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HOMOGENIZATION FOR POLYNOMIAL OPTIMIZATION WITH
UNBOUNDED SETS

LEI HUANG, JIJAWANG NIE, AND YA-XIANG YUAN

ABSTRACT. This paper considers polynomial optimization with unbounded
sets. We give a homogenization formulation and propose a hierarchy of Moment-
SOS relaxations to solve it. Under the assumptions that the feasible set is
closed at infinity and the ideal of homogenized equality constraining poly-
nomials is real radical, we show that this hierarchy of Moment-SOS relax-
ations has finite convergence, if some optimality conditions (i.e., the linear
independence constraint qualification, strict complementarity and second or-
der sufficient conditions) hold at every minimizer, including the one at infinity.
Moreover, we prove extended versions of Putinar-Vasilescu type Positivstellen-
satz for polynomials that are nonnegative on unbounded sets. The classical
Moment-SOS hierarchy with denominators is also studied. In particular, we
give a positive answer to a conjecture of Mai, Lasserre and Magron in their
recent work. Polynomial optimization and Homogenization and Moment-SOS
relaxations and Optimality conditions

1. INTRODUCTION

Consider the optimization problem

min  f(z)
(1.1) st c(x)=0(@€f),
¢j(z) 20 (j € 1),
where f(z),ci(z),¢j(x) are polynomials in = = (z1,...,2,) € R". The £ and Z

are disjoint labeling sets for equality and inequality constraining polynomials. Let
K denote the feasible set of (LI and let fu,in denote the optimal value of (II).
This contains a broad class of important optimization problems, such as stability
numbers of graphs [20, 35] and optimization in quantum information theory [§].
We refer to [25] 26] 29] for related work about polynomial optimization.

The Moment-SOS hierarchy proposed by Lasserre [21] is efficient for solving
the polynomial optimization (). Under the archimedeanness for constraining
polynomials (the set K must be compact for this case; see [21] 28 [46]), it yields a
sequence of convergent lower bounds for the minimum f,;,,. Later, it was shown in
[41] that the Moment-SOS hierarchy has finite convergence if in addition the linear
independence constraint qualification, the strict complementarity and second order
sufficient conditions hold at every minimizer[] When the set K is compact, we
refer to the work [I8| 19, 24, 52| [54]. For convex polynomial optimization, the
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1Throughout the paper, for convenience, a minimizer means a global minimizer, unless it is
otherwise specified for the meaning.
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Moment-SOS hierarchy has finite convergence under the strict convexity or sos-
convexity conditions [16, 23]. When the equality constraints give a finite set, the
Moment-SOS hierarchy has finite convergence, as shown in [22, 28, [40]. More
general introductions to polynomial optimization can be found in the books and
surveys [25, 26, 29, (30, (34, [51].

When the feasible set K is unbounded (the archimedeanness fails for this case),
the classical Moment-SOS hierarchy typically does not converge. For instance, this
is the case if the objective f is a nonnegative polynomial that is not a sum of
squares (SOS) and there are no constraints. There exists work on solving poly-
nomial optimization with unbounded sets. Based on Karush-Kuhn-Tucker (KKT)
conditions and Lagrange multipliers, there exist tight Moment-SOS relaxations for
solving (L)), such as the work in [5, [36 39, [43]. In [I5], the authors proposed
Moment-SOS relaxations based on adding sublevel set constraints. The resulting
hierarchy of this type of relaxations is also convergent under the archimedeanness
for the new constraints. In the above mentioned work, it is assumed that the opti-
mal value of (L)) is achieved. However, this is not always the case. For instance,
for f = 2%+ (1 — 2122)? and K = R?, the optimal value fii, = 0 is not achiev-
able at any feasible point. Interestingly, it was shown in [I] that checking whether
or not the optimal value is achievable is NP-hard. When the minimum fy;, is
not achievable, we refer to the work [I1] 12, 53] for such polynomial optimization
problems.

When the feasible set K is unbounded, Mai, Lasserre and Magron [32] recently
proposed a new hierarchy of Moment-SOS relaxations. Instead of solving (LI
directly, they considered the perturbation f+e(14|/z||?)% for the objective, where
e > 0, and dy is the smallest integer such that 2dy > deg(f) + 1. They proved
the convergence to a neighborhood of fy,i, when it is achievable. The convergence
is related to Putinar-Vasilescu’s Positivstellensatz [47, [48]. The complexity for
this new hierarchy is studied in the recent work [31]. For the ideal case ¢ = 0,
they conjectured that their hierarchy has finite convergence under some standard
optimality conditions at each minimizer.

The polynomial optimization with unbounded sets is typically hard to solve.
There are some questions of high interests. For instance, can we get a hierarchy
of Moment-SOS relaxations that has finite convergence for almost all cases (i.e.,
for generic cases)? When the optimal value fui, is not achievable, can we get a
hierarchy of Moment-SOS relaxations that has finite convergence?

Contributions. This paper studies how to solve polynomial optimization with
unbounded sets. For a polynomial p(x) of degree ¢, let p denote its homogenization
in 7 := (z0,7), i.e., p(¥) = zfp(xr/x0). We consider the following homogenization
K CR™! of K

B G(7)=0(i€é&),
(1.2) K:={3cR"| (%) >0(je),
|Z]2—=1=0, 29>0

Denote by é¢ (resp., ¢z) the equality (resp., inequality) constraining polynomial
tuple for K. Let Ideal[¢g]ar denote the 2kth degree truncation of the ideal of ¢g
and let QM[¢z]2x denote the 2kth degree truncation of the quadratic module of ¢z
(see Section for the definition). Suppose the degree of f is d. For an order



HOMOGENIZATION FOR POLYNOMIAL OPTIMIZATION WITH UNBOUNDED SETS 3

k> [%], we consider the kth order relaxation for (II)):

(1.3) fr = max v
' st f(&) —yaf € Ideallce]ar + QMlez]2k.

When the set K is closed at infinity (see Definition Bl), a scalar v is a lower bound
of f on K if and only if f(;i) — vzl > 0on K. This is the motivation for considering
the relaxation (L3)).

In this paper, we consider the case that the feasible set K of (L)) is unbounded.
Our new contributions are:

I. Our major results are to study conditions for the hierarchy of relaxations
([C3) to have finite convergence. We prove that the finite convergence can
happen under some general assumptions, without assuming that f is pos-
itive at infinity on K (for such a case, the asymptotic convergence is then
guaranteed).

