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Abstract. We consider nonatomic network games with one source and
one destination. We examine the asymptotic behavior of the price of
anarchy as the inflow increases. In accordance with some empirical ob-
servations, we show that, under suitable conditions, the price of anarchy
is asymptotic to one. We show with some counterexamples that this is
not always the case. The counterexamples occur in very simple parallel
graphs.

1 Introduction

The analysis of network routing costs and their efficiency goes back at least to
Pigou [23], who, in the first edition of his book introduces his famous two-road
model. Wardrop [30] develops a model where many players (vehicles on the road)
choose a road in order to minimize their cost (traveling time) and the influence
of each one of them, singularly taken, is negligible. He introduces a concept of
equilibrium that has become the standard in the literature on nonatomic network
games.

When travelers minimize their traveling time without considering the nega-
tive externalities that their behavior has on other travelers, the collective out-
come of the choices of all travelers is typically inefficient, i.e., it is worse than
the outcome that a benevolent planner would have achieved. Various measures
have been proposed to quantify this inefficiency. Among them the price of anar-
chy has been the most successful. Introduced by Koutsoupias and Papadimitriou
[15] and given this name by Papadimitriou [21], it is the ratio of the worst social
equilibrium cost and the optimum cost. The price of anarchy has been studied
by several authors and interesting bounds for it have been found under some
conditions on the cost functions.

Most of the existing results about the price of anarchy consider worst-case
scenarios. These results are not necessarily helpful in specific situations. In a
nice recent paper O’Hare et al. [20] show, both theoretically and with the aid of
simulations, how the price of anarchy is affected by changes in the total inflow
of players. They consider data for three cities and they write

In each city, it can be seen that there are broadly three identifiably distinct
regions of behaviour: an initial region in which the Price of Anarchy is one; an



intermediate region of fluctuations; and a final region of decay, which has a simi-
lar characteristic shape across all three networks. The similarities in this general
behaviour across the three cities suggest that there may be common mechanisms
that drive this variation.

The core of the paper by [20] is an analysis of the intermediate fluctuations.
In our paper we will mainly look at the asymptotic behavior of the price of
anarchy. We consider nonatomic congestion games with single source and single
destination. We show that for a large class of cost functions the price of anarchy
is, indeed, asymptotic to one, as the mass of players grows. Nevertheless, we can
find counterexamples where its lim sup is not 1 and it can even be infinite.

Contribution The goal of this paper is twofold. On one hand we provide some
positive results that show that under some conditions the price of anarchy of
nonatomic network games is indeed asymptotic to one. On the other hand, we
present some counterexamples where the lim sup of the price of anarchy is not
one.

In particular, first we show that, for any single-source, single-destination
graph, the price of anarchy is asymptotic to one whenever the cost of at least
one path is bounded. Then we move the analysis to parallel graphs and we show
that in this class the price of anarchy is asymptotic to one for a large class of
cost functions that we characterize in terms of regularly varying functions (see
[3] for properties of these functions). This class of cost functions includes affine
functions and cost functions that can be bounded by a pair of affine functions
with the same slope.

Counterexamples can be found where the behavior of the price of anarchy is
periodic on a logarithmic scale, therefore its lim sup is larger than one both as the
mass of players grows unbounded and as it goes to zero. In another counterex-
ample the lim sup of the price of anarchy is infinite. A further counterexample
shows that the price of anarchy may not converge to one even for convex cost
functions. What is interesting is that all the counterexamples concern a very sim-
ple parallel graph with just two edges. Therefore the bad behavior of the price
of anarchy depends solely on the costs and not on the topology of the graph.
This is in stark contrast with the results in [20], where the irregular behavior of
the price of anarchy in the intermediate region of inflow heavily depends on the
structure of the graph.

Related literature Wardrop’s nonatomic model has been studied by Beck-
mann et al. [2] and many others. The formal foundation of games with a con-
tinuum of players came with Schmeidler [29] and then with Mas Colell [17].
Nonatomic congestion games have been studied, among others, by Milchtaich
[18,19].

Various bounds for the price of anarchy in nonatomic games have been
proved, under different conditions. In particular Roughgarden and Tardos [26]
prove that, when the cost functions are affine, the price of anarchy in nonatomic
games is at most 4/3, irrespective of the topology of the network. The bound



is sharp and is attained even in very simple networks. Several authors have ex-
tended this bound to larger classes of functions. Roughgarden [24] shows that if
the class of cost functions includes the constants, then the worst price of anarchy
is achieved on parallel networks with just two edges. In his paper he considers
bounds for the price of anarchy when the cost functions are polynomials whose
degree is at most d. Dumrauf and Gairing [8] do the same when the degrees of
the polynomials are all between s and d. Roughgarden and Tardos [27] provide a
unifying result for the class of standard costs, i.e., costs c that are differentiable
and such that zc(z) is convex. Correa et al. [5] consider the price of anarchy
for networks where edges have a capacity and costs are not necessarily convex,
differentiable, or even continuous. In [7] they reinterpret and extend these results
using a geometric approach. In [6] they consider the problem of minimizing the
maximum latency rather than the average latency and provide results about the
price of anarchy in this framework. The reader is referred to [28,25] for a survey
of the literature.

