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1 Introduction

The generalization of the crisp set to fuzzy sets relied on spreading positive information

that fit the crisp point {1} into the interval [0, 1]. Because no negative meaning of in-

formation is suggested, we now feel a need to deal with negative information. To do

so, we also feel a need to supply mathematical tools. To attain such an object, Jun

et al. [6] introduced a new function which is called a negative-valued function and con-

structed N -structures. They applied N -structures to BCK/BCI-algebras, and discussed

N -subalgebras and N -ideals in BCK/BCI-algebras. Jun et al. [7] considered closed ide-

als in BCH-algebras based on N -structures. Bordbar et al. [3], [8] applied these notions.

To obtain a more general form of an N -subalgebra in BCK/BCI-algebras, Jun et al. [5]

defined the notions of N -subalgebras of types (∈,∈), (∈, q), (∈,∈∨ q), (q,∈), (q, q) and

(q,∈ ∨ q), and investigated related properties. They provided a characterization of an

N -subalgebra of type (∈,∈∨ q), and considered conditions for an N -structure to be an

N -subalgebra of type (q,∈∨ q). Also for more information about soft algebraic structures,

please refer to [1], [2] and [9].

In this paper, we introduce N -ideal of types (∈,∈) and (∈,∈∨ q), soft N -set, soft N∈-

set, soft Nq-set, soft N∈∨ q-set, soft N -subalgebra and soft N -ideal in BCK/BCI-algebra,

and investigate several properties. We consider characterizations ofN -subalgebra of types

(∈,∈) and (∈,∈∨ q), N -ideal of types (∈,∈) and (∈,∈∨ q), soft N -subalgebra and soft

N -ideal.

2 Preliminaries

Let K(τ) be the class of all algebras with type τ = (2, 0). By a BCI-algebra we mean a

system X := (X, ∗, 0) ∈ K(τ) in which the following axioms hold:

(i) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0,

(ii) (x ∗ (x ∗ y)) ∗ y = 0,

(iii) x ∗ x = 0,

(iv) x ∗ y = y ∗ x = 0 =⇒ x = y

for all x, y, z ∈ X. If a BCI-algebra X satisfies 0 ∗ x = 0 for all x ∈ X, then we say that

X is a BCK-algebra. We can define a partial ordering ≤ by

(∀x, y ∈ X) (x ≤ y ⇐⇒ x ∗ y = 0).
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In a BCK/BCI-algebra X, the following hold:

(a1) (∀x ∈ X) (x ∗ 0 = x),

(a2) (∀x, y, z ∈ X) ((x ∗ y) ∗ z = (x ∗ z) ∗ y).

for all x, y, z ∈ X.

A non-empty subset S of a BCK/BCI-algebraX is called a subalgebra ofX if x∗y ∈ S

for all x, y ∈ S. A subset I of a BCK/BCI-algebra X is called an ideal of X if

0 ∈ I, (2.1)

(∀x, y ∈ X) (x ∗ y ∈ I, y ∈ I ⇒ x ∈ I) . (2.2)

We refer the reader to the books [4] and [10] for further information regardingBCK/BCI-

algebras.

For any family {ai | i ∈ Λ} of real numbers, we define

∨

{ai | i ∈ Λ} :=

{

max{ai | i ∈ Λ} if Λ is finite,

sup{ai | i ∈ Λ} otherwise.

∧

{ai | i ∈ Λ} :=

{

min{ai | i ∈ Λ} if Λ is finite,

inf{ai | i ∈ Λ} otherwise.

For two real numbers a1 and a2,
∨

{a1, a2} and
∧

{a1, a2} are also denoted by a1 ∨ a2 and

a1 ∧ a2, respectively.

Denote by F (X, [−1, 0]) the collection of functions from a set X to [−1, 0]. We say

that an element of F (X, [−1, 0]) is a negative-valued function from X to [−1, 0] (briefly,

N -function on X). By an N -structure we mean an ordered pair (X, f) of X and an

N -function f on X.