IT. Assume that K is closed at infinity, the ideal Ideal[ég] is real radical (see
Section for the definition). When some optimality conditions (i.e., the
linear independence constraint qualification, strict complementarity and
second order sufficient conditions) hold at every minimizer of (L), in-
cluding the one at infinity, we show that the hierarchy of (I3]) has finite
convergence. In particular, the finite convergence neither assume that the
optimal value fuin is achievable nor assume that f is positive at infinity
on K. The proof uses some classical results in [4I]. To the best of the
authors’ knowledge, this is the first work that proves the finite convergence
for polynomial optimization with unbounded sets.

ITI. We prove that classical optimality conditions for minimizers of (ILT]) are
equivalent to those for the homogenized optimization problem ([@I]). This
shows that the finite convergence of the hierarchy of (I3) is actually de-
termined by optimality conditions for minimizers of (LI]). When the ideal
Ideal[¢g] is not real radical, we give a new hierarchy of Moment-SOS re-
laxations that also has finite convergence, under the same assumptions on
optimality conditions. We also study genericity properties of optimality
conditions. When the polynomials are generic, we show that optimality
conditions hold at every minimizer and there are no minimizers at infinity.

IV. We give extended versions of the Putinar-Vasilescu’s Positivstellensatz for
polynomials that are nonnegative on unbounded semialgebraic sets. When
the linear independence constraint qualification, strict complementarity and
second order sufficient conditions hold at every minimizer of the correspond-
ing optimization problem, we prove that a desired SOS type representation
with the denominator ||z||?* or (1 + ||z||?)¥ exists. The Putinar-Vasilescu’s
Positivstellensatz gives rise to another hierarchy of Moment-SOS relax-
ations for solving (II). This hierarchy is the same as the one given in
[32] for the case e = 0. It was conjectured in [32] that this hierarchy has
finite convergence when some standard optimality conditions hold at every
minimizer. We prove that this conjecture is true, by applying our finite
convergence theory for the hierarchy of (L3).

We would like to make the following comparisons with prior existing work for
solving polynomial optimization with unbounded sets.
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e By using KKT conditions and Jacobian representations, a tight hierarchy
of Moment-SOS relaxations is given in [39]. By using Lagrange multiplier
expressions, an other tight hierarchy of Moment-SOS relaxations is given in
[43]. Both methods as in [39], 43] assume that the tuple of constraining poly-
nomials is nonsingular and the optimal value is achievable. In particular,
the method as in [39] requires to use defining equations for determinantal
varieties. In [43], Lagrange multiplier expressions are required. For general
polynomial constraints, it may not be convenient to formulate the Moment-
SOS relaxations as in [39, [43]. Moreover, when the optimal value fu, is
not achievable, the methods as in [39, [43] are not applicable.

e In the recent work by Jeyakumar et al. [I5], a sublevel set constraint
c¢— f(x) > 0is posed as a new constraint. When the quadratic module gen-
erated for new constraints is archimedean, it produces an asymptotically
convergent hierarchy of Moment-SOS relaxations. When the archimedean-
ness fails, the asymptotic convergence is not guaranteed. Moreover, finding
such a c¢ is typically difficult for constraint cases even if it exists and no
finite convergence results are known for adding such new constraints.

e When the optimal value fii, is not achievable, there exist convergent hier-
archies of SOS relaxations in the work [11] 12} 53], under certain technical
assumptions. They are based on gradient tentacles [53] or truncated tan-
gent varieties [T1} 12]. Only the asymptotic convergence is shown for these
hierarchies, under certain assumptions. There are no finite convergence
results when the optimal value fi,i, is not achievable.

e The recent work [32] of Mai, Lasserre and Magron considers the perturba-
tion f + e(1 + ||z]|?)%, with 2dy > deg(f) + 1, for the objective. When
€ > 0is small and f,;, is achievable, they give a hierarchy of Moment-SOS
relaxations that converges to a neighborhood of the optimal value fuin.
Finite convergence is not known for this hierarchy. For the case ¢ = 0,
the authors conjectured that this hierarchy has finite convergence, under
some standard optimality conditions. We give a positive answer to this
conjecture in Section

This paper is organized as follows. Section [2 reviews some basics about opti-
mality conditions and polynomial optimization. Section [3] gives the new hierarchy
of relaxations and presents some asymptotic convergence results. In Section [ we
prove that the proposed hierarchy of relaxations has finite convergence when some
optimality conditions hold at every minimizer, including the one at infinity. In
Section Bl we prove extended versions of the Putinar-Vasilescu’s Positivstellensatz
for polynomials that are nonnegative on unbounded semialgebraic sets. Section
studies the Moment-SOS hierarchy with denominators. Section [7 presents some
numerical experiments. Section [§ draws conclusions and make some discussions.

2. PRELIMINARIES

Notation. The symbol N (resp., R, C) denotes the set of nonnegative integers
(resp., real numbers, complex numbers). For z = (z1,...,2,) and a = (aq, ..., ap),
denote z% = 7t --- 22" and |a| == a1 + -+ + a,,. For a degree d, let [x]; denote
the vector of all monomials in # and whose degrees are at most d, ordered in the
graded alphabetical ordering, i.e.,

T _ 2 d _d—1 d
[]; = [L,z1,22,..., 2], 2122, ..., 27, 2] Ta,..., 2]
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Denote the power set
Ti={aeN":|of <d}.

Let Rlz] := R[x1, ..., x,] denote the ring of polynomials in z with real coeflicients,
and R[z]4 is the subset of polynomials in R[z] with degrees at most d. For a
polynomial p, deg(p) denotes its total degree, and p denotes its homogenization,
ie, p(z) = :Cgcg(p)p(:v/xo) for & = (x0,1,...,2,). A homogeneous polynomial is
said to be a form. A form p is positive definite if p(x) > 0 for all nonzero xz € R"™.
For a general polynomial p € R[z], p() denotes the homogeneous part of the ith
highest degree for p. For ¢t € R, [t] denotes the smallest integer greater than or
equal to t. For a function p in z, Vp (resp., V2p) denotes its gradient (resp.,
Hessian) with respect to x. If x is a subvector of its variables, then V,p denotes its
gradient with respect to x. If x,y are two subvectors of its variables, then denote
the Hessian with respect to & = (x4, ..., 2i, ),y = (zj,,...,20,) by V2 p, ie,

xT
V2. p= (Vz, , p) .
z.Y TV )1, 00 k=1,... 02

,,,,,,,,,

For a matrix A, AT denotes its transpose. A symmetric matrix X = 0 if X is
positive semidefinite. For a vector v, |[v|| denotes the standard Euclidean norm.
For a set T' C R™, let ¢l(T) be the closure of T'. A property is said to be generic
for a vector space V if it holds in an open dense set of V.