Some papers show how in real life the price of anarchy may substantially
differ from the worst-case scenario, [31,16]. The papers Gonzalez Vay4 et al. [12]
deal with a problem of optimal schedule for the electricity demand of a fleet of
plug-in electric vehicles. Without using the term, they show that the price of
anarchy goes to one as the number of vehicles grows. Cole and Tao [4] study
large Walrasian auctions and large Fisher markets and show that in both cases
the price of anarchy goes to one as the market size increases. Feldman et al. [10]
define a concept of (A, u)-smoothness for sequences of games, and show that the
price of anarchy in atomic congestion games converges to the price of anarchy of
the corresponding nonatomic game, when the number of players grows. [22] and
[14] perform sensitivity analysis of Wardrop equilibrium to some parameters of
the model. Closer to the scope of our paper, Englert et al. [9] examine how the
equilibrium of a congestion game changes when either the total mass of players
is increased by e or an edge that carries an € fraction of the mass is removed.
For polynomial cost functions they bound the increase of the equilibrium cost
when a mass ¢ of players is added to the system.

2 The model

Consider a finite directed multigraph ¢ = (V| E), where V is a set of vertices
and F is a set of edges. The graph G together with a source s and a destination ¢
is called a network. A path P is a set of consecutive edges that go from source to
destination. Call &2 the set of all paths. Each path P has a flow zp > 0 and call
x = (xp)pew- The total flow from source to destination is denoted by M € R,.
A flow x is feasible if Zpeg,o:p = M. Call %) the set of feasible flows. For
each edge e € FE there exists a cost function c.(-) : Ry — Ry, that is assumed
(weakly) increasing and continuous. Call ¢ = (¢.)ccp. This defines a nonatomic
congestion game I'ny = (¢4, M, ¢). The number M can be seen as the mass of
players who play the game.



The cost of a path P with respect to a flow « is the sum of the cost of its
edges: cp(x) = Y cp Ce(Te), where

Te = E rp.

Pe:
ecP

For each flow x define the social cost associated to it as

C(x) := Z xpep(x) = Z ZeCe(Te).

pPez eclk

A flow o* is an equilibrium flow if for every P, Q) € & such that 2}, > 0 we
have cp(x*) < co(x*). Call &(I'n) the set of equilibrium flows in Iy and define
WEq(I'y) = maxgee(r,) C(x) the worst equilibrium cost of I'y. Actually, in
the present setting the cost C'(x*) is the same for every equilibrium x* (see [11]).

A flow z is an optimum flow if C(x) = mingeg,, C(x). Call O(I'y) the
set of optimum flows in I'yy and define Opt(Iy) = C(x), for T € O(I'y) the
optimum cost of I'y;.

The price of anarchy of the game Iy, is defined as

_ WEq(I'm)

PoA(I'y) := Opt(I

We will be interested in the price of anarchy of this game, as M — oo. We will
show that, under some conditions, it is asymptotic to one. We call asymptotically
well behaved the congestion games for which this happens.

3 Well behaved congestion games

3.1 General result

The following general result shows that for any network the price of anarchy is
asymptotic to one when at least one path has a bounded cost.

Theorem 1. For each path P € &2 denote

cp = Z e’ with ¢ = lim c.(2)

Z—r00
ecP

and suppose that B := minpe o ¢ is finite. Then, limps_,oo POA(I'y) = 1.
Proof. Let * be an equilibrium for I'y;. Then if 23 > 0 we have

cp(x™) = ggécQ(m*) < gélgz cg =B

and therefore

WEq(Iy) = 3 apep(z®) < Y apB=MB.
pPez prPe>



It follows that
MB

< AN T\

~ Opt(I'y)

so that it suffices to prove that Opt(I'y)/M — B. To this end denote A(Z?) the
simplex defined by y = (yp)pee > 0 and ) p. 5 yp = 1, so that

PoA(I'y)

1
— Opt(I'y) = min x—PCP(w)
M TEF )\

Pew

= min ypcp(My).
ol e
Denote @r(y) = > pepypcp(My). Since the cost functions c.(-) are non-
decreasing, the family @;(-) monotonically increases with M towards the limit

function
Doo(y) = Y., ypcP.
PeP:yp>0

Now we use the fact that a monotonically increasing family of functions epi-
converges (see [1]) and since A(Z?) is compact it follows that the minimum
minge () Par(y) converges as M — oo towards
min @ .
Ve A () 0 (Y)
Clearly this latter optimal value is B and is attained by setting yp > 0 only on
those paths P that attain the smallest value ¢ = B, and therefore we conclude

1
— Opt(I'y) = min & B
i pt(Iar) i m(y) — B,

as was to be proved. a

3.2 Parallel graphs

In this section we examine the asymptotic behavior of the price of anarchy when
the game is played on a parallel graph.