Let (X, f) be an N -structure in which f is given by

f(y) =

{

0 if y 6= x,

α if y = x

where α ∈ [−1, 0). In this case, f is denoted by xα and we call (X, xα) a point N -

structure. For any N -structure (X, g), we say that a point N -structure (X, xα) is an

N∈-subset (resp., Nq-subset) of (X, g) if g(x) ≤ α (resp., g(x) + α + 1 < 0). If a point

N -structure (X, xα) is an N∈-subset of (X, g) or an Nq-subset of (X, g), we say (X, xα)

is an N∈∨ q-subset of (X, g).
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An N -structure (X, f) is called an N -subalgebra of type (∈, ∈) (resp., type (∈,∈∨ q))

(see [5]) if whenever two point N -structures (X, xα) and (X, yβ) are N∈-subsets of (X, f)

then the point N -structure
(

X, (x ∗ y)∨{α,β}

)

is an N∈-subset (resp., N∈∨ q-subset) of

(X, f).

3 Soft N -subalgebras and soft N -ideals

In what follows, let X denote a BCK/BCI-algebra unless otherwise specified. For a

subset ∆ of [−1, 0], a pair (A,∆) is called a soft N -set over X, where A : ∆ → P(X) is

a mapping.

Given an N -structure (X, f) and ∆ ⊆ [−1, 0], we define two mappings:

A∈ : ∆ → P(X), α 7→ {x ∈ X | (X, xα) is an N∈-subset of (X, f)} (3.1)

Aq : ∆ → P(X), α 7→ {x ∈ X | (X, xα) is an Nq-subset of (X, f)} (3.2)

Then (A∈,∆) and (Aq,∆) are soft N -sets over X. If A∈(α) 6= ∅ (resp., Aq(α) 6= ∅) for

α ∈ ∆, then we say (A∈,∆) (resp., (Aq,∆)) is a soft N∈-set (resp., soft Nq-set) over X.

A soft N∈∨ q-set over X is defined to be the union of a soft N∈-set and a soft Nq-set over

X, and is denoted by (A∈∨ q,∆) where A∈∨ q(α) = A∈(α) ∪ Aq(α) for all α ∈ ∆.

Definition 3.1. A soft N -set (A,∆) over X is called a soft N -subalgebra over X if it

satisfies:

(∀α ∈ ∆) (A(α) 6= ∅ ⇒ A(α) is a subalgebra of X) . (3.3)

Theorem 3.2. Given an N -structure (X, f) and ∆ = [−1, 0), the soft N∈-set (A∈,∆) is

a soft N -subalgebra over X if and only if (X, f) is an N -subalgebra of type (∈, ∈).

Proof. Assume that (A∈,∆) is a soft N -subalgebra over X. If (X, f) is not an N -

subalgebra of type (∈, ∈), then there exist a, b ∈ X and t ∈ ∆ such that (X, at) and

(X, bt) are N∈-subsets of (X, f), but (X, (a ∗ b)t) is not an N∈-subset of (X, f). Hence

a, b ∈ A∈(t) and a ∗ b /∈ A∈(t), which shows that A∈(t) is not a subalgebra of X. This is

a contradiction, and therefore (X, f) is an N -subalgebra of type (∈, ∈).

Conversely, suppose that (X, f) is an N -subalgebra of type (∈, ∈) and let α ∈ ∆ be

such that A∈(α) 6= ∅. If x, y ∈ A∈(α), then (X, xα) and (X, yα) are N∈-subsets of (X, f).

Thus (X, (x ∗ y)α) = (X, (x ∗ y)∨{α,α}) is an N∈-subset of (X, f), that is, x ∗ y ∈ A∈(α).

Hence A∈(α) is a subalgebra of X for all α ∈ ∆, and thus (A∈,∆) is a soft N -subalgebra

over X.
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Lemma 3.3 ([5]). An N -structure (X, f) is an N -subalgebra of type (∈, ∈) if and only

if the following inequality is valid.

(∀x, y ∈ X)
(

f(x ∗ y) ≤
∨

{f(x), f(y)}
)

. (3.4)

Theorem 3.4. Given an N -structure (X, f) and ∆ = [−1, 0), the soft Nq-set (Aq,∆) is

a soft N -subalgebra over X if and only if (X, f) is an N -subalgebra of type (∈, ∈).