2.1. Optimality conditions. We review some basic theory for nonlinear program-
ming. Let 2* be a local minimizer of (II)). Denote the label set of active constraints
at z*

(2.1) J@*)={i e EUT :¢i(x") =0}.

The linear independence constraint qualification condition (LICQC) is said to hold
at z* if the gradient set {Vec;(2*)}ic j(2+) is linearly independent. When the LICQC
holds at x*, there exist Lagrange multipliers ); (i € £ UZ) such that

(2.2) VI(@") =Y iceur MiVei(x™),
' Aj >0 (j €T), Ajej(2*) =0 (j € D).

The above is called the first order optimality condition (FOOC). Moreover, if A; +
cj(x*) > 0 for all j € Z, then the strict complementarity condition (SCC) is said
to hold at z*. For the above Lagrange multipliers, the Lagrange function is

L(z) = f(z) - Z Aici(x).

i€EUL

The subspace of the gradients of the active constraints is denoted as
(2.3) V(z") == span{Ve;(z"),i € J(z™)}.

The orthogonal complement of V(z*) is denoted as V(z*)%. Under the LICQC,
the second order necessary condition (SONC) holds at z*, i.e.,

(2.4) vTV?2 (f(m*))v >0, Vwve V()
The second order sufficient condition (SOSC) is said to hold at a* if

(2.5) vTV?2 (f(:v*))v >0, VO#ve V()
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If the FOOC, SCC and SOSC hold at x*, then x* is a strict local minimizer. We
refer to [4] [55] for more details about optimality conditions.

2.2. Some basics for polynomial optimization. We review some basics in real
algebraic geometry and polynomial optimization. We refer to [25] 29l [5T] for more
details.

A subset I C RJx] is called an ideal of R[z] if I -R[z] C R[z], I +1 C I. For a
polynomial tuple h := (hq,..., h.), Ideal[h] denotes the ideal generated by h, i.e.,

Ideal[h] = h1 - Rlz] + -+ + hy - Rlz].
For a degree k, the kth degree truncation of Ideal[h] is
Ideal[h], = h1 - R[z]p—deg(hy) + =+ hm - R[Z]k—deg(hyn)-
Its real variety is defined as
Ve(h) ={z € R" | hi(z) = --- = hp(z) = 0}.

We say Ideal[h] is real radical if Ideal[h] = Ideal[Vg(h)], where Ideal[Vk (k)] denotes
the set of all polynomials vanishing on Vg(h). A polynomial p is said to be a sum
of squares (SOS) if p = p? +--- + p? for p1,...,p: € Rlx]. The set of all SOS
polynomials in « is denoted as X[z]. For an even degree k, denote the truncation

Y]k = Z[z] NRx]s.
For a polynomial tuple g = (¢g1,...,9¢), the quadratic module generated by ¢ is
(2.6) QM[g] = Z[z] + g1 - E[z] + -+ + g¢ - Bla).
Similarly, for an even degree k, the kth degree truncation of QM][g] is
2.7)  QMglk = Efz]k + g1 - Z[#]k—27deg(g1)/21 + - + 9¢ - Blx]r—2deg(g0)/21-

The sum Ideal[h] + QM][g] is said to be archimedean if there exists R > 0 such
that R — ||z||? € Ideal[h] + QM][g]. If it is archimedean, then the set

S ={zxeR"|h(zx)=0,9(z) >0}

must be compact. Clearly, if p € Ideal[h] + QM][g], then p > 0 on S while the
converse is not always true. However, if p is positive on S and Ideal[h] + QM][g]
is archimedean, we have p € Ideal[h] + QM][g]. This conclusion is referred to as
Putinar’s Positivstellensatz.

Theorem 2.1 ([46]). Suppose Ideallh] + QM]g] is archimedean. If a polynomial
p>0 on S, then p € Ideallh] + QM][g].

For an integer k > 0, let RN2x denote the space of all real vectors that are labeled
by o € Ni,.. Each y € RNzk is labeled as

Yy = (ya)aGNgk .

Such y is called a truncated multi-sequence (tms) of degree 2k. For a polynomial
P =2 |a|<2k Pa®® € Rz]2k, define the bilinear operation

(2'8) <p=y> = Z PaYa-

lal<2k
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For given p, (p,y) is a linear function in y. For the degree t := k — [deg(p)/2], the
(k)

localizing matrix Ly’ [y] is a symmetric linear matrix function in y such that
(2.9) 0" (L) a = (g [510)% v)

for all real vector ¢ € RY? . In particular, if p = 1 is the constant one polynomial,
then Lgk) [y] is called a moment matrix, for which we denote as

My = L [y).

Localizing matrices are quite useful for solving polynomial and tensor optimization

problems [71 13| 25] 291 [42] [44].

3. MOMENT-SOS RELAXATIONS FOR THE HOMOGENIZATION

In this section, we give a hierarchy of Moment-SOS relaxations based on the
homogenization of (IT]) and study its properties. Let & := (xq, z). For a polynomial
p € R[z], let p(Z) denote the homogenization of p. For the feasible set K as in (IT]),
denote the sets

B G(@)=0@eéf),
Kt = (3| (@) >0(G€eD), o,
(3.1) N L | 2=0
K¢ = K'"n{zg >0},
K = Kh'n{a+a2Tx=1}.
Define the perspective projection map ¢ as
(3.2) ¢ : {(zo,2) € R"™ |29 >0, 2 +aTx = 1} >R, (z0,x) — f
0

The map ¢ gives a one-to-one correspondence between Kn {zp >0} and K.

The set K¢ only depends on the geometry of K, while K" and K depend on the
description polynomials for K. Throughout the paper, we assume their description
polynomials are as in (I1]). The following is a useful definition for homogenization.

Definition 3.1 ([37]). The set K is closed at infinity () if cl(K¢) = K".

The above definition was introduced in [37] for studying the boundary of the cone
of polynomials nonnegative on K. The following is a basic property for closedness
at oo.

