,v € X*, we have,
by induction,
uv € DYE* C (DYE)f C 09,

using that - is a closure operator on P(X*), that C' C (D*E<)¥ and that -<
is antitone.

If Gy = (W1, 2, P, 51) and Gy = (Va, X, P2, S2) are CNF-grammars over X,
the mapping ~ : V73 — V5 induces a grammar homomorphism from Gy to Go, if
S; = Sy and (C — a),(C — DE) € P, for all rules (C' — a),(C — DE) € P;.
In this case, clearly L(G1) C L(Ga).

We remark that the mapping C — C induces a grammar isomorphism
from G(L,F) to G(L,V), where V.= {C® | C € Vg}, and Vg is the set of
nonterminals of G(L, F). Moreover, if (¢,¢) € F; C Fy, then C +— C<F% induces
a grammar homomorphism from G(L, F1) to G(L, Fy). It follows that L(G(L, F'))
is monotone in F', but we will not exploit this.

2.3 Grammars with the finite context property

A context-free grammar G has the finite context property (FCP), if the -><-
closure of the word set L(G, A) := {v € X* | A =, v} of every nonterminal A
of G can be defined by a finite non-empty! set C4 C X* x X* of contexts, i.e.

L(G, A = C3.

The grammar has the finite context property with respect to the context set F,
if all the above C4 are subsets of F'. Clearly, this is monotone in F', and we can
replace the Cy C F by their closures C3F, because C5f'? = C,

Lemma 2. If L has a CNF-grammar G with the FCP with respect to the finite
set F' of contexts, then G(L,F) contains a homomorphic image of G and L =
L(G(L, F)).

Proof. Suppose G = (V, X, P, S), and for each A € V, suppose L(G, A)*< = C}
for some ) # C4 C F. We can assume that C4 € P9 (F). Let G(L,F) =
(V(L,F),X,P(L,F),S(L,F)). Under A — Cj4, each rule of G is mapped to
a rule of G(L, F). If (A — BD) € P, then L(G,B)L(G,D) C L(G, A), hence
CC3 C O using proposition 2, hence C4 = C{F C (CRCH)F, and therefore
(C4 - CCp) € P(L,F). If (A — a) € P for a € XU {e}, then a € L(G, A) C
Cs, s0 Ca = C3F C af'| hence (Ca — a) € P(L, F). Moreover, S is mapped
to S(L,F) = {(e,e)}*": since L = [P = L(G, 9" = C¢ = {(,€)}7, we
have Cs = C¢ = {(e,e)}¥f = S(L,F). Thus A — Cj4 induces a grammar
homomorphism from G to G(L, F'). It follows that L = L(G) C L(G(L, F')). By
lemma 1, L(G(L, F)) C L.

! Non-emptyness of C4 is not demanded in [2], [8], but is needed for E C L in lemma
3. The stronger condition L(G, A) = C} is used in [2], [5].



The set of contexts derived from v € L resp. E C X* is

Con(v) := {(u,w) € X% x X* |30 € X" v = udw},
Con(E) := U{C’on(v) |veE}.

Lemma 3. Suppose G = (V, X, P,S) is a CNF-grammar without unnecessary
nonterminals, and L = L(G) # 0. If G has the FCP, there are finite sets E C L
and F C Con(E) such that G has the FCP with respect to F.

Proof. For each nonterminal A of G, there is a finite set of contexts C'4 # @) such
that L(G, A" = C4. Let F = |J{Ca | A € V} be the union of all C4. Since
each A € V is necessary, C§ # (), so there is v4 € X* such that vg € C. Then
Ca C Con(Cx®ua), and Cy ®vy C L is finite. It follows that F C Con(FE) for
EZU{CAQ’UA|AEV}QL.

It follows that if L has a grammar with the FCP, then in order to find one,
we can search finite subsets E of L and consider G(L, F') with F' = Con(E). We
know that L(G(L, F)) is a subset of L, and equals L when F is large. However,
to construct G(L, F') we must avoid computing infinite filler sets C¥ in order to
find the closed sets C' = CF". We need a truely finite representation of G(L, F).

3 Lattices B(K, L, F) of relativized concepts of L

Let K C Y* and F C X* x X* be word- and context sets. Put
A = A"nF, COF.=Cc'nKk, A .=ANK  CoKF .= (CcK)F,
Then A¥ and CX are monotone in F' and K, but antitone in A und C.

Proposition 8. The mappings - : (P(K),2) 2 (P(F),C) : -X form a Galois-
connection, i.e. for all A € P(K) and C € P(F) we have

CEDA «— CccCAF,
In particular,

(i) -f' and -X are antitone: A¥ O BY for all AC B C K and CX D DX for all
CCDCF,
(i) AFEE = AF gnd CKFE = CX for all AC K and C C F.
(iii) -FX resp. -KF s a closure operator on (P(K),C) resp. (P(F),C).
(iv) F': ({CE | C C F},D2) =2 ({AF | A C K},Q) : -K form an order iso-
morphism.