Proof. Assume that (X, f) is an N -subalgebra of type (∈, ∈) and let α ∈ ∆ be such that

Aq(α) 6= ∅. If x, y ∈ Aq(α), then (X, xα) and (X, yα) are Nq-subsets of (X, f), and so

f(x) + α + 1 < 0 and f(y) + α + 1 < 0. It follows from (3.4) that

f(x ∗ y) + α + 1 ≤
∨

{f(x), f(y)}+ α + 1 < 0

and so that (X, (x ∗ y)α) =
(

X, (x ∗ y)∨{α,α}

)

is an Nq-subset of (X, f). Hence x ∗ y ∈

Aq(α), and thus Aq(α) is a subalgebra of X for all α ∈ ∆ with Aq(α) 6= ∅. Therefore

(Aq,∆) is a soft N -subalgebra over X.

Conversely, suppose that the soft Nq-set (Aq,∆) is a soft N -subalgebra over X, and

assume that f(a ∗ b) >
∨

{f(a), f(b)} for some a, b ∈ X. Then there exists t ∈ ∆ such

that

f(a ∗ b) + t+ 1 ≥ 0 and
∨

{f(a), f(b)}+ t+ 1 < 0.

It follows that (X, at) and (X, bt) are Nq-subsets of (X, f) but (X, (a ∗ b)t) is not an

Nq-subset of (X, f). This is a contradiction, and hence f(x ∗ y) ≤
∨

{f(x), f(y)} for all

x, y ∈ X. Therefore (X, f) is an N -subalgebra of type (∈, ∈) by Lemma 3.3.

Theorem 3.5. Given an N -structure (X, f) and the soft N∈-set (A∈,∆) with ∆ =

[−1,−0.5), the following are equivalent:

(1) (A∈,∆) is a soft N -subalgebra over X.

(2) (∀x, y ∈ X) (
∧

{f(x ∗ y),−0.5} ≤
∨

{f(x), f(y)}) .

Proof. Assume that the soft N∈-set (A∈,∆) is a soft N -subalgebra over X. Then A∈(α)

is a subalgebra of X for all α ∈ ∆ with A∈(α) 6= ∅. If there exist a, b ∈ X such that

∧

{f(a ∗ b),−0.5} > t :=
∨

{f(a), f(b)},

then t ∈ ∆, and (X, at) and (X, bt) are N∈-subsets of (X, f), that is, a, b ∈ A∈(t), but

(X, (a ∗ b)t) is not an N∈-subset of (X, f), i.e., a ∗ b /∈ A∈(t). This is a contradiction, and

so
∧

{f(x ∗ y),−0.5} ≤
∨

{f(x), f(y)} for all x, y ∈ X.
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Conversely, suppose that (2) is valid. Let x, y ∈ A∈(α) for every α ∈ ∆. Then (X, xα)

and (X, yα) are N∈-subsets of (X, f), and so

∧

{f(x ∗ y),−0.5} ≤
∨

{f(x), f(y)} ≤ α < −0.5.

It follows that (X, (x ∗ y)α) is an N∈-subset of (X, f), that is, x ∗ y ∈ A∈(α). Thus A∈(α)

is a subalgebra of X, and therefore (A∈,∆) is a soft N -subalgebra over X.

Lemma 3.6 ([5]). An N -structure (X, f) is an N -subalgebra of type (∈, ∈ ∨ q) if and

only if it satisfies:

(∀x, y ∈ X)
(

f(x ∗ y) ≤
∨

{f(x), f(y),−0.5}
)

. (3.5)

Theorem 3.7. Given an N -structure (X, f) and a soft N∈-set (A∈,∆), the following

assertions are equivalent:

(1) (X, f) is an N -subalgebra of type (∈, ∈∨ q).

(2) (A∈,∆) is a soft N -subalgebra over X for ∆ = [−0.5, 0).

Proof. Assume that (X, f) is an N -subalgebra of type (∈, ∈∨ q). Let x, y ∈ X and α ∈ ∆

be such that x, y ∈ A∈(α). Then (X, xα) and (X, yα) are N∈-subsets of (X, f). It follows

from (3.5) that

(∀x, y ∈ X)
(

f(x ∗ y) ≤
∨

{f(x), f(y),−0.5} ≤
∨

{α,−0.5} = α
)

.