Let 4 = (V, E) be a parallel graph such that V' = {s,t} are the vertices and
E = {e1,e2,...,e,} are the edges, as in Figure 1. For each edge e; € F the
function ¢;(+) represents the cost function of the edge e;. Call I'yy = (4, M, c)
the corresponding game. In the whole section we will deal with this graph.

Adding a constant to costs First we prove a preservation result. We show
that if the price of anarchy of a game converges to 1, then adding positive
constants to each cost does not alter this asymptotic behavior.

Theorem 2. Given a game I'yy = (9, M, ¢) and a vector a € [0,00)", consider
a new game I'$ (4, M,c*), where

() = a; + ¢;().

If ¢;(+) s strictly increasing and continuous, lim, o, ¢;(x) = oo for all e; € E,
and limps_,o0 POA(I'n) = 1, then limps_ oo POA(I'Y) = 1.



Fig. 1. General parallel network.

Regularly varying functions

Definition 3. Let § > 0. A function © : (0,400) — (0,400) is called (-
regularly varying if for all a > 0

lim ———— = af € (0,400).

When B = 1, we just say that the function is regularly varying.

The following theorem shows that asymptotically the price of anarchy goes
to 1 for a large class of cost functions.

Theorem 4. Consider the game Iy and suppose that for some 3 > 0 there
exists a (-regqularly varying function c(-) € C' such that the function x
c(x) +xd () is strictly increasing and for all e; € E the function c;(-) is strictly
increasing and continuous with

. cloci(a)

lim ———— = ; € (0, +o0] (1)

T—00 T

and that at least one «; is finite. Then

lim PoA(Iy) = 1.
M—o0

Proof. We begin by noting that if some cost ¢;(-) is bounded, then the result
follows directly from Theorem 1. Suppose now that ¢;(z) — oo when & — oo
in all links and consider first the case where all the «; are finite. In this case
the equilibrium flows z} must diverge to oo as M — oo and the equilibrium is
characterized by ¢;(z}) = A. This allows to derive an upper bound for the cost
of the equilibrium. That is, (1) implies that for small € > 0 we have

—1 * 71)\
¢ oS(xl):c E)E(ai—s,aﬂre),

Ly Ly




provided M is large enough. It then follows that

n _1)\ n .
S sy

i=1 i=1

)

so that, denoting

we get A < ¢(Ma(e)) and
WEq = M X < Mc(Ma(e)).

Next we derive a lower bound for the optimal cost

Opt(I'y) = min ZchZ (z4).

TE€EF M

We note that when M — oo the optimal solutions are such that x;(M) — oo so
that using (1) and the fact that a; —e > 0 we get for all M large enough

min Z%Cz x;) > min Zmic((ai—e)xi).

TEF g 4

The optimality condition for the latter yields

c((ai = e)ai) + (i — e)wic' (i — £)ai) = p.

For the sake of brevity we denote é(x) = c¢(z) + ’(x) and y; = (a; — €)x; so
that the optimality condition becomes &(y;) = u. This yields y; = ¢~ !(u) and
therefore
- — & ()
M= = .

Denoting

b(e) = <Z Oé¢15> .

i=1
we then get u = ¢(Mb(e)) and we obtain the following lower bound for the
optimal cost

Opt(I'y) > Jé%, Zwl —&)x;) = Mc(E () = Mc(Mb(e)).

Combining the previous bounds we obtain the following estimate for the price
of anarchy
Mc(Maf(e))
PoA(ly) < ——==.
oA = Jr b))



Letting M — oo and using the fact that c is S-regularly varying we deduce
B
: a(e)
limsup PoA(Iy) < | —=
manp PoA(730) < 5 )

and since a(e)/b(e) — 1 as € — 0 we conclude

lim sup PoA(I'y) = 1.

M —o0
If some a; = oo, then call Iy := {i : @; < oo}. In equilibrium

n

D S VED SR ED S !

i=1 il icly
hence
) —1
A<c|M
<«((5a)
i€l
In the optimum proceed as before with o 7 «;. ad

The following results follow easily from Theorem 4.

Corollary 5. In the game Iy if for all i € E we have lim, oo ¢;(z) /2 = m; €
(0, 4+00] and at least one m; < oo, then

lim_PoA(Iy) = 1.

Corollary 6. In the game Iy if for alli € E we have lim,_, c}(x) = m; with
m; € (0,+00] and at least one m; is finite, then

lim PoA(I'y) = 1.
M — o0

Corollary 7. In the game I'y; if for all @ € E for some 8 > 0 there ezists a
B-regularly varying function c(-) such that

. ci(z)
acl—>oo c(x)

=m,; € (0, +0o0], (2)
and at least one m; is finite, then
lim PoA(I'y) = 1.
M— o0
Corollary 8. In the game 'y if, for all e; € E, ¢;(x) = a; + bz, then

lim_PoA(Iy) = 1.