Lemma 3.2. For f € R[z], we have f > 0 on K if and only if f >0 on cl(f(c).
Moreover, when K is closed at oo, f >0 on K if and only if f >0 on K.

Being closed at oo is a generic property for semialgebraic sets (see [10]). We re-
mark that the closedness at co may depend on the choice of description polynomials
for K. For instance, the following two sets

S = {(l‘l,xg) S R2 A —,T% > 0}, Sy = {(l‘l,,fg) S R2 I —JJ% >0,21 > 0}
are the same. However, for their description polynomials, the set Sy is closed at
oo while S; is not, since (0, —1,0) € S\ cl(S§). Throughout the paper, when we

mention K is closed at oo, it means that their description polynomials as in (L))
are used.
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In view of the minimum value, the optimization ([II]) is equivalent to

max 7y
(3.3) { st. f(z)—v>0 on K.

Let d := deg(f). When K is closed at co, one has f —~ > 0 on K if and only if
f(#) —yzd > 0 on K. Therefore, [33)) is equivalent to

max vy
3.4 P ~
(34) { sit. f(@)—v2d>0 on K.
For convenience of notation, denote the polynomial sets

(35) = {a@) e VP 1), &= {G()},0 U lao).

Note that K is compact and Ideal[ég] + QM[¢z] is archimedean for all K.
We apply Moment-SOS relaxations to solve (34)). For an order k > [4], the kth
order SOS relaxation for (34 is

max vy
(3.6) { s.t. f(j) — ’ya:g € Ideal[ée]ar + QM[éz]2k -

The dual optimization of ([B.0]) is the kth order moment relaxation

min  (f,y)
st L[yl =0 (p € e),
(3.7) LW =0 (g € éx),
Mk[y] = 07

(:vg,y> =1l,y€e RNH

Let fr and fj, denote the optimal values of (B.0), (B7) respectively. As k goes
to infinity, the sequence of the relaxations [B.0)-(B.7) is called the homogenized
hierarchy of Moment-SOS relaxations for solving (ITJ).

3.1. Basic properties. When K is closed at oo, the optimal values of [33]) and
B4) are the same. This is a basic property of homogenization. The following is
implied by Lemma

Proposition 3.3. If K is closed at oo, then the optimal values of (33) and (37
are the same.

When the degrees of f, ¢; (j € Z) are all even, the constraint xy > 0 is redundant
for homogenization. Consider the optimization problem

max -y

(38) { sit. f(#)—~yzd>0 on K€
where the set K¢ is

N &(3)=0 (@ €é),
(3.9) Ke= {zeR| &,(z)>0(jel),

:E% +2Tx=1

Suppose K is closed at oo and f > 0 on K. By Lemmal[3.2] we have f(i) >0forz =
(x0,2) € K¢ withzg > 0. For & € K¢ with xy < 0, we have ¢;(Z) = (xo)deg(C¢)ci(m10)
for cach i € £UZ. This implies that £ € K and (&) = 2§ f(£) > 0 for all 2y < 0,
when the degrees of f, ¢; (j € Z) are even. Thus, the following holds.
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Proposition 3.4. If the set K is closed at oo and the degrees of f, ¢; (j € 1) are
even, then the optimal values of (3.3) and (38) are the same.

We remark that if one of f and ¢; (j € Z) has an odd degree, then (B3] and
B3) may not have the same optimal value. For instance, consider the optimization

min z S.t. 1—x220,x€R.

The minimum value fu;, = —1 and Ke = {23 > 22, 23 + 2% = 1}. However, the
optimal value of (B8)) is —oo, since there is no scalar v such that x — yxg > 0 on
K.

Suppose the optimal value fuin > —o0o. A point z* € K is a minimizer of ([T
if and only if f(2*) — fmin = 0, which is equivalent to
(3.10) @) = famin - (35)" =0
for the point #* := (1 + ||z*||2)~2(1,2*). By the perspective projection ¢ as in
B2, it is easy to see there exists a one-to-one correspondence between minimizers
of (LI) and feasible points of BI0) with & = (zo,x) € K, xp > 0. However, the

system (3I0) may have feasible points of the form z* = (0,u). For such a case, it
does not give a minimizer of (ITJ).

Definition 3.5. A point 2* is said to be a minimizer at infinity for (1) if 2* =
(0, 2*) satisfies B.I0) and z* € K.

Recall that for a polynomial p, p(!) denotes the homogeneous part of the highest
degree for p. For convenience, denote the set

cM(x) =0 (i €€),
(3.11) KV ={zeR" M) >0 (jeT),
[z[[*=1=0

The following is a basic property of homogenization.

Theorem 3.6. Suppose the minimum value fin > —oo. Then, we have:
(i) A point x* is a minimizer at oo for 1) if and only if M) (z*) = 0 and
e KU,
(ii) If the minimum value fumin is not achievable for (L), then (L) has a
minimizer at 0o.
(iii) Suppose K is closed at oo. Then the form fO >0 on KM, In particular,
if A >0 on KU, then there are no minimizers at co.

Proof. (i) For &* :== (0,z*), note that ¢ (z*) = cz(-l)(:zz*) for all i. So, #* € K if and
only if z* € KM Since fyin > —00, one can see that

0= f(F) = fuin - (7)* = fO(2").
So the conclusion is true.

(ii) Since the optimal value is not achievable, the set K is unbounded and there
is a sequence {z("}2¢ C K such that f(z*)) — fum and [[z®] — co. Let
y*) = 2(®) /||2(®)|| be the normalization. Without loss of generality, one can further
assume y*) — y*. Clearly, ||y*|| = 1, and

O = Jim fOEP) = T f@®)/a)) =
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Similarly, one can show that
) =0Ged), ") =0(el).

So y* € K and y* is a minimizer at oo, by the conclusion in item (i).

(iii) If K = 0, the conclusion is clearly true. We consider the case that
K@M £ . For each u € KO, we have @ := (0,u) € K". Since K is closed at oo,
there exists a sequence of 4(F) = (uék),u(k)) € K¢ such that @™ — @ and each
u((Jk) > 0. Note that u(k)/uék) € K and

F@®) = fin - (ug”)* = (a6 (F @ ) = frnin) = 0.