This shows that (X, (x ∗ y)α) is an N∈-subset of (X, f). Thus x ∗ y ∈ A∈(α), and so

(A∈,∆) is a soft N -subalgebra over X.

Conversely, suppose that the soft N∈-set (A∈,∆) with ∆ = [−0.5, 0) is a soft N -

subalgebra over X. Assume that (3.5) is not valid. Then

f(a ∗ b) > t ≥
∨

{f(a), f(b),−0.5}

for some t ∈ ∆ and a, b ∈ X. It follows that (X, at) and (X, bt) are N∈-subsets of (X, f),

and so that a, b ∈ A∈(t). But f(a ∗ b) > t induces that (X, (a ∗ b)t) is not an N∈-subset of

(X, f). This is a contradiction, and thus f(x ∗ y) ≤
∨

{f(x), f(y),−0.5} for all x, y ∈ X.

Using Lemma 3.6, we know that (X, f) is an N -subalgebra of type (∈, ∈∨ q).

Theorem 3.8. Let (A∈,∆) be a soft N∈-set over X. If ∆ = [−0.5, 0), then for any

subalgebra S of X there exists an N -subalgebra (X, f) of type (∈, ∈∨ q) such that A∈(α) =

S for all α ∈ ∆.
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Proof. Take an N -subalgebra (X, f) in which f is given as follows:

f : X → [−1, 0], x 7→

{

α ∈ ∆ if x ∈ S,

0 if otherwise.

Obviously, A∈(α) = S for all α ∈ ∆. Assume that

f(a ∗ b) >
∨

{f(a), f(b),−0.5}

for some a, b ∈ X. Then f(a ∗ b) = 0 and
∨

{f(a), f(b),−0.5} = α since |Im(f)| = 2. It

follows that f(a) = α = f(b) so that a, b ∈ S. But a ∗ b /∈ S since f(a ∗ b) = 0. This is

impossible, and so

f(x ∗ y) ≤
∨

{f(x), f(y),−0.5}

for all x, y ∈ X. Therefore (X, f) is an N -subalgebra of type (∈, ∈∨ q) by Lemma 3.6.

Definition 3.9. An N -structure (X, f) is called an N -ideal of type (∈, ∈) (resp., type

(∈,∈∨ q)) if the following assertions are valid.

(1) If a point N -structure (X, xα) is an N∈-subset of (X, f), then (X, 0α) is an N∈-

subset (resp., N∈∨ q-subset) of (X, f).

(2) If two point N -structures (X, (x ∗ y)α) and (X, yβ) are N∈-subsets of (X, f) then

the point N -structure (X, xα∨β) is an N∈-subset (resp., N∈∨ q-subset) of (X, f).

Lemma 3.10. Let (X, f) be an N -structure. Then f(0) ≤ f(x) for all x ∈ X if and only

if (X, 0α) is an N∈-subset of (X, f) whenever (X, xα) is an N∈-subset of (X, f) for all

x ∈ X and α ∈ ∆ = [−1, 0).

Proof. Assume that f(0) ≤ f(x) for all x ∈ X and let α ∈ ∆ be such that (X, xα) is an

N∈-subset of (X, f). Then f(0) ≤ f(x) ≤ α, and so (X, 0α) is an N∈-subset of (X, f).

Conversely, suppose that (X, 0α) is an N∈-subset of (X, f) when (X, xα) is an N∈-

subset of (X, f) for all x ∈ X and α ∈ ∆ = [−1, 0). If we take β = f(x) for any x ∈ X,

then (X, xβ) is an N∈-subset of (X, f), and thus (X, 0β) is an N∈-subset of (X, f). Hence

f(0) ≤ β = f(x) for all x ∈ X.

Lemma 3.11. Given an N -structure (X, f), the following are equivalent.

(1) f(x) ≤
∨

{f(x ∗ y), f(y)} for all x, y ∈ X.