Costs bounded by affine functions The next theorem examines the case
where each cost function is bounded above and below by two affine functions
with the same slope, as in Figure 6.

Theorem 9. Consider the game I'y; and assume that for every e; € E
li(xz) = a; + bz < ¢i(x) < oy + bjx =: Li(x).

Then
lim PoA(I'y) = 1.
M—o00

4 11l behaved games

In this section we will consider some examples where the price of anarchy is not
asymptotic to one, as the inflow goes to infinity.
Consider a standard Pigou graph and assume that the costs are as follows:

c(z) =z, . 3)
co(x) = a* forx € (a*1,d"], ke,
with @ > 2, as in Figure 2. In this game the cost of one edge is the identity,
whereas for the other edge it is a step function that touches the identity at
intervals that grow exponentially. The cost function ¢ is not continuous, but
a very similar game can be constructed by approximating it with a continuous
function.

Cey (.1‘)

Fig. 2. Step function.



Theorem 10. Consider the game [y with costs as in (3). We have

4+4
lim inf PoA(Iy) = 1, limsup PoA(I'y) = 4132-

Remark 11. We can immediately see that

lim sup PoA(I'y) = 6 for a =2
M —o0 )

and

4
limsup PoA(I'y) — = as a — oo.
M —o00 3

The proof of Theorem 10 shows that there is a periodic behavior of the price
of anarchy (on a logarithmic scale). This implies that

4+4
hA%%f PoA(I'v) =1, 11;331)1’ PoA(I'n) = 4 i 32'

That is, even for very small values of M the price of anarchy is not necessarily
close to 1.

Figure 3 plots the price of anarchy for M € [2a*,2a**1], when a = 3.

1.20 \

8 10 12 14 16 18

Fig. 3. Price of anarchy for M € [2a*,2a"*!], with a = 3, k = 1.

The next theorem shows that the price of anarchy may fail to be asymptotic
to one, even when the cost functions are all convex.

Theorem 12. There exist congestion games I'n; where the cost functions are
all increasing and convex and both

limsup PoA(I'y) > 1 and limsup PoA(Iy) > 1.
M — 00 M—0

The next theorem shows that the limsup of the price of anarchy may even
be infinite.

Theorem 13. There exist congestion games I'ny where limsup,,_, . PoA(I'y) =
00.
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A Regularly varying functions

The reader is referred to [3] for an extended treatment of regularly varying
functions. We study here some properties that are useful for our results.

Lemma 14. Let > 0 and let © be a continuous and strictly increasing func-
tion, then the following definitions are equivalent:

(a) the function © is B-regularly varying,
(b) the function O~ is %—regularly varying,
(c) for ally >0

. 1 —1 _ 1/6
Jim S0 (0(0) =117,

Proof. The equivalence of (a) and (b) is proved in [13] at page 22.

The equivalence of (b) and (¢) is immediate, since, by setting u = O(t), we
have o1 )

- yu 1
—O7 (v O(t) = —————~ = 4B, O
207 (v-0(1)) o) v
Lemma 15. If © is a continuous and strictly increasing B-reqularly varying
function, then x - O(z) and fO:c O(s) ds are (1 + B)-regularly varying functions.

Proof. Let’s first discuss the function z - ©(z). Observe that

i 920ax) _ s e
z—00 x@(x)

Similarly,

lim M = lim M —adPa = alth. O
The following two lemmata appear in Proposition 1.5.7 in [3].

Lemma 16. For i = 1,2, let ©; be a continuous and strictly increasing 0;-
reqularly varying function. Then ©@1 0 Oy is (1 - Ba-regularly varying.

Lemma 17. Let @1 and O3 be two continuous and strictly increasing 5-regularly
varying functions, then @1 + Oy is B-regularly varying.

B Omitted proofs

Proofs of Section 3

Proof (of Theorem 2). If some ¢;(+) remains bounded the conclusion follows from
Theorem 1, so we focus on the case where ¢;(z) — 0o as ¢ — oo for all 4. In this
case all the equilibrium flows x} must diverge to oo as M — oo. In particular
they will be all positive and the equilibrium is characterized by c¢;(zf) = A for



some A — oo as M — oco. In fact, since Y &} = M we can get A by solving

the equation g(A\) = M where g(\) = >_, cp et (N).
The same applies to I'y;. Call A* the cost at the equilibrium on each edge in
I't and x® the equilibrium of I'%;. Then we have a; + ¢;(z%) = A* so that

M= Z ci_l()\a —a;).

e, €EE
Denoting a := min,,cg a; and a@ : max,,cg a;, the monotonicity of ¢;(-) gives
g(A* —a) < M < g(A\* — a)

and since M = g(\) we get the inequality A* —a < A < A® — g which implies
lim o = 1. (4)
Now, for the optimum we have

Opt(I'y) = m‘ign xi(a; + ¢;(x;)) > aM + Opt(I'y)
TEF M

e, eE
and we derive the estimate
MN\® MX\* A% /A
PoA(I'Y,) = < = 1
OAU) = Op(Tg) = all + OptlThr) ~ ajn s 2l

which follows from the assumption Opt(Iy)/(M)) = PoA(I'y)~* — 1, com-
bined with (4) and the fact that A — oco. O

Proof (of Corollary 5). Apply Theorem 4 with ¢ equal to the identity.