We call a pair (A4, C) such that A" = C and CX = A a relativized concept of L.
Let B(K, L, F) be the set of all relativized concepts of L. The components of a
relativized concept (A, C) are closed with respect to -f'% and -5, respectively,



as A = AFE and C = CK¥ | and via (ii) and (iv) one can represent a relativized
concept of L by its closed word set or its closed context set. Writing

PIE(K)={ACK|A=A""} and PKF(F):={CCF|C=CK"}

for the set of closed members of P(K) and P(F), respectively, (iv) gives an order
isomorphism
P (PPR(K), 2) = (PRF(F), )« .

Proposition 9. Let K C X* and FF C X* x X*. The set of all relativized
concepts of L forms a complete lattice B(K ,F)=(B(K,L,F),V,\, T, 1,<)
with the following operations:

T := (K,KT) 1= (07K F)
(A1,C1) V (Ag,Co) = (A1 UA)FE C1nCy)
(A1, C1) A (Ag, Co)  := (A1 N Ay, (CLUCo)EE)
(A1,C1) < (A,Cq) i <= A} CTAINCL D Cs.

When K = £*, we have CK = C<forall C C F, and B(X*, L, F) = B(L, F).
When F is finite, we want to use B(L,F) as a finite “approximation” of the
generally infinite B(L), and when K is also finite, B(K, L, F') is a finite, effective
approximation of B(L, F'). To relativize to B(K, L, F') the monoid operation o
of B(L) with its component functions o*< and o®

(A1,C1) 0 (Ag,Ca) = (A "1 Ay, C1 o™ () 1= ((A142)™7, (CTC3)7),
Clark [1] (Def. 7) defines a partial operation o on B(K, L, F) by
(A1, C1) 0 (A3, Ca) := (A1 oK Ay, C1 oFF C) = (A1 A2) " (CF C5)T),

which need not be a monoid operation. (Proposition 2 for ->¢ does not extend to
all -F'K ) Tt is only a partial operation on B(K, L, F), because although (A; Ag)F' %
is closed in P(K) and the -K-image of (C£CK)¥ | the latter need not belong to
PEE(F): CECE need not be a subset of K, whence its -f-image need not be
KFE_closed in P(F).

Moreover, the embedding (4, C) — (C<,C) from B(K, L, F) to B(L, F) need
not preserve o. However, if K is large enough, everything is fine:

Lemma 4. (c¢f. Clark[1], Lemma 6): For any L C X* and finite F C X* x X*,
there is a finite K C X* such that

(B(K7L’F)’\/7/\7J—ﬂ T? S?o) = (B(L7F)7\/7/\7T7J—5§’o)'

We detail the four line proof sketch from [1] for later reference.

Proof. First note that if C C F is closed in PEF(F), it is closed in P (F) as
well: if C = CKF | then since C9 D CK gives CF C CKF = O, s0 C = CF



as -%" is a closure operator on P(F). Therefore (A, C) — (AP C) = (C9,O)
embeds B(K, L, F) into B(L, F).

To make this embedding be onto B(L, F'), we have to choose K sufficiently
large. Recall that CK¥ is antitone in K, and CF C CXF for any C C F and
any K. If CKF ¢ C9F there is (u,v) € CEF\C¥' and hence some w € C\ C¥K
such that uwv € L, hence (u,v) ¢ CEVWHF By adding at most |CKF \ C9F|
many elements from C< to K we obtain K’ D K such that C<¥ = CK'F C CKF,
Since P(F) is finite, there is thus a finite set K C X* such that

CKF = oF, for all C C F. (6)

It follows that —: (B(K,L,F),V,A, L, T,<) ~ (B(L,F),V,A, L, T,<), and
that AFKE = AFIE = AF for any A C £* (not just for A C K). In particular,
o is total on B(K, L, F'), as for each (41,C4),(A3,C3) € B(K, L, F) we get

(A1, C1) 0 (A2, Ca) = (A1 A2)7F, (O C)T) = (A1 42) 7, (O C3)TET).
Moreover, by similar means we can achieve that
(CECEKF = (cye)HF, for all Cy,Cy C F, (7)
so that — preserves o since for each (A;,C1), (A2,Cs) € B(K, L, F), we get

(A1, Cy) BUCLF (4y Cy) = (A1 A2) TR (CFCIHT)
= (CTC)T (Cfes)T) = (CF, Cy) B BT (C3, Co).

To see (7), notice that (CFCI)F D (CYCs)F for any K, and if we have # here,
there are u € Cf\ CK and v € C5 \ CX. Adding these to K lets (CECI)F
shrink stricty. By adding at most |[(CECK)F \ (C{C5)F| many elements from
C?UCH to K we obtain K’ D K such that (CK' CE)F = (C{C5)F. Since P(F)
is finite, we can do this for all C;,Cy C F, and achieve (7).

The monotonicity properties ensure that (6) and (7) and hence B(K, L, F) ~
B(L, F) are preserved under extensions of K.