(2) For any x, y ∈ X and α, β ∈ ∆ = [−1, 0), if (X, (x∗y)α) and (X, yβ) are N∈-subsets

of (X, f), then (X, xα∨β) is an N∈-subset of (X, f).
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Proof. Assume that f(x) ≤
∨

{f(x∗ y), f(y)} for all x, y ∈ X. Let x, y ∈ X and α, β ∈ ∆

be such that (X, (x ∗ y)α) and (X, yβ) are N∈-subsets of (X, f). Then f(x ∗ y) ≤ α and

f(y) ≤ β, which imply that

f(x) ≤
∨

{f(x ∗ y), f(y)} ≤ α ∨ β.

Hence (X, xα∨β) is an N∈-subset of (X, f).

Conversely, suppose (2) is valid. If we take α = f(x∗y) and β = f(y), then (X, (x∗y)α)

and (X, yβ) are N∈-subsets of (X, f). It follows that (X, xα∨β) is an N∈-subset of (X, f)

and so that

f(x) ≤ α ∨ β =
∨

{f(x ∗ y), f(y)}.

This completes the proof.

Combining Lemmas 3.10 and 3.11, we have the following theorem.

Theorem 3.12. An N -structure (X, f) is an N -ideal of type (∈, ∈) if and only if the

following inequality is valid.

(∀x, y ∈ X)
(

f(0) ≤ f(x) ≤
∨

{f(x ∗ y), f(y)}
)

. (3.6)

Definition 3.13. A soft N -set (A,∆) over X is called a soft N -ideal over X if it satisfies:

(∀α ∈ ∆) (A(α) 6= ∅ ⇒ A(α) is an ideal of X) . (3.7)

Example 3.14. Let X = {0, a, b, c, d} be a BCK-algebra with the binary operation ∗ in

Table 1.

Given ∆ = [−1, 0], let (A,∆) be a soft N -set over X in which A is given as follows:

A : ∆ → P(X), α 7→



















































{0} if α = −1,

{0, 3} if α ∈ (−1,−0.8),

{0, 4} if α ∈ (−1,−0.8],

{0, 2, 3} if α ∈ (−0.8,−0.6],

{0, 3, 4} if α ∈ (−0.6,−0.4],

{0, 1, 2, 3} if α ∈ (−0.4,−0.2],

{0, 1, 3, 4} if α ∈ (−0.2, 0]

It is routine to verify that (A,∆) is a soft N -ideal over X.

8



Table 1: Tabular representation of the binary operation ∗

∗ 0 a b c d

0 0 0 0 0 0

a a 0 a a a

b b b 0 b b

c c c c 0 c

d d d d d 0

Theorem 3.15. Given an N -structure (X, f) and the soft N∈-set (A∈,∆), the following

are equivalent:

(1) (A∈,∆) is a soft N -ideal over X for ∆ = [−1, 0).

(2) (X, f) is an N -ideal of type (∈, ∈).

Proof. Assume that (A∈,∆) is a softN -ideal overX for ∆ = [−1, 0). If there exists a ∈ X

such that f(0) > f(a), then we can take α ∈ ∆ such that f(0) > α ≥ f(a). Thus (X, 0α) is

not an N∈-subset of (X, f), and so 0 /∈ A∈(α). This is a contradiction, and so f(0) ≤ f(x)

for all x ∈ X. Suppose that there exist a, b ∈ X such that f(a) >
∨

{f(a∗b), f(b)}. Taking

β =
∨

{f(a ∗ b), f(b)} implies that (X, (a ∗ b)β) and (X, bβ) are N∈-subsets of (X, f), that

is, a ∗ b ∈ A∈(β) and b ∈ A∈(β). Since A∈(β) is an ideal of X, it follows that a ∈ A∈(β).

Hence (X, aβ) is an N∈-subset of (X, f), and so f(a) ≤ β. This is a contradiction, and

therefore f(x) ≤
∨

{f(x ∗ y), f(y)} for all x, y ∈ X. Hence (X, f) is an N -ideal of type

(∈, ∈) by Theorem 3.12.

Conversely, assume that (X, f) is an N -ideal of type (∈, ∈) and let α ∈ ∆ be such

that A∈(α) 6= ∅. Then there exists x ∈ A∈(α), and so (X, xα) is an N∈-subset of (X, f).