Letting & — oo, we get f1)(u) > 0 for every u € K hence fM) >0 on K.
When the form f) > 0 on K, there are no minimizers at co. This is implied
by the item (i). O

3.2. Asymptotic convergence. The asymptotic convergence of the Moment-SOS
hierarchy of ([B.6])-([B.7) can be shown under the following condition.

Definition 3.7. A polynomial p is said to be positive at oo on K if its highest
degree homogeneous part p >0 on K1),

This condition has appeared in [6][33] to study different properties of nonnegative
polynomials on unbounded sets. If the objective f is positive at oo, then f is
coercive on K, i.e., for every value ¥ € R, the sublevel set {z € K : f(z) < 9} is
compact. This is shown in the following lemma.

Lemma 3.8. If [ is positive at oo on K, then f is coercive on K.

Proof. When K is compact, the conclusion is clearly true. Consider the case that
K is unbounded. Suppose otherwise f was not coercive on K, then there exist a
value ¥ and a sequence {u(®}2°  C K such that

[u® ]| = o0, fu®) <9 for allk.

Let @®) = (1,u®)/\/T+ [[u]]?, then @®) € K and ||a®)|| =1 for all k. Without
loss of generality, we can further assume that @*) — @* := (0,u*) € K as k — co.
Note that ||u*|| = 1, and

fOw*) = f(a*) = lim f(a®) = lim L))d <0.

Z(-l)(u*) =0 for every i € £ and c§1)(u*) > 0 for every

j € I. Hence, we get u* € KM and f(u*) < 0, a contradiction to the positivity
of f at co. So f must be coercive on K. O

One can similarly show that ¢

We remark that if f is coercive on K, it may not be positive at oo on K. For
instance, the polynomial f = a7 + 23 is not positive at oo for K = R?, but it
is coercive. It is typically a hard question to check coercivity, as shown in [I].
Coercivity of polynomials is also studied in [2] [T5]. The coercivity is sufficient but
not necessary for the optimal value to be achievable.

When f is positive at oo on K, the hierarchy of relaxations (3.6]) has asymptotic
convergence. This is shown as follows.
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Theorem 3.9. If f is positive at oo on K, then the optimization ([I1) achieves
the minimum value and fr — fmin as k — co.

Proof. Since f is positive at oo on K, Lemma [B.8 implies that f is coercive on K,
so ([I)) must achieve its minimum value fui, > —oo and it has minimizers. For
every scalar v < fuin, we show that f(&) —yud > 0 for all @ = (ug,u) € K. If
ug = 0, then v € KM and f(a) = fM(u) > 0, since f is positive at oo on K. If
ug > 0, then u/ug € K and

F(@) = y(uo)® = ug(f(u/uo) —~) > 0.
Note that Ideal[¢g]+QM][éz] is archimedean, due to the sphere constraint 23427z =
1. By Theorem 1} we have f(i) — yzd € Ideal[ée] + QM[éz]. Thus, when k is
sufficiently large, we get f(Z) — vzl € Ideal[ée]or + QM[éz]or. This is true for
every v < fmin. On the another hand, if v is feasible for ([B.G]), we must have
f(&) —~azd > 0on K, which implies that f —~ >0 on K and hence v < fuin. This
shows that fr — fmin as k& — oc. O

The following is an example for the hierarchy of (B.0)-(B1).
Example 3.10. Consider the optimization problem

min x1 + 22
s.t. x?+x2+120,x%—x1—|—120.

The feasible set K is unbounded. One can check that the minimum value and the
unique minimizer are respectively
2V/3 V3 V3
min:_l_—; = __7_1 - /
f g ¥ =073 +5)
Note that f() = z; 4+ 25 and
KO = {23>0,23 > 0,22 422 =1}.

The form fU) is positive on K(1). The hierarchy of ([B.6)-([7) has the asymptotic
convergence. Interestingly, it also has finite convergence. This can be implied by
Theorem

4. OPTIMALITY CONDITIONS AND FINITE CONVERGENCE

Optimality conditions are closely related to finite convergence of the classical
Moment-SOS hierarchy in [21]. Under the archimedeanness for constraining poly-
nomials, the Moment-SOS hierarchy has finite convergence when the linear indepen-
dence constraint qualification, strict complementarity and second order sufficient
conditions hold at every minimizer. This is shown in [41]. When the feasible set K
is unbounded, the above conclusion may not hold. However, we can prove similar
conclusions for the homogenized hierarchy of relaxations (3.6)-(B.1).

Recall that fj is the optimal value of the relaxation ([B.) for the relaxation
order k. The hierarchy of (B.0)-([B.7) is said to have finite convergence or be tight
if fx = fmin for all k big enough. To guarantee the finite convergence, we assume
that K is closed at oo, Ideal[¢g] is real radical, the LICQC, SCC and SOSC hold at
every minimizer, including the one at infinity. However, the set K is not assumed
to be bounded and we do not assume the optimal value of (1] is achievable.
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We consider the homogenized optimization problem (note & = (zg,x))

min  F(Z) = f(i) — fuin * xg
st &(@) =0 (i€é),

(4.1) g+ zl? =1 =0,
(@) >0 (j € 1),
o Z 0.

Since there is the sphere constraint, the above optimization must have minimizers.

Lemma 4.1. If K is closed at 0o and fmin > —00, the minimum value of (4-1)) is
0.

Proof. Since K is closed at co, we know F'(Z) > 0 on K, by Lemma B2l If fuin
is achievable at a minimizer z* of (L), then &* == (1 4 ||z*[|2)~2(1,2*) € K and
F(2*) = 0. If fuin is not achievable, then (L) has a minimizer at oo, say u*, by
Theorem B8l For the point @* := (0,u*), we have F(@*) = 0 and @* € K. So the
minimum value of (1] is 0. O

Since the minimum value is 0, a point @ is a minimizer of (1)) if and only if
F(@) =0 and @ € K. Suppose @ = (ug, ) is a minimizer of @I)). If uo > 0, then
u/ug is a minimizer of ([LI)). If up = 0, then w is a minimizer at oo for (). For
the case up > 0, we call % a regular minimizer of ([@1J). For the case ug = 0, we call
@ a minimizer at infinity of (I]). Recall the optimality conditions LICQC, SCC
and SOSC as in Subsection 21l Note that K is always compact. The following is
the finite convergence result based on optimality conditions for the homogenized
optimization problem (@Tl), which follows from [41].