Corollary 1. For any finite F where () is not -<F'-closed, there is a finite K C
Sub(L) such that

(B(K, L’ F)’\/7 /\, J-) T? §7O) ~ (B(L, F),\/V /\7 —l—, J—; Sjo)'

Proof. For ) # C C F we have C? C Sub(L). To achieve C¥' = CKF and
(CECE)E = (C7Cs)F, only elements from C and Cf are added to K in the
above proof, so we can do with some K C Sub(L), provided () # §9F.

If ) is -*F-closed, as it often happens, there may be no finite K C Sub(L) with
PEE = (<F = (). For example, when K C Sub(L) = L # X* and F = {(e,¢)},
then 09F = () = 0, but 0XF = K = F. Also, when K C Sub(L), it may
be impossible that o ¥ is total on PX¥(F), i.e. there may be C;,Cy € PEF(F)
such that Cy o Cy = (CECI)F = () # OKF.



3.1 Clark’s learning algorithm

For finite sets K C X* and F C X* x X* with (e¢,¢) € F, Clark relativized
G(L,V) to a grammar G(K, L, F) = (V, X, P, S) where?

V:={C|CCFC=CkFy,
S = {(e,)}"",
P:={(C—w)|CecV,we XU{e,we CK}
U {(C = DE)|C,D,E €V, (DEE®)I'K C 0K},
He then shows (Lemma 2,3,4 in [2]) that L(G(K, L, F')) depends monotonically
on F' and antitonically on K O X U {e}. Theorem 1 in [2] claims that the

following algorithm identifies L in the limit, i.e. that for any oracles T and xp,
(G | n € N) gets constant at some G,, such that L(G,,) = L.

Let X be a finite alphabet and L C X", a language with a CNF-grammar with
the finite context property, be given by oracles xr : ¥* — B and T : N — X* for
recognition and enumeration of L.

Produce a sequence (G, | n € N) of CNF-grammars, where w, = T'(n):

Ey = Q), Ent1:=E, U {wn},
Ko:=XU {6}, Sub(Fnt1), if Eny1 € L(Gr), or
Fo:={(e, )}, Knr = G(Sub(Ent1), L, Fn) % Gn
Go == G(Ko, L, Fy). K, else
Con(En41), if Eny1 € L(Gr),
Fn+1 =
Fn, else

Gn+1 = G(Kn+1, L, Fn+1).

Table 1. Clark’s grammar inference algorithm

Why should (G,, | n € N) converge to a grammar for L? Call a finite set F' of
contexts adequate for L if L C L(G(K, L, F)) for every finite YU{e} C K C X*.
By lemma 3, there is some F' such that L C L(G(L, F)). Then any F,, D F is
adequate for L, since G(L, F) = G(X*,L,F), and L(G(K, L, F)) is monotone
in F' and antitone in K C X*. So one would first like to show:

(Fy, | n € N) gets constant in some F), that is adequate for L,
so that L C L(G(K,, L, F,,)) for all m, and then show:

(K, | n € N) gets constant in some K,, such that L = L(G(K,,, L, F},)). (8)

2 We omit a size bound f on a generating subset for the CX¥ in the definition of V,
which only serves to bound |G(K, L, F)| by a polynomial in |K| and |F|.



To achieve (8), Lemma 5 in [2] claims:
For any L and F, there is K C X* such that L(G(K,L,F)) C L. (9)

The proof sketched in [2] only works for the infinite set K = X*, but the claim
is needed with finite K C Sub(L) in the grammar inference algorithm. However,
this strengthening of (9) is wrong:

Ezample 1. There is a language L C X* and a finite set of contexts F' with
L(G(K,L,F)) L L, for all finite K such that X' U {e} C K C Sub(L).

Let X = {a}, F = {(e,€)}, L = {€,a}. The only finite set K with Sub(L) D K D
SU{e}is K = L.

(i) The set V of closed elements of P(F) contains F, since F' C FKF is maximal
in P(F). Since FX ={k € K |¢kec L} = KNL=Landa€ L, (F — a)
is a non-branching rule of G(K, L, F).

(ii) To see that (FF — FF) is a branching rule of G(K, L, F'), notice that since
LL ¢ L, we have (FEFK)E = (LL)F = 0, so (FEFE)IE = K = K =
L=FXK,

Since F is the start symbol of G(K, L, F), it follows that aa € L(G(K, L, F))\ L.
This grammar, extended by the rule F' — ¢, is G, so L C L(Gy) and K; = K,
F, = Fy, and Gy = G(K, L, F1) = Go. By induction, (G, | n € N) gets constant
in Gy, a grammar that does not define L.

3.2 Correcting Clark’s algorithm

Example 1 shows that Clark’s condition (DX EX)FE C CK in branching rules
of G(K,L,F) is too permissive. For concepts C, D, E, being a branching rule
(C — DE) of G(L,V) amounts to any of the equivalent conditions DYE< C
C?, (DUE)"? C C? or C C (D?E")>. These are no longer equivalent in the
relativized situation; for concepts C, D, E relativized to K, F we only have

DEEK ccKk — cCcc(DFEXYY — (DEKEK)FK c X,

Though ¥ is a closure operation on P(K), we may have DX EX ¢ (DK pK)FK
when DX EX ¢ K. We modify the definition of G(K, L, F) by replacing the con-
dition (DX EE)FE C CK by the stronger condition® C C (DX EX)F. Moreover,
we exclude the empty context set from the nonterminals.