Proof (of Corollary 6). Just notice that lim,_,o ¢;(x) = m; implies lim,_, o ¢;(z)/x =
m;.

Proof (of Corollary 7). It m; < oo, then from (2) we can derive the following
inequalities:
(m; —e)e(x) < ci(z) < (my; + e)c(x),

hence
e Hmi—e)e@) _ e ela)) _ e (mi +e)efa))
(m; —e)1/P (m; +¢)t/#

by Lemma 14(b). Since

(mi — )P —— m}/” S

and  (m; +¢)Y? —m
e—0 e—=0



1/8

if we call o; = m;’", we have
—1/,..
¢ (ci(2)) Sy
x
and we can apply Theorem 4.
If m; = oo, then take
m/ < Cl(x) — mlc (.’E) <ec (.’E) — Cil(mgcl(m)) Cil(cl(i))
" o) v ! x x
Now
—1 —1
c (m;,cl(x)) (m;)l/ﬁ ~ = a; = lim c (Cz(l'))
and the previous result can be applied. a
Proof (of Corollary 8). The conditions in Corollary 5 are satified. O
Proof (of Theorem 9). The results follows easily from Corollary 5. O

Proofs of Section 4

In the whole subsection, for the sake of simplicity, we call z the flow on e; and
y the flow on es.

Proof (of Theorem 10). Let us study the price of anarchy for M € (2a*,2a**1].

Equilibrium cost. In the subinterval M € (2a*,a* + a**1] we have
Jj*:M—CI,k7 cl(m*):M—akgakJrl,
y* =a", e2(y”) = a”.

For M € (a* + a¥*1,2a¥+1] we have

{L‘* _ ak—i—l7 Cl(.’IJ*) _ ak-&-l’
y* - M — ak-‘,—l7 CQ(?J*) _ ak-&-l.
Therefore
WEQ(Fyr) = (M — a*)?2 +a?!  for M € (2a*,a* + a*+1],
PEMI= gt for M € (a* + a**+1 24 F1].

Optimal cost. In order to compute the optimal cost

_ ; N2
Opt(I'y) = oo yea(y) + (M —y)



we decompose the problem over the intervals I; = (a/,a’T!] on which co(-) is
constant, namely, we consider the subproblems

- ; Jj+1 M — y)?
Cj = opin a y+ (M —y)”.

We observe that for j > k + 2 we have a/ > a**2 > 2a¢**1 > M so that Cj is
infeasible and therefore Opt(I'ys) = min{Cy, C1,...,Ck11}. In fact, we will show
that Opt(FM) = min{C’k_l, Ok}

Let us compute C;. Since (M — y)* is symmetric around M, the constraint
y < M can be dropped and then the minimum C} is obtained by projecting onto
[a?,a’t1] the unconstrained minimizer y; = M — a?™' /2. We get

2

@/ tlai + (M — ad)? it M <ol + 27,
Cj=Rat (M- )+ ()2 ifal + - <M<t 4922 (5)
eIt + (M — a7 )2 ifM>aj+1+§.

Claim 18. For j < k—1 we have Cj = a’ TlaI™1 + (M —a’™1)? and C;_1 > C;.

Proof. The expression for C; follows from (5) if we note that M > 2a* > 3a7*1.
In order to prove that Cj_; > C; we observe that

Cio1>C; <= () + (M —d’)* > (a?)?a* + (M — a’a)?
— 2(a’)? 4+ M? —2Md’ > 2(a?)%a® + M? — 2Md’a
= Mad'(a—1)> (a/)*(a® - 1)
= M>d(a+1)=d’ +a't

Since M > 2dF = a* + a* > a7 + a1, this holds true. O

Claim 19. Cj, 1 = a"2a** + (M — a*t1)2 > Oy ;.

Proof. Since M < 2aF+! < gFt+1 4 a’;“’
Then

we get the expression for Cy1 from (5).

Ciot € G = (") + (M —ah)? < a" 2" 4 (M — 1)
= 2(ah)? + M2 - 2Md" < (a*)%a® + (a)Pa? + M2 — 2Ma* !
— 2Mak(a -1 < (a’f)Q(a ~1)(a® +2a + 2)
= 2M < d"(a® +2a+2).