Lemma 4.2. Assume K is closed at oo and Ideal[Cg] is real radical. If the LICQC,
SCC and SOSC hold at every minimizer of {{-1)), then the hierarchy of relazations
(38)-[37) is tight, i.e., there exists ko € N such that

fre = fr. = fmin  for all k > ko.
Proof. Note that Ideal[ég] + QM[éz] is archimedean. By Theorem 1.1 of [41], there
exists o € QM[éz] such that
f = fuinzd =0 mod Ideal[Vi ()],
Since the ideal Ideal[ég] is real radical, there exists ¢ € Ideal[ég] such that
f = fuinz = ¢+ 0.

This implies that fi = f, = fmin for all k& big enough. O

In Lemmal42] optimality conditions are stated for the homogenized optimization
problem (T]). Interestingly, the optimality conditions at regular minimizers for
([&T) are equivalent to those for (II]). The equivalence will be shown in the following
subsections (see Theorem [4]). Therefore, the finite convergence result can be
stated under the optimality conditions of (II]). For a minimizer at infinity z*, we

say the LICQC, SCC and SOSC hold at z* if they hold for () at (0,2*). The
following is the main result about the finite convergence.

Theorem 4.3. Assume K is closed at oo and the ideal Ideal[Cg] is real radical. If
the LICQC, SCC and SOSC hold at every minimizer of (L)), including the one at
infinity, then the hierarchy of relaxzations (3.0)-(37) is tight, i.e., fu = fi. = fmin
for all k big enough.



HOMOGENIZATION FOR POLYNOMIAL OPTIMIZATION WITH UNBOUNDED SETS 13

Proof. Since K is closed at oo, we know f— fumintd >0 on I?, by Lemma 321 Let
7* = (zf,2*) € K be a minimizer of {@I). If 2§ > 0, then ;— is a minimizer of
0
(LI). Since the LICQC, SCC and SOSC hold at I, these optimality conditions
0

also hold at z* for (L1l), by Theorem 4l If z{ = 0, then z* is a minimizer at
infinity. By the assumptions, these optimality conditions also hold at £*. Hence,
the LICQC, SCC and SOSC hold at every minimizer of (I)). By Lemma [L2] we
have fr = f{ = fmin for all k& big enough. O

In Theorem 3] the minimum value fuiy is not assumed to be achievable for
(CI). When there are no equality constraints, the ideal Ideal[ce] = Ideal[||Z|* — 1]
is real radical, regardless of inequality constraints.

For an exposition for Theorem 3] we consider Example At the unique
minimizer z* = (—@,—1 + @), the first constraint a3 + 22 + 1 > 0 is active
while the second one is not. Hence, we have that the Lagrange multipliers A\y = 1,
2v3 0

0 0
that the LICQC, SCC and SOSC all hold at z*. One can check that there are no
minimizers at infinity and Ideal[cg] = Ideal[||Z||?—1] is real radical. By Theorem 3]
the hierarchy of [.0)-(B.1) is tight for this optimization problem. In fact, we have
fr = fmi for all k > 3.

In the following, we investigate when the optimality conditions hold for (@I]).

Ao = 0. The Hessian of the Lagrange function at x* is . One can see

4.1. Optimality conditions for regular minimizers. An important property
of homogenization is that it preserves optimality conditions for regular minimizers.

Theorem 4.4. Suppose K is closed at co. Then, a point z* € K is a minimizer

of (Z1) if and only if * := (1,2%)/\/1 + ||x*||? is a minimizer of {{.1]). Moreover,

we have:
(i) The LICQC holds for (I1l) at «* if and only if it holds for {{.1)) at T*.
(ii) Suppose the LICQC holds for ({I1l) at x*. Then, the SCC holds for {I1])
at x* if and only if it holds for [{1]) at T*.
(iii) Suppose the LICQC holds for (1) at x*. Then, the SOSC holds for (I1)
at x* if and only if it holds for [{{1]) at T*.
Proof. Without loss of generality, one can assume fiin = 0 up to shifting a constant
in f. By Lemma[B2] when K is closed at co, f(z) > 0 on K if and only if f(z) > 0
on K, which is the feasible set of [@Il). Note that 2* is a minimizer of () if and
only if f(z*) = 0. Since f(*) = (1 + ||Jz*||?)~¥2f(x*), f(&*) = 0 if and only if
f(z*) = 0. Hence, z* is a minimizer of (IT)) if and only if Z* is a minimizer of ({A1]).
Since the constraint xy > 0 is not active at ¥, the label set of active constraints is
J(@*) ={i e EUTL: ¢;(z*) = 0}.
By the Euler’s identity for homogeneous polynomials, we have that for all &
2TV ,6(2) + 10V & (T) = deg(c;) - &(7).
The above implies that
(4.2) (2*) VoG (%) 4 Voo &i(3%) = 0
for all ¢ € J(x*). Also note that
(4.3) Vaoli(#) = (V1 + [z []2) '8V ().
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(i) “<=": Suppose the LICQC holds for (£I]) at z*, i.e., the gradients

Vo Gi(Z%)] . . 1
[vm@-(f*) (e @) g
are linearly independent. Then (£Z) implies that V,¢;(Z*) (i € J(x*)) are linearly

T
independent. By ([@3), we know the gradients V¢;(z*) (i € J(x*)) are linearly
independent, i.e., the LICQC holds for (L.I]) at x*.

“=": Assume the LICQC holds for (1)) at z*, i.e., the gradients V¢;(z*) (i €
J(x*)) are linearly independent. Suppose there are scalars p;, po such that

Vo Ci 1
(4.4) Z i {VDC(( ))]—i-uo[ ]:O.
icd(z*) ¢
Note that &;(#*) = 0 for all i € J(2*). Premultiplying (7*)T in {@4) results in
= Y puden(cs) &) + poy/TH T = o/ T TP,
i€J(z*)

Hence, we get po = 0. By (@3)), the linear independence of Ve;(z*) (i € J(x*))
implies that p; = 0 for all ¢ € J(z*). So, the LICQC holds for @I at z*.

(ii) By the item (i), the LICQC holds at * for {@I)). Since Z* is a minimizer of
(1), there exist Lagrange multipliers ; (¢ € J(x*)) and A¢ such that

(4.5) {V“’F ] DREY {VW ))]4—/\0 [;]

ieJ(x*)
By the Euler’s identity for homogeneous polynomials, we have
(@)TVF(3*) =0, (*)"V:6(3) =0 (i € J(z¥)).
The above and @3) imply that Ao = 0. Let A; = A; (/1 + [[«*][2)%~de8(¢) | then
(4.6) Vi*) = Z A\iVei(x
ieJ(x*)

When the LICQC holds, the Lagrange multipliers are unique for both () and
EID.