It follows that f(0) ≤ f(x) ≤ α and so that (X, 0α) is an N∈-subset of (X, f), that

is, 0 ∈ A∈(α). Let x ∗ y ∈ A∈(α) and y ∈ A∈(α). Then (X, (x ∗ y)α) and (X, yα)

are N∈-subsets of (X, f). Thus f(x ∗ y) ≤ α and f(y) ≤ α. It follows from (3.6) that

f(x) ≤
∨

{f(x ∗ y), f(y)} ≤ α. Hence (X, xα) = (X, xα∨α) is an N∈-subset of (X, f), and

so x ∈ A∈(α). Thus A∈(α) is an ideal of X for all α ∈ ∆, and therefore (A∈,∆) is a soft

N -ideal over X for ∆ = [−1, 0).

Theorem 3.16. The soft Nq-set (Aq,∆) is a soft N -ideal over X for ∆ = [−1, 0) if and

only if the N -structure (X, f) is an N -ideal of type (∈, ∈).
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Proof. Assume that (X, f) is an N -ideal of type (∈, ∈) and let α ∈ ∆ be such that

Aq(α) 6= ∅. Then there exists x ∈ Aq(α), and so (X, xα) is an Nq-subset of (X, f). If

0 /∈ Aq(α), then (X, 0q) is not an Nq-subset of (X, f) and so f(0) + α+ 1 ≥ 0. It follows

from (3.6) that

f(x) + α + 1 ≥ f(0) + α + 1 ≥ 0,

and so that (X, xα) is not an Nq-subset of (X, f). This is a contradiction, and thus

0 ∈ Aq(α). Let x ∗ y ∈ Aq(α) and y ∈ Aq(α). Then (X, (x ∗ y)α) and (X, yα) are Nq-

subsets of (X, f). If (X, xα) is not an Nq-subset of (X, f), then f(x) + α + 1 ≥ 0. It

follows from (3.6) that

∨

{f(x ∗ y), f(y)}+ α + 1 ≥ f(x) + α + 1 ≥ 0.

Hence f(x ∗ y) + α + 1 ≥ 0 or f(y) + α + 1 ≥ 0, that is, (X, (x ∗ y)α) is not an Nq-

subset of (X, f) or (X, yα) is not an Nq-subset of (X, f). This is a contradiction, and thus

x ∈ Aq(α). Therefore (Aq,∆) is a soft N -ideal over X for ∆ = [−1, 0).

Conversely, suppose that the soft Nq-set (Aq,∆) is a soft N -ideal over X for ∆ =

[−1, 0). If f(0) > f(a) for some a ∈ X, then there exists β ∈ ∆ such that f(0)+β+1 ≥ 0

and f(a) + β + 1 < 0. Thus (X, aβ) is an Nq-subset of (X, f), and so (X, 0β) is an Nq-

subset of (X, f). This is a contradiction, and therefore f(0) ≤ f(x) for all x ∈ X. Suppose

that there exist a, b ∈ X such that f(a) >
∨

{f(a ∗ b), f(b)}. Then f(a) + β + 1 ≥ 0 and
∨

{f(a∗b), f(b)}+β+1 < 0 for some β ∈ ∆. Thus f(a∗b)+β+1 < 0 and f(b)+β+1 < 0,

that is, (X, (a ∗ b)β) and (X, bβ) are Nq-subsets of (X, f). Hence a ∗ b ∈ Aq(β) and

b ∈ Aq(β). Since Aq(β) is an ideal of X, we have a ∈ Aq(β), that is, (X, aβ) is an

Nq-subset of (X, f). This is a contradiction, and hence f(x) ≤
∨

{f(x ∗ y), f(y)} for all

x, y ∈ X. Using Theorem 3.12, (X, f) is an N -ideal of type (∈, ∈).

Theorem 3.17. Given an N -structure (X, f) and the soft N∈-set (A∈,∆), the following

are equivalent:

(1) (X, f) is an N -ideal of type (∈, ∈∨ q).

(2) (A∈,∆) is a soft N -ideal over X for ∆ = [−0.5, 0).