Since M < 2a¢Ft1 it suffices to have 4aft1 < ak(a2 + 2a + 2) which is easily seen
to hold. 0O

Combining the previous claims we get that Opt(I) = min{Cy_1,Ci}. Tt
remains to figure out which one between Cj,_; and Cj, attains the minimum. This



depends on where M is located within the interval (2a*,2a**!] as explained in
our next claim. In the sequel we denote

a

a—1—|—§

B=1+2+Va—1
3

’y:§a

and we observe that
2<a<f<y< 2.

Claim 20. For M € (2a*,2a**1] we have

Cr—1 = (a®)? + (M — a*)? if M € (2a*, aa®)
Cr—1 = (a*)? + (M — a*)? if M € [aa 7ﬂa )
Cr = aF (M — 1) if M € [Ba¥,~a*]
Cyp = (a**1)2 4+ (M — a2 if M € (ya* 2ak+1]

Opt(I'n) =

Proof. From (5) we have Cj,_1 = (a*)? + (M — a*)? whereas the expression for
C) changes depending where M is located.

(a) Initial interval M € (24", aa®).
Here M < a* + £a*T so that (5) gives Cj, = a*"'a¥ + (M —a”)2. Hence, clearly
Cr—1 < Cy and Opt(I'y) = Ci—1.

(b) Final interval M € (ya*,2a**1].

Here M > va® = 3aF*1 so that (5) gives C = (a*™1)?4 (M —a*+1)2. Proceeding
as in the proof of Claim 18, we have C;_1 > C}, if and only if M > a* + a#+1.
The latter holds since M > 3aF*1 > a*+1 4 a*. Hence Opt(I'y) = Cy.

(c) Intermediate interval M € [aa®,va"].
Here a* + %a’“’l <M< %ak“ so that (5) gives

2

O = a1t (- Lot} o (Lgern) ™ — grrn (g — Loren)
2 2 4
Then, denoting z = M/a* we have

1 2
Cr-1 < C) = 2(a")* + M? —2Md* < a* 1M — <2ak+1> .

1

— 22— z2(24a)+ <2+4a2> <0

1 1
<= 1+§a7\/a71§z§1+§a+\/a71.

The upper limit for z is precisely 8 while the lower limit is smaller than a. Hence
Opt(I'y) = Ci—1 for M € [aa®, fa*] and Opt(I'ys) = Cy for M € [Ba*,va*]. O



WEq(F]w)

(%)% + (M—a*)? Y
22/9 52/9 ak _T_akJrl %ZkJrl 2;k+1
(a*) + (M—a)? ak (M — 25 (@12 + (M —a”t1)?
Opt(F]u)

Fig. 4. Breakpoints for optimum and equilibrium.

Figure 4 illustrates the different intervals in which the equilibrium (above)
and the optimum (below) change. Notice that Opt(I'ys) varies continuously even
at breakpoints, whereas WEq(I'y/) has a jump at a® + a**1. We now proceed to
examine the price of anarchy which will be expressed as a function of z = M/aF.

From the expressions of WEq(I'ys) and Opt(I'y) (see Figure 4) it follows
that PoA(Iys) = 1 throughout the initial interval M € (2a*, 3a*). Over the
next interval M € [Ba*, a¥ +a**+1] we have

(a*)? 4+ (M — a*)? 14 (z— 1)

PoA(I'y) = (M — a* 1 /4) ~ a(z —aj4)

which increases from 1 at z = 8 up to (4 + 4a?)/(a(4 + 3a)) at z =1 + a.

At M = a*+a**+! the equilibrium has a discontinuity and PoA(I’y/) jumps to
(4+4a)/(4+ 3a) and then it decreases over the interval M € (a® 4 a*T1, 3ak+1)
as

aktiM z

PoA(Ih) = ab (M — ak+1/4) - a/4’

Finally, for M € (3a**1,2a%"!] the price of anarchy continues to decrease as

aktM az

POA(FM) = (ak+1)2 + (M_ak+1)2 = a2 + (Z_a)2~

going back to 1 at z = 2a which corresponds to M = 2a*+!.

Thus the price of anarchy oscillates over each interval (2a*,2a**!] between
a minimum value of 1 and a maximum of (4 + 4a)/(4 + 3a). This completes the
proof of Theorem 10. a

Proof (of Theorem 12). Consider a parallel network with two edges with a
quadratic cost ¢1(x) = x? on the upper edge and a lower edge cost defined
by linearly interpolating c1, that is, for a > 2 we let (see Figure 5)

ca(y) = ("1 raP)y — a" b, fory € [aFY Y], ke Z.



Ces (7)
Ce, (7)

Fig. 5. 22 and its linear interpolation

Note that ¢; and ¢y are convex. Consider the optimal cost problem

Opt(Iy) = min 2+ yea(y).

z,y>0

Since the function h(y) = yca(y) is non-differentiable, the optimality condition
reads 322 € Oh(y). In particular, the subdifferential at y = a* is

Onh(a®) = [a** 7Y (2a%+4a), a®* (24> +a)]

and there is a range of values of M for which the optimal solution is y = a*.
The smallest such M is obtained when 322 = a?*~1)(2a? 4+ a). This gives as
optimal solution y = a* and = = a*~'b, with b = \/(2a2+a)/3, corresponding
to My = a*~'[a + b] with optimal value

Opt(Ir,,) = a®* V63 4 6.