“=": Suppose the SCC holds for (II]) at «*. If otherwise the SCC fails to hold

for (A1) at 2%, say, \j, = 0 for some jo € J(z*) NZ, then as in the above we can
get

ieJ(z*)\{jo}

Since the Lagrange multipliers are unique, the above implies that the SCC fails for
(I at «*, which is a contradiction. Therefore, the SCC holds for [{@1)) at z*.

“<”: Suppose the SCC holds for [@I]) at *, then A; > 0 for all i € J(z*)NZT
in (). So, A; > 0 for each i € J(z*) NZ in [@G). Since the Lagrange multipliers
are unique, this means that the SCC holds for (1)) at z*.

(iil) Note that the LICQC holds for both (1)) and (@.TI).
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=": Suppose the SOSC holds (1) at z*. Consider § = (yo,y) in the tangent
space of active constraints of [@1)) at z*, i.e.,

YoVaoGi(Z) +y Vs G(27) =0 (i € J(2"),

4.7
(1) yo+yra* =0

The equation ([@Z) implies that V., & (i) = —(2*) TV, (3*) for every i € J(z*).
So [{@1) is equivalent to

(¥ — yor™) T Vails(2*) = 0(i € J(27)),
(48) 0 Yo +yT(E* =0

Let s, \; be Lagrange multipliers as in ({35)-@0) for the proof of item (ii). Note
that A\g = 0 and we shift f as fuin = 0, so we have

(4.9) (y = 902") Vo f(F) = Y Nily —yor™) "Vauii(#) = 0.
ieJ(x*)

For the Lagrange function

(4.10) L(E) = f(@)— Y Né(@),
ieJ(x*)

its Hessian at z* is

- V2 . L(E*) V2, L(7%) }
V%iL T* |: T0,T0 S T,To . .
=it Ve
We express V2. L(Z*) in terms of %i—(z]*) (1<i<n,1<j<n). Let
1 x*
== T T A
ana il ana il

Similar to (A2, it holds that

M0 Vao f (&) + 0"V f(2) =0,
nvaocl( )+77 vwcl( )—O(i € J(x*))

Again, by Euler’s identity, we similarly have

(4.11) (d— 1)V, f(z*) = [Vi, /(@) Vi L f(@ )} [ﬂ ’
(deg(ci) — l)ijéi(j ) = [viy woCi & (") vi]‘*zéi(i.*)] |:7Z;J:| 7
for alli € J(x*) and j =0,...,n. For convenience, denote
= dV, f Z deg(ci)\iV6i(T7),
iceJ(xz*)

vi=dVa, f(3) = > deg(ci) NV, &i(E).

i€J(z*)
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With [@3) and (@II), we have

(4.12)
M0Va oo L(E) = (d =)V f(@) = Y (deg(es) = )AVL&(E) — Vi, L(E)n
i€J(z*)
=" = Vi L@,
(4.13) noy = —dVa f(@)Tn+ Y deg(ei)\iVai(i*)Tn = —nTv".
ieJ(xz*)

Hence, the following holds
(4.14)  (10)°V2, 4o L(E") = 10y =m0 V3, o L(E ) = =2n"0* + 07 V3  L(T*)n.

Z0,;Z0

Consider the new Lagrange function

(4.15) L(z) = f(x) = Y Nici(x).

ieJd(z*)
Since the SOSC holds for (1) at z*, we have
yIV2L(z*)y >0, for each y # 0, y"Vei(z*) =0 (i € J(x¥)).
The above is equivalent to
y V2, L(Z%)y >0, foreachy#0,y"V,.&(E*) =0 (i € J(x¥)).
Using ([{12)-EI4), one can verify that for § = (yo,y) satisfying (8],
G VEL(E)g =y Ve, L(E )y + 240y Vi 4, L(T) + Y5 Vi, 00 L(E)

Z0,To
* ~ % * 2 — J;* T’U*
(4.16) = (y = yor") " V3 L) (y — yoo") + nl nio )

= (y —yor*) ' V2 . L(ZT")(y — yor™) 2 0.
In the third equality above, (y — yoz*)Tv* = 0 follows from ([@8)-(E3J). Moreover,
if gTV2.L(*)§ = 0, then y — yoz* = 0, by the SOSC for ([I)) at =*. Since
yo +yTa* =0 as in [@F), we get
0= (y —yor*) " = —yo(1 +[|lz*|?).
So, yo = 0 and hence y = 0, i.e., § = 0. This shows that the SOSC holds for ([T
at T*.
“<”: When the SOSC holds for {@1]) at #*, we show that it also holds for (I
at x*. Suppose otherwise the SOSC fails to hold for (1) at =*, then there exists
u # 0 such that
wIV2L(z")u =0, uTVei () =0 (i € J(z*)).
Let £ := (£y,£), where £y = ~—uT3:*/(1 + ||z*||?) and ¢ = u + fpz*. For the case
lo =0, £ = u is nonzero. So, £ is a nonzero vector. Note that
(f — fo,’E*)Tvmél(,’f*) = uTVméi(:i*) =0 (Z S J(LL'*)),
(Yo + by = uTa* + Lo(1 + ||z*]]?) = 0.
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By equation (@), we know / lies in the tangent space of active constraints of (#I)
at *. Moreover, similar as in (£I6), the following holds

I™V2, L) = (0 — Lox™) TV, L(E) (0 — Lox™)
= UV, L(Z*)u = u"V?L(z*)u = 0.

This is a contradiction to that the SOSC holds at &* for (£1I). So the SOSC must
hold for (L)) at x*. O

The LICQC, SCC and SOSC all hold at every local minimizer of (1)) for generic
polynomial optimization problems. This is a major conclusion in [4I]. By Theo-
rem [L4] we know these optimality conditions all hold at every regular minimizer
of (@) for generic polynomials.