Definition 1. Let K,L C X* be arbitrary sets of words, and F C X* x X* q
finite set of contexts such that (e,€) € F. Then G(K, L, F) is the binary grammar

3 Tt excludes (FF — FF) in example 1, where F' € (FXF¥)F = (). The weaker C C
(DX EX)FEE i5 equivalent to Clark’s (D¥ EF)FX C C¥.



(V, X, P, S) where

V.={C|0#CCF CKl' =0}
S = {(e, )},
P:={(C—w)|CcV,we XU{e},C Cw’}

U {(C - DE)|C,D,EcV,CC (DEEXF}.

Note that for C = CKF | the condition C C w¥ is equivalent to w € CX. When
K and F are finite, we can determine V, S and P from a decision algorithm
for membership in L. To determine V', we need to know (F ® K) N L, and to
determine P, we need to know (F® KK)N L.

Our conditions C' C w* for non-branching rules (C' — w) and C C (DX EX)F
for branching rules (C' — DE) of G(K, L, F') are monotone in F' and antitone in
K. Yet, as pointed out by R. Yoshinaka*, L(G(K, L, F)) is neither monotone in
F nor antitone in K. The reason is that for £} C F5, say, the set V; of nontermi-
nals of G(K, L, F1) is not a subset of the set V5 of nonterminals of G(K, L, Fy),
and the embedding *: Vi — V5 given by C := CX¥2 gives C' C C and hence can
lead from C' C (DEKEX) to C ¢ (DX EX)™ and does not induce a grammar
homomorphism.

Before presenting a correction of Clark’s algorithm, let us recapitulate his
idea. A finite amount of positive information £ C L about L gives a finite
set F' = Con(E) of contexts and, through B(L, F'), a grammar G(L, F) of a
sublanguage of L. If F is big enough, G(L, F') defines L. Each F and each
finite K C X* provide, through the finite B(K, L, F), a grammar G(K, L, F)
whose language is monotone in F' and antitone in K. If F' is big enough, L C
L(G(K,L,F)), and if K is big enough, one has B(L, F') ~ B(K, L, F), in which
case G(K, L, F) is G(L, F') and defines L. Thus, when E € L(G(K, L, Con(E))),
one needs to increase E, and otherwise one should keep F' = Con(E) fixed and
increase K to make it big enough.

Since the input to the inference process consists of positive information about
L only, we cannot use lemma 4 directly to get B(K, L, F) ~ B(L, F), but need
a refinement with K C Sub(L) instead of K C X*. (We get no clue on which
K ¢ Sub(L) would satisfy 0 = 09" = 0EF so we exclude () resp. T from
the nonterminals.) Moreover, it will in general be impossible to define L with
G(K,L,F) where K = Sub(E) and F = Con(E) for some finite E C L; we
may need a finite K with Sub(E) C K C Sub(L). So we have to switch between
increasing F' on the one hand and increasing K while keeping F fixed on the
other. Finally, of course we cannot explicitly test whether F' is big enough so that
L = L(G(L, F)), or whether K gives B(K, L, F) ~ B(L, F'). We need computable
substitutes for such tests.

We say that (PEF(F), ofF) and (P (F),o) almost agree, in symbols:
(PEF(F), oy = (PF(F), 09 if for all non-empty C,Cy,Cy C F,

CEF = and Oy ofF €y =y 0 O,

4 Personal communication, February 2013



Like (6) and (7) in the proof of lemma 4, this property is monotone in K; but
now we only consider non-empty subsets of F'.

Lemma 5. Let F C X* x X* and K C Sub(L) be finite, and (¢,¢€) € F.

(i) There is a finite K C K C Sub(L) with (PXF(F),oKF) = (P (F),0%F).
(ii) If (PEE(F), ofF) = (P (F), 0%, then G(K,L,F) = G(L, F).

Proof. (i) We need to satisfy the restrictions of (6) and (7) to non-empty sets
C,C1,Cy C F. As the proof of lemma 4 shows, we have to extend K by elements
of C9,CY, C4, and these are subsets of Sub(L) when C, Cy, Cs are non-empty.

(ii) Since (PEF(F),okF) and (P9 (F),0%) almost agree, G(K, L, F) and
G(L, F) have the same nonterminals, start symbols, and non-branching rules
and branching rules.

Although (P<F(F), D, 0% is a finite structure, we generally cannot compute
it, given an oracle for membership in L, because possibly infinite word sets C<
are involved. So we cannot test whether (PXF(F) ofF) almost agrees with
(P(F), o). Nor can we test whether G(K, L, F) equals G(L, F'). But we can
test the following weaker property, which however is not monotone in K.

We say ofF' is almost total on PEF(F), if for all non-empty Cy,Cy €
PEF(F), C1 ofF Cy belongs to PEF(F) U {}. Using an oracle for member-
ship in L one can check whether o®¥" is almost total.