In order to find the equilibrium for M}, we solve the equation 22 = c3(y) with
x + 1y = Mj. A routine calculation gives © = a*“'c and y = a*~'d with

1

=z [\/(a+ 12 +4a2 +4(a + )b — (a+1)|,
d=a+b—c

Note that 1 < d < a so that y € (a*~!,a*), and therefore the equilibrium cost is

WEq(I'ay,) = a®* Y[ + (a+1)d? — ad).



Putting together the previous formulas we get

A+ (a+1)d?* —ad

PoA(I'y,,) = "

For a = 2 this expression evaluates to PoA(I'y, ) ~ 1.0059 from which the result
follows. O

Proof (of Theorem 13). Consider a game I'yy = (¢, M, ¢), where ¥ = (V, E) with
V = {s,d} and F = {e1,ex}. Take a sequence {ay} such that api1/ar — o0
and assume that the costs are

e for z < 1,
e*/x  forx>1,

c1(z) =c(z) = {

esy) = ely) == clars1) for y € (g, apeal.

Since we are interested in asymptotic results, we are concerned only with the
case ¢(x) = e*/x.
In equilibrium

200, < M < g+ apy1 = y* = ag, 2" = M — ay,
ap +oppr <M <2001 =y =M — apy1, 87 = gy

At M = ap + agy1 + € we have
WEq(I'nr) = c(oy1) it + (M — agga)e(arsr) = Me(agt).
We now turn to computing the optimum.

¢= min ze(x)+ (M —z)e(M —zx) = min aj<MrIllacn§aj+1 ze(z)+ (M —z)c(o41).

The unconstrained optimization yields

Gt
o=

)
Q1
Tj = 0541 — In 541,
Y = M — Q541 + anéj+1.

For the constrained minimizer we have

~ o (67 )
y] S a] éyj = a] et Cj :eM aj _|_ 7Jeaj+17
Q1
Yj > ajp = P = a1 = ¢j = MU 4 et
1 e%i+1
~ it —In s
o < Yj < Ajy1 == Yj; =Y; = Cj =€ i+l it 4 (M — Q41 + 11105]'_;,_1)7&' ;
J+
e®i+1
— : (1+M7aj+1+lnaj+1).
Qj+1




We consider two cases:
Case 1.

1<k—-1=M > 20541 = y; = M — Qjt1 —|—lnaj+1 > iy +1n0éj+1 > Qi

= ¢j = MW et

—
(=)
=

¢j <cjo1 == h(aji1) <h(a;) where h(z):=eM ™" 4e"

M
P(z)=e"—eM <0 = 2 < 5
M
ajgajﬂgakg?: ok!
Case 2. Does j > k + 1 imply y; < o;7 Notice that
Y Lo &= M —aj +lnaj+1 <
< M < oa;+ajp —Inojy.
Notice that
M S 2ak+1 § QCVj.
In turn the following mutual implications hold:
205 < aj + oy — In Qjy1 (7)

)

IHOLJ'+1 S Qi1 — Qj

)

Inoigq o
J+ <1- J (8)
Qj41 Q41
Since
. Ina; a;
M%oo:>k%oo:>jaoo:>7]+1%0 and I 0.
Qj+1 Qj+1

we have that (8) and hence (7) hold asymptotically, therefore, for M large,

. o Q; ,
Jek4+ 1= c¢; =M% § L et
541
Does j > k+ 1 imply ¢; < ¢;4+17 Notice that
Cj S Cj+1 @ eM—O(j + aj eOLJ‘+1 S eM—aj+1 + aj+1eaj+2.
iyl @j+2

For # > 1 the function x +— h(z) defined as in (6) is increasing (h/(z) =
x72(e®z — e%) > 0 for z > 1). Therefore

e%i+2

< Mo 4 Qi1
Qj+1 Qj+2



We now prove that the function

L e®i+2
g(z) :=eM= 4 g
Q12
is increasing for = > ay4+1. Indeed
eo‘j+2 _
g'(z) = —eMe
Q542

and
§@)>0 <= M-z <aj1—Inaj
— M < x+aj+2 —lnaj+27

which is true for x > apyq iff M < apy1 + ajp2 —Inajqo. Since M < 2ap,41,
it is enough to prove that op41 < aji2 —Inajio, and since z — 2z — Inx is
increasing for x > 1, it suffices to prove that agy1 < apyo — Inagys, that is,

Ul g _ lnak+2. )
k42 Ok+2
Since
Yt L0 and lnoéﬁ—ﬂ), as k — oo,
A2 Ok+2

the inequality (9) holds for k large enough. More explicitly, since

In o Inx 1
k42 < max — = -,
At 2 T €
it is enough to have
« 1
bt gL
A2 (§

As a consequence,

c= min{ck—h Ck, Ck-i—l}a
cpoy = eM T e,

eXk+2
+ ak+1 9
Ok+2

¢k, depends on where yy, lies w.r.t. the interval (ag, ag11].

eM*ak+1

Ck+1 =

If we call
M ek+2
H(z):=e""" 42 ,
Q42
we have
M-« « M-« ek +1
Yk > Qg1 == g =€ TFH et = e T £y < H(ap41) = Cpt1s
O41
_ (97
Y < ap = Ccxp = eM A p et

A1



Claim 21. Ify; < ag, then ¢y < ck41 for k large enough.