Proof. Assume that (X, f) is an N -ideal of type (∈, ∈∨ q). We first show that

(∀x ∈ X)
(

f(0) ≤
∨

{f(x),−0.5}
)

. (3.8)
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Suppose that f(0) > f(x) > −0.5. Then f(0) > α ≥ f(x) for some α ∈ (−0.5, 0), which

implies that (X, xα) is an N∈-subset of (X, f), but (X, 0α) is not an N∈-subset of (X, f).

Also, (X, 0α) is not an Nq-subset of (X, f) since f(0) + α + 1 ≥ 0. Thus (X, 0α) is not

an N∈∨ q-subset of (X, f), a contradiction. Hence f(0) ≤ f(x) for all x ∈ X. Now if

f(x) ≤ −0.5, then (X, x−0.5) is an N∈-subset of (X, f) and so (X, 0−0.5) is an N∈∨ q-subset

of (X, f). It follows that f(0) ≤ −0.5 or f(0) − 0.5 + 1 < 0 and so that f(0) ≤ −0.5

because if not, then f(0)−0.5+1 > 0, a contradiction. Consequently, the condition (3.8)

is valid. Let α ∈ ∆ = [−0.5, 0). The condition (3.8) implies that f(0) ≤
∨

{f(x),−0.5}

for all x ∈ A∈(α), and so

f(0) ≤
∨

{f(x),−0.5} ≤
∨

{α,−0.5} = α,

that is, (X, 0α) is an N∈-subset of (X, f). Hence 0 ∈ A∈(α). Now we show that

(∀x, y ∈ X)
(

f(x) ≤
∨

{f(x ∗ y), f(y),−0.5}
)

. (3.9)

If
∨

{f(x ∗ y), f(y)} > −0.5, then f(x) ≤
∨

{f(x ∗ y), f(y)}. Otherwise, there exists

β ∈ (−0.5, 0) such that f(x) > β ≥
∨

{f(x ∗ y), f(y)}. It follows that (X, (x ∗ y)β) and

(X, yβ) are N∈-subsets of (X, f), but (X, xβ) is not an N∈-subset of (X, f). Also (X, xβ)

is not an Nq-subset of (X, f) because f(x) + β +1 > 2β +1 > 0. Hence (X, xβ) is not an

N∈∨ q-subset of (X, f), a contradiction. If
∨

{f(x ∗ y), f(y)} ≤ −0.5, then (X, (x ∗ y)−0.5)

and (X, y−0.5) are N∈-subsets of (X, f). Thus (X, x−0.5) is an N∈∨ q-subset of (X, f), and

so f(x) ≤ −0.5 or f(x)−0.5+1 < 0. It follows that f(x) ≤ −0.5 because if f(x) > −0.5,

then f(x)−0.5+1 > 0 which is a contradiction. Therefore f(x) ≤
∨

{f(x∗y), f(y),−0.5}

for all x, y ∈ X. Let x, y ∈ X be such that x∗y ∈ A∈(α) and y ∈ A∈(α). Then (X, (x∗y)α)

and (X, yα) are N∈-subsets of (X, f), and so f(x ∗ y) ≤ α and f(y) ≤ α. Using (3.9), we

have

f(x) ≤
∨

{f(x ∗ y), f(y),−0.5} ≤
∨

{α,−0.5} = α.

Thus (X, xα) is an N∈-subset of (X, f), and hence x ∈ A∈(α). Therefore (A∈,∆) is a soft

N -ideal over X for ∆ = [−0.5, 0).

Conversely, suppose that (2) is valid. If f(0) >
∨

{f(a),−0.5} for some a ∈ X, then

there exists α ∈ ∆ such that f(0) > α ≥
∨

{f(a),−0.5}. Then α ∈ ∆ and (X, aα) is an

N∈-subset of (X, f). But (X, 0α) is not an N∈-subset of (X, f), i.e., 0 /∈ A∈(α). This is a

contradiction, and so f(0) ≤
∨

{f(x),−0.5} for all x ∈ X. Let x ∈ X and α ∈ ∆ be such

that (X, xα) is anN∈-subset of (X, f). Then f(x) ≤ α. Suppose that (X, 0α) is not anN∈-

subset of (X, f). Then f(0) > α. If f(x) > −0.5, then f(0) ≤
∨

{f(x),−0.5} = f(x) ≤ α
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which is impossible. Thus f(x) ≤ −0.5 and so

f(0) + α + 1 < 2f(0) + 1 ≤ 2
∨

{f(x),−0.5}+ 1 = 0,

that is, (X, 0α) is an Nq-subset of (X, f). Hence (X, 0α) is an N∈∨ q-subset of (X, f).