Proposition 10. The following conditions are equivalent:

(i) For all non-empty C C F, CKF' = CF,
(i) PEE(F)\NA{O} = Pr(F)\ {0}

Proof. (i) = (ii): We have PXF(F) C P (F), since for all C C F, we have
CK C C9, hence C C C¥ C CKX¥ and when C € PKF(F), we also have
CEF C (C. Now suppose C' € P (F)\ {0}. Then § # C = C*F, so by (i)
CKF = CF = C, whence C € PEF(F)\ {0}.

(ii) = (i): Assume () # C C F. Then by (ii), 0 # CF € P¥(F) C PEF(F),
SO CKF - (C<1F)KF — C<1F C CKF.

Proposition 11. Let F C Y* x ¥* and K C X*. If (PEKE(F),o8F) and
(P<E(F), 0%y almost agree, then oXF is almost total on PXF(F).

Proof. Suppose C1,Cy € PEF(F) are nonempty, and (C; o®¥ C5) # (). Then
15T Oy = 0107 Cy = (GIC5)" = (GFC5)7°F = (CRO3)FEF = (CroRT o)
and so (Cy o Cy) € PEF(F).

Lemma 6. Suppose F' C X* x X* is finite with (¢,€) € F and L C X* has a
CNF-grammar G with the FCP with respect to F. If X U{e} C K C X* is finite
and o®F is almost total on PXY(F), then L C L(G(K, L, F)).



Proof. By assumption, for each nonterminal A of G there is a finite set () #
Ca C F with L(G, A = C3. We show that A — CK¥ induces a grammar
homomorphism from G to G(K, L, F). For each nonterminal A of G, ) # CKF

is -KF_closed, hence a nonterminal of G(K, L, F). Let (A — DE) be a rule of G,
so C4 2 CY{Cx, using proposition 2. Then

0 #Ca € CYF C(CHOE)T C (CECE)T = (CETNCET )T = CET ok T T

f.KF

By monotonicity o and since o ¥ is almost total on PE¥(F), we get

CEF C (CgF OKF C«gF)KF c CgF oKF CgF,

and so (CKF — CEFCEF) is a rule of G(K, L, F). Likewise, let (A — a) be
a rule of G. Then a € L(G,A)NK C C{NK = Cf, SO CffF C ¥, and
(CXT — a) is arule of G(K, L, F). Hence, if A =5 w, then C{ " =5, | gy w.
We may assume that Cs = {(¢,€)}, as C¢ = L = {(,€)}* = {(€,€)}¥'7 since
(€,€) € F. Then CET = {(e,e)}F is the start symbol of G(K, L, F'), and we
have L = L(G) C L(G(K, L, F)).

The idea for the corrected grammar inference is as follows. Start with F' =
{(e,€)} and consume increasing finite subsets E of L until K = Sub(E) makes
ofF almost total. We find such a K by lemma 5 and proposition 11. If then
E ¢ L(G(K, L, F)), we know by lemma 6 that L does not have a grammar with
the FCP with respect to F' (i.e. “F' is not adequate for L”). So we update F' to
Con(E) and repeat this process, until we have K C Sub(L) where o®¥" is almost
total and F C L(G(K, L, F)). Then we keep F fixed and increase E and K until
o is almost total, and check if E C L(G(K, L, F)). If we no more run into
the case E € L(G(K, L, F)) where F is increased, we exhaust the finite subsets
K of Sub(L) and hence reach G(K,L,F) = G(L,F) by lemma 5; since this is
monotone in K, the grammar G(L, F') is the limit grammar. Then on the one
hand, E C L(G(K,L,F)) = G(L, F) for all finite E C L, hence L C L(G(L, F)),
and on the other hand L(G(L,F)) C L.

Since L has a grammar with the FCP, after finitely many updates of F =
Con(E) it has a grammar with the FCP with respect to F'. Then by lemma 6,
L C L(G(K, L, F)) for all K where o®¥" is almost total, and so we do not run
into the case F ¢ L(G(K, L, F)) any more.

Theorem 2. If () # L C X* has a CNF-grammar with the finite context prop-
erty, then the algorithm of table 2 identifies L in the limit, i.e. for the sequence
(G | n € NY of grammars produced for any membership oracle and enumeration
of L, there is m such that L(G,,) = L and G,, = G, for alln > m.

Proof. Let G be a grammar for L with the FCP. We may assume that G has
no unneccesary symbols. By lemma 3, G has the FCP with respect to some
F C Con(FE) for some finite £ C L.
Claim 1 The sequence (F,, | n € N) gets constant at a finite F, C Con(L).
Proof of Claim 1: By induction, F,, C F,, 11 C Con(FE,11) for all n. Assume
that (F,, | n € N) does not get constant. Then neither do (E,, | n € N) nor (K, |



Let X be a finite alphabet and § # L C X*| a language with a CNF-grammar with
the finite context property, be given by oracles xr : Y* - Band T : N — X* for
recognition and enumeration of L.