Proof.
Q41 Q42
e _ e
S eM (677 _|_ ak
ki1 Qf42

eM= 4 oy

= H(O{k).

eak+2

H(z) >0 <~ >eM? — Opy2 —Inagio +a > M.

A2

For x = aj, we have, for k large enough,
Opq2 — Inogyo +ar > 20441 > M,

since, dividing by aj42,

1 In o420 4 > o Hht1
k42 Ak+2 Ak+2
1 A 2
0 0 0
eak+1

ap < Yp < Qpy1 = Cp = (14+ M — aps1 +Inagyr).

Q41

We need to prove that

eak+2

cr < cppr = M7 pag
A2

Since M < 241, we have

eak+1
cp < (1+ ags1 + Inagyr).
Q+1
Now
M (679 eak eak+2
Yk > ap = M—ag1+Iinagr) > ap = e~ > = Ckt1 > .
Qk41 k41 Qf42
If we prove that
eak+1 M eak+2
I+ M —app1+Inagyr) <e™ ™%+ 4 gy ,
i1 Qf42

then we have the result. Notice that
1 ap—Q A+1 4 —a
(1 + Q41 + In Q41 — e k+1) < EH p@kr

Q41 k42

1 Ok
1




Now

In Qk = (ak;+2 —In Oék+2) - (akJrl —In ak+1)

In a4 In a4
— apyo (1— — g (1 - AL
[770)) Qf41
42 In a4 In o
= +(1 +>(1+> Qpt1 > Qg1 — OO0,
Qk+1 k42 k41
N—~—— S—— ———

{ 4 i
00 0 0

Therefore 0, — oo and, asymptotically, for M large, ¢ < ¢py1. Since this holds
for all three cases of yj, we have that ¢ = min{cy, cx—1}.
When y, > agi1, ¢ = ¢ if

cL = eM—akt+1 4 et < Chpl = eM—ak + ek,

that is,
e[l 4 M2 41] < @0k [] 4 M —200], (10)

Given that eM—2%r+1 < 1, the inequality in (10) is implied by
2ek+1 < @[] 4 M T2ok], (11)
Since yi > agy1, we have

M2 e2(akp1—ak)
M > 2041 —Inag = e 75 > ———

Qf41
For this to hold, it suffices to have
2 —
2e2(@nr1—ar) < 1 4 Sl (e
o Q41
We actually prove the stronger inequality
2 —
2@2(0"%1*"%) < e (agpy1—ag)
a k41
that is
200,41 < X7
or
In2+Inag; < aggr — ag,
which holds, since
In2 L In a1 < Mg1 O .
Ot1 A1 A1 Q1

+ 4 4 4
0 0 1 0



When y, < ag, ¢ = cx_1 since

_ Qaf _ Qg
cp = M7k T g0kt > Mzaw y TReak — o)

Q41 Qg
When o < yr < agy1, we have
eak+1
cr = 14+ M — api1 Inagiq]
Q41
Ck+1 — 61\4—011C + eak — e—ak [eM _|_ e2ak].

So ¢ < cpqq if

eaqul eM

< e 4 ekl (1_ 1 _lna’”l)

Qy1 €% Q41 Q1

ap+tak4+1
I ¥ N <1 b lna;m) )
B Q1 Ok+1

Ak+1

For M slightly larger than oy + a1 the inequality becomes approximately

QA + Qk41 aptoagpyr _ joptogg 20 aptagy . 1 . In a1
e e <e +e 1 _—
Q1 Qf+1 Qk+1
A < ek TOR4L 4 <1 _ 1 N anszrl)
Ok+1 N Ok+1 A1
0 ) S
0 0 0

Therefore for M in a right neighborhood of ay + ay+1 we have ¢ = ¢y.
We can now compute the price of anarchy.

PoA(Iy) (g +Oék+1)e:::11
O M = ey
ea:_:rll (1 + ok + i1 — Og41 +1In Oék+1)
ag + Qft1

14+ ap +Inaks
a1 (L + 3)

_ Qg1
1+ ap +Inag
ag
1+ Qg1
= o0
1 g Inagy
A1 Aft1 Qk+1

For M in a right neighborhood of oy + aj41. Therefore

lim sup PoA(I'y) = +o0. O

M —o0

C Figures



Fig. 6. Affinely bounded costs.
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