Assume that there exist a, b ∈ X such that

f(a) >
∨

{f(a ∗ b), f(b),−0.5}.

Taking α =
∨

{f(a ∗ b), f(b),−0.5} implies that α ∈ ∆, and (X, (a ∗ b)α) and (X, bα) are

N∈-subsets of (X, f). But (X, aα) is not an N∈-subset of (X, f). This is a contradiction,

and thus f(x) ≤
∨

{f(x ∗ y), f(y),−0.5} for all x, y ∈ X. Let x, y ∈ X and α, β ∈ ∆

be such that (X, (x ∗ y)α) and (X, yβ) are N∈-subsets of (X, f), and suppose that (X,

xα∨β) is not an N∈-subset of (X, f). Then f(x ∗ y) ≤ α, f(y) ≤ β and f(x) > α ∨ β. If
∨

{f(x ∗ y), f(y)} > −0.5, then

f(x) ≤
∨

{f(x ∗ y), f(y),−0.5} =
∨

{f(x ∗ y), f(y)} ≤ α ∨ β.

which is a contradiction. Thus
∨

{f(x ∗ y), f(y)} ≤ −0.5, and so

f(x) + (α ∨ β) + 1 < 2f(x) + 1 ≤ 2
∨

{f(x ∗ y), f(y),−0.5}+ 1 = 0,

which shows that (X, xα∨β) is an Nq-subset of (X, f). Thus (X, xα∨β) is an N∈∨ q-subset

of (X, f). Consequently, (X, f) is an N -ideal of type (∈, ∈∨ q).

Conclusion

We have introduced N -ideal of types (∈,∈) and (∈,∈∨ q), soft N∈-set, soft Nq-set, soft

N∈∨ q-set, soft N -subalgebra and soft N -ideal in BCK/BCI-algebra.

We have considered characterizations of N -subalgebra of types (∈,∈) and (∈,∈∨ q),

N -ideal of types (∈,∈) and (∈,∈∨ q), soft N -subalgebra and soft N -ideal.

4 Compliance with Ethical Standards

Conflict of Interest: Author declares that he has no conflict of interest.

Ethical approval: This article does not contain any studies with human participants

or animals performed by the author.

12



Informed consent: Informed consent was obtained from all individual participants

included in the study.

Author contributions: Conceptualization: Young Bae Jun, Hashem Bordbar;

Methodology: Young Bae Jun, Hashem Bordbar; Formal analysis and investigation:

Hashem Bordbar, Rajab Ali Borzooei, Borumand Saeid; Writing - original draft prepara-

tion: Hashem Bordbar; Writing - review and editing: Young Bae Jun; Resources: Hashem

Bordbar; Supervision: Young Bae Jun.

References

[1] H. Bordbar, R. A. Borzooei, Y. B. Jun Uni-Soft Commutative Ideals and Closed Uni-

Soft Ideals in BCI-Algebras New Mathematics and Natural Computation, Volume

14(2) (2018), Pages 235-247.

[2] H. Bordbar, H. Harizavi, Y. B. Jun, Uni-Soft Ideals in Coresiduated Lattices Sigma

J Eng and Nat Sci 9 (1), 2018, 69-75

[3] H. Bordbar, M.M. Zahedi, Y. B. Jun, Ideals of IS-algebras based on N -Structures

Kragujevac Journal of Mathematics, Volume 42(4) (2018), Pages 631–641.

[4] Y. S. Huang, BCI-algebra, Science Press, Beijing, 2006.

[5] Y. B. Jun, M. S. Kang and C. H. Park, N -subalgebras in BCK/BCI-algebras based

on point N -structures, Int. J. Math. Math. Sci. Volume 2010, Article ID 303412, 9

pages.

[6] Y. B. Jun, K. J. Lee and S. Z. Song,N -ideals of BCK/BCI-algebras, J. Chungcheong

Math. Soc. 22 (2009), 417–437.
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