Produce a sequence (G | n € N) of CNF-grammars, where w, = T'(n):

Ey =0, Eny1:=E, U {wn},

Ko := X U {e}, Knt1 := Sub(Fnt+1) U Ko,

Fo :={(¢€)}, G(Kni1,L, F,)  if offn+1f g

Go := G(Ko, L, Fy). Gt = almost total,
Gn, else,
Con(En41) if Ent1 € L(Gry1) and

Foy = ofn+1Fn j5 almost total,

F,, else.

Table 2. Grammar inference algorithm

n € N), and there are infinitely many n such that F,, C F,,11 = Con(E,11). Letn
be one of those. Then of=+1F% is almost total and hence G, 11 = G(Kp11, L, F},).
We may assume that F' C F, 11, so G has the FCP with respect to Fj, ;1.

Since (F,, | n € N) does not get constant, there is a least m > n + 1 such
that ofm+1Fm is almost total, and then

Gmy1 = G(Kmi1, L, Fr) = G(Kg1, Ly Frga).

By lemma 6, L C L(G(Kp+1, Ly Frut1)) = L(Grut1), 80 Epyp1 € L(Gipy1) and
Foy1 = F,, = Fyp1. Let m be the least K > m 4+ 1 such that oFu+1Fk ig almost
total. Then Gy, = Goy1, Finy = Finp1 = Fr41 and

Gis1 = G(Kpq1, L, F) = G(Kpq1, L, Frya).

Since offm+1F%m is almost total, we also have Ej41 C L C L(Gsa41), again by
lemma 6, so Fs41 = Fis = Fip1. By induction, Fiz11 = Fipq forall m >n+1
where ofm+1Fm is almost total, hence for all /7 > n + 1. This contradicts the
assumption that (F), | n € N) does not get constant.

Claim 2:1f (F, | n € N) converges to Fj, then (G, | n € N) converges to
G(L,Fz) and L = L(G(L, Fy)).

Proof of Claim 2: Suppose (F,, | n € N) converges to Fy. By lemma 5 there
is some finite K C Sub(L) such that

<PKFﬁ (Fﬁ)’oKFﬁ,> = <7j<1Fﬁ (Fﬁ)704Fﬁ>' (10)

Since (10) is monotone in K and (K, | n € N) is non-decreasing and majorizes
all finite subsets of Sub(L), there is my > 7 such that for all m > my,

(PRn 173 (F), ofmt1F) = (PP (Fy), 0%,



By lemma 11, ofm+1F% — oKm+1Fm ig almost total for m > mg. Therefore

an+1 = G(Km_i_l,L,Fﬁ) for all m Z myo, and G(Km+1,L,Fﬁ) = G(L7Fﬁ,) by
lemma 5. So (G,, | n € N) gets constant in G(L, Fy).

We have L(G(L, Fy)) C L by lemma 1. Suppose L € L(G(L, Fy)), and pick
w € L\ L(G(L, Fy)). Since (E,, | n € N) majorizes every finite subset of L, for
some m > mg we have EU{w} C E,,41 € L(G(L, Fy)) = L(G(Kp41, L, Fip).
Then F; = Fq1 = Con(Epm+1) 2 Con(E) 2 F. So the given G has the FCP
with respect to Fy. Then L C L(G(Kpm+1, L, Fin)) = L(G(L, Fy)) by lemma 6,
in contradiction to the assumption.

The proof does not rely on whether L(G(K, L, F)) is monotone in F or
antitone in K. In Appendix 2 we show how a grammar for the Dyck language
of well-bracketed strings is correctly inferred.

To obtain polynomial update complexity, we need to limit the number of
concepts. A grammar has the f-finite context property (f-FCP), if for each of its
nonterminals A there is a set C4 of contexts such that A> = C'{ and |Cy| < f,
where f > 1. Restrict the algorithm of table 2 to languages having a grammar
with the f-FCP, and to build the hypotheses G,,, use grammars Gf(K, L, F)
defined like G(K, L, F'), but whose nonterminals are non-empty elements from
PrE(F) == {CKF | C C F,|C| < f}. Then the algorithm has polynomial update
time, i.e. the number of steps to generate the hypothesis grammar G,, is bounded
by a polynomial in |E,| and max{|w| | w € E,}.

First observe that the number of steps to compute G (K, L, F') from K and
F is bounded by a polynomial in |K| and |F|. Clearly, P{*¥ (F) is of size O(|F|%)
and its elements can be represented in a trie of bitvectors of length |F|. For each
C C F with |C| < f we need O(f|K||F|) membership queries to determine
CEFE and |F| steps to insert it into the trie. Likewise, for Cy,Cy € ’P]‘f(F(F)
we can compute C; ofF Cy and check if it belongs to P;{F(F) in O(|K|?|F))
steps. Therefore, we can compute (PfF(F),o%") and check if o®* is almost
total on P;{F(F) in O(|K|?|F|?+1) steps. If ofF is almost total, we can read

oft Gy(K, L, F) from (PfF(F),o%F) in O(|V]’|F|) = O(|F[*/*1) steps.

Next, let e = |E,,+1| and m be the maximal length of words in E,, ;1. Then
Sub(E,+1) and Con(E, ;1) are determined in O(em?) steps, so K, 11 and F,, C
Con(E,,) are of size O(em?), and Gp41 = G¢(Kpn+1, L, F,) is polynomial in e
and m. Finally, to determine F,, 11, we must check whether E,+1 € L(Gp41),
which can be done in time polynomial in e and m using a CYK-recognizer ([6]).

4 Conclusion

We have pointed out that Clark’s grammar inference algorithm may converge
to a grammar for a superset of the intended language. We modified Clark’s
grammars G(K, L, F'), replaced major parts of the reasoning for the inference
process, and provided proofs of the correctness of the algorithm. We have thus
shown that one can learn a grammar for L, if L does have a CNF grammar



with the finite context property, and can do so in the framework of relativized
syntactic concepts of L. Some experts seemed to think this was impossible®, as
[2] and [8] rely heavily on the (anti)monotonicity of L(G(K, L, F')) in (K)F.

Yoshinaka’s[8] “dual” approach uses grammars H (K, L, F) that differ from
our G(K, L, F) by admitting arbitrary C' C F as nonterminals in order to make
L(H(K,L,F)) monotone in F' and antitone in K. This simplifies the reasoning,
but leads to a limit grammar with many “copies” of the same rule.

If we consider syntactic concepts of L as the only linguistically relevant no-
tions to be used in describing L, we would like to do syntactic analysis in terms
of “concept arithmetic”, i.e. using B(L) rather than P(X*). It remains to be
developed what this amounts to, in particular when L is not context-free.

Appendix 1

For completeness, we here provide a proof of the basic properties of Galois-
connections.

Lemma 7. Let f : (A,<?) = (B,<8) : g be a Galois connection, i.e. (A, <4)
and (B, <PB) are partial orders, and for alla € A and b € B

gb<ta = b<P fa. (11)
Then the following hold:

(i) go f is shrinking and f o g is extending, i.e. g(fa) <* a and b <B f(gb) for
alla € A)b € B.

(ii) f and g are monotone., i.e. fa <P fa' for a <A o', and gb <4 g/ for
b<Buy.

(iii) fogof=/andgofog=g.

iv) go f is a closure operator on (A,>4) and f o g is a closure operator on

(iv) go f g
(B, <P).

(v) ({gb|be B},<?) and ({fa|a € A}, <B) are isomorphic partial orders.

Proof. (i) From fa <B fa and (11) we get g(fa) <* a, and from gb <4 gb and
(11) we get b <B f(gb).

(i) For a <4 a’ we get g(fa) <4 o’ by (i), and with (11) then fa <? fa'. Hence
f is monotone. Likewise for g: From b <Z v/ and b’ <P f(gt’) of (i) we get
b <P f(gb'), so gb < gb' by (11).

(iii) fogo f = f: By (i) we have g(fa) <4 a and by (ii) f is monotone, so
f(g(fa)) <B fa.For b= fain (i) we get fa <P f(g(fa)), so in combination
we have f(g(fa)) = fa.
gofog = g: By (i) we have b <B f(gb), and by (ii) g is monotone, so
gb <4 g(f(gb)). For a = gb in (i) we get g(f(gh)) <* gb. Taken together,
this gives g(f(gb)) = gb.

5 Ryo Yoshinaka: “I am afraid relativized lattices do not have quite a right property
to base on for learning.”, personal communication, February 2013



(iv) By (i), b < f(gb), so f o g is extending. Since by (ii) g and f are monotone,
so is fog. By (iii), fogo fog= fog, so fog is idempotent. It follows that
fogis a closure operator on (B, <B).

Since g o f is shrinking with respect to <4, it is extending with respect to
>4 As f and g are monotone with respect to <4 and <?, go f is monotone
with respect to <4, hence also with respect to >4. By (iii), go fogo f = go f,
so g o f is idempotent. Thus, it is a closure operator on (A4, >4).

(v) Let g(B) = {gb | b € B} be the set of “small” elements of A and f(A) =
{f(a) | a € A} be the set of “large” elements of B. Then

feg(B), <) = (f(4),<7) g

is a pair of order preserving embeddings. Moreover, g : f(A) — ¢g(B) is
the inverse of f : g(B) — f(A), since by (iii) for each b € B we have
F(g(b)) € F(A), and g(f(g(b)) = g(b). Likewise is f : g(B) — f(A) the
inverse of g : f(A) — g(B).

Appendix 2

Example 2. Let L be the Dyck-language of well-bracketed strings over the al-
phabet X' = {a,b} of opening bracket a and closing bracket b, given in the
enumeration L = {wy,ws, w3, wy,...} = {ab,aabb,abab,¢,...}. To determine
G(K,L,F) = (V,%,P,S), we compute V = PEF(F)\ {0} and X ok Y =
(XEYE)E for X,Y € V. Then we need to check if o is almost total and
compute the next grammar and context set.

n=0: By =0, Ko = {¢,a,b}, Fo = {(¢,€)}. To determine Gy = G(Ky, L, Fy)
= (Vo, X, Py, Sp), we compute Vo = PEoFo(F)\ {0} and XoFoFoY for XY € Vj.

C C F()‘CKO CKoFOHVO

-
— X Koy Ko|(e, €) X ofoFo ¥ | (e, €)
P Y R S o i cr

Hence, So = L and Py = {1 — L1 | e}, as L C (LoFofo 1) | C | =l
and L Z () = af®o = bfo,
n = 1: We have Fy = {ab}, K; = {¢,a,b, ab}, and

C C Fo‘ oS! CKIFDHVl
0 K, 0 |-
(e,€) le+ab (e€) || L

Since (e,¢€) = (e,¢)K170) oF1%0 i almost total, hence Gy = G(K1, L, Fp) has
Si=_Lland Py ={L —e€| LLl}. So E; € L(G1) = {e} and F; = Con(E,) =
{(e,€), (e,0), (a,€), (a,b), (€, ab), (ab, ) }

XKy K (€,¢€) X K10 Y |(e, )
€ Jrabr@? @d @




n = 2: We have Fy = {ab, aabb} and K> = {¢,a,b, ab, aa, bb, aab, abb, aabdb}.

CCF CK: CcH:=h1 Vs

0 K 0 -

(¢, ¢€) €+ ab + a?b? (¢,€) + (a,b) + (e,ab) + (ab, €)|| —
(,b) a+ab (,b) A T

(a,¢) b+ ab? (a,€) B / T ’\

a,b) €+ ab + a?b? (,¢) + (a,b) + (e,ab) + (ab, €)|| — A D

(e, ab) €+ ab+ a?b? (¢,¢) + (a,b) + (e,ab) + (ab, €)|| —

(ab,¢) €+ ab + a?b? (¢,€) + (a,b) + (e,ab) + (ab, €)|| —

(e,€) + (a,b) |e+ ab+ a?b? (e,€) + (a,b) + (¢,ab) + (ab, €)||—
(e,€) + (a,b) |e+ab+ a?b? (e,€) + (a,b) + (e, ab) + (ab, €)|| D |

+(e,ab) + (ab,€)
. 0 F _
Fl @ F1 1

For XK2Y K2 and X of2f1 Yy = (X K2y E2)F1 we obtain

XKy K2 A B D 1
A a® + a3b ab + a?b? a?b + a®b? 0
+a%ba + aba?b +a’bab? +a%bab + a2bab?
B ba + ba?b b2 + bab? bab + ba?b? 0
+aba + ab®a?b | +abd + ab?ab?® |+ab’ab + ab’a’b?
D aba + aba?b ab? + abab? (ab)? + aba?v? |0
+a?b%a + a?b?a’b|+a*b® + a?bab?|+a?b?ab + (a?b?)?
L 0 0 0 0
and
o2F| A [B|D|L
A 0 |D|A|L
B |(a,b)|0|B|L
D A |B|D|L
1 1 L)Ll

Since (Bo®2F1 A) = (a,b) # (a, b)K2F1, oX2F1 js not almost total. Hence Gy = G
and FQ = Fl.



n = 3: We have E3 = {ab,a?b?,abab}, K3 = {¢,a,b, ab, aa, bb, ba, a*b, ab?,
aba, bab, a®v?, (ab)?}.

CCh CKs CKsFy V3

0 K, 0 -

(e,€) €+ ab+ a?b? + (ab)? (e, €) + (a,b) + (¢,ab) + (ab,€)|| —

(e, ) a+ a®b + aba (&, b) A

(a,¢) b+ ab® + bab (a,¢) B

a,b) € + ab + a?b? + ba + (ab)? (a,b) E

(e, ab) €+ ab+ a?b? + (ab)?  (e,€) + (a,b) + (¢,ab) + (ab,€)|| —

(ab,€) €+ ab+ a?b? + (ab)? (e, €) + (a,b) + (¢,ab) + (ab, €)|| —

(e,€) + (a,b) €+ ab+ a?b? + (ab)?  (e,€) + (a,b) + (¢,ab) + (ab,€)|| —

(e,€) + (a,b) €+ ab+ a?b? + (ab)?  (e,€) + (a,b) + (¢, ab) + (ab,€)|| S
+(e,ab) + (ab,€)

. 0 £ _

Fl (Z) F1 1

This leads to the following lattice B(L, F}), where the operation o®3%1 is almost
total on PEs1(Fy):

.
/T\\ osFi| A|B|E|S| L
A [0|S|AA[L
4 B B B |E|0|0|B|L
f £ |0BEEL
g s |AlB|E|S|L
T I nnnn

L

We get € = (¢,€) + (a,b) + (ab,€) + (e, ab) = S, af* = (¢,b) = A, bI* = (a,¢e) =
B, S5 =5, and

A—a|AE | AS| SA,
B—b|BS|EB|SB,
E—¢|AB|BA|EE| ES,| SE| SS,
S—e¢|AB|SS

Py =

where we omitted rules for L, like 1 — AL, since® L is not reachable from S,
whence | is an unnecessary symbol. This is a grammar for L.

Since the inferred grammars contain all rules that are “correct” with respect
to B(L, F), the grammars often may be simplified by omiting some rules.
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