4.2. Optimality conditions for minimizers at infinity. We consider minimiz-
ers at infinity. For a polynomial p, recall that p*) denotes the homogeneous part of
the highest degree for p. Suppose K is closed at oo and * = (0,2") is a minimizer
at oo for (@I)). By Theorem B8 and Lemma Il we know f(V)(2*) = 0 and 2* is a
minimizer for

min  fM(z)
(4.17) s.t. c%ii(m) =0 (z € &),
c; (x) 20 (j €I),
lz]|> —1=0.
Denote the active label set
(4.18) Ji(z*) = {z ccuT| V(@) :o}.

By the Fritz-John condition (see []), there exist scalars po, u;, i such that
VW (z*) = Z uchgl)(:v*) + fx*,
i€Jy (:E*)
while po, ui, i are not all zero. Note that ||z*| = 1. Since fM(z*) = 0 and
cl(-l) (z*) = 0 for each i € J;(z*), premultiplying (z*)T in the above results in ji = 0,
by the Euler’s identity. So the above is the same as
(4.19) poVIVE) = 3 Ve @),
i€J(z*)

First, we show that there are no minimizers at infinity for (L)) if the polynomials

are generic. For this, we review some basic theory for resultants and discriminants.

We refer to [9, B7, 57]. Let py,...,p, be forms in z == (z1,...,2,). The resultant
Res(p1,...,pn) is a polynomial in the coefficients of p1,...,p, such that

Res(p1,...,pn) =03 0#ueC”, pr(u)=--=pp(u) =0.

For m < n, the discriminant A(py,...,pm) is a polynomial in the coefficients of
Ply...,Pm such that A(p1,...,pm) = 0 if and only if there exists 0 # u € C"
satisfying

p1(u) = =pp(u) =0, rank [Vpy(u) -+ Vpn(u)] < m.

Both Res(p1,...,pn) and A(p1,...,pm) are homogeneous polynomials in the co-
efficients of p;. The following is about nonexistence of minimizers at infinity for
generic polynomial optimization problems.
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Theorem 4.5. Suppose K is closed at co and € = {1,...,m1}, T = {mq +
1,...,ma}, my < n—1. If the polynomials f € Rlx]q, and ¢; € Rlz]q, (1 € EUT)
satisfy the conditions:

(i) Forallmy +1<j1 <+ < jnom, < M2

Res(cgl), ) c(»l), ey ) #0;

7MY T 7 In—mq

(ii) Forallmi+1<j1 < <jr<mowith0<r<n-—m;—1

A(f(l),cgl),... D c(l))#O,

> Tma Ty 0 > Jr
then (I1l) has no minimizers at oo.

Proof. Since K is closed at oo, the optimal value of (17 is 0 if there is a minimizer
at infinity *. Let ji,...,j, be the labels of active inequality constraints for ([EIT)
at *. The item (a) implies that r < n—m;. This is because if otherwise r > n—m;,
then

Res(cgl), et et ) =0.

> Ema Vg 0 P in—my

The Fritz-John condition ([@I9) implies that

1 1 1
A(f(l),cg ), .. '70%3705‘1)7 . .,ch)) =0.
The conditions in (i)-(ii) deny existence of minimizers at infinity. O

For special polynomial optimization problems, there may exist minimizers at
infinity. For instance, this is the case if the optimal value is not achievable for (L))
(see Theorem B.6]). In the following, we study optimality conditions for minimizers
at infinity. Suppose Z* := (0,2*) is a minimizer at infinity for (Z1I). Recall that
d = deg(f). The KKT equation for @I at £* is in the form

FOE) = d a0 e @)
1 * - 1 1 *
(4.20) Vi) et | Ve @)
11 510
Theorem 4.6. Suppose K is closed at oo and T* = (0,2*) is a minimizer at

infinity for ({1). Let Ji(z*) be as in [@I8). Then, we have:
(i) The LICQC holds for ({7-1) at &* if and only if the gradients

Vel (2*) (i € Ji ("))

are linearly independent.

(ii) Suppose the LICQC holds for ({1) at z*. Then, in [{{-20), we have

. 0= ") —d- fmin- 07" — e (@), A=0.
4.21 Xo = FO@") —d- fonpn - 0971 AP (@), A=0
i€ J1(x*)

Moreover, the SCC holds for {{-1]) at T* if and only if
(422) M >0, \; >0 (’L S Jl(I*) QI).
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(ili) Suppose the LICQC holds for (1) at T*. Let \; be Lagrange multipliers
as in ([£.20). Then, the SOSC holds for (4.1) at T* if and only if for every
nonzero y satisfying

yTVcl(-l)(x*) =0 (i € Ji(x")),

4.23
( ) yTx* — O Y

we have yTV2L1(z*)y > 0, where

Li(z) = fV@) = Y netV(a).

i€ Jy (z*)

Proof. (i) The constraint z¢ > 0 is active [@.I]) at £*. The LICQC at z* for (@)
requires the linear independence of the gradients

] wesen i 2]

“=": Suppose the LICQC holds at z* for [@I]). If there is a linear combination

such that 37,c 7 (.- /Lchgl)(x*) =0, then
(2) (%
c;” (x 1
Z i vzc(l)((xg) + Ho [O] =0
i€ Jy(x*) i

for po = — > ic s v uic§2)(x*). The LICQC holds at #* for (@) implies that all
pi = 0. Hence, the gradients chl)(:v*) (1 € Ji(z*)) are linearly independent.

“«<": Suppose the gradients chl)(x*) (i € Ji(x*)) are linearly independent. Con-
sider a linear combination such that
1 _10
+ 1o M + 7 L} = 0.

" 24) Z p Cz(‘2) (z*)
: i (1) (%
i€ Jy(a*) Ve (@)

Since cgl)(x*) = 0 for each i € Jy(z*), we have (x*)Tchl)(x*) = 0. Premultiplying
(#*)T in the above results in fil|z*||> = 0, so fi = 0. The linear independence of
chl)(x*) (i € J(z*)) implies that p; = 0 for all ¢ € Jy(z*). Finally, we get po = 0.
So, the LICQC holds at z* for ([@1]).
(ii) Note that #* = (0,2*) is a minimizer of ([I)). Since the LICQC holds at *,
there exist scalars X, Ao, A; (i € Ji(z*)) satisfying (@20). Premultiplying (z*)* in
([#20), by the Euler’s identity, we can express Ag, A = 0 as in (£2I)). The SCC for
@) at z* is equivalent to ([@22).

(iii) Since the LICQC holds, there exist Lagrange multipliers Ao, \; as in ([@20]).
The Lagrange function for (1)) is

L(i‘) = F(j) — Z )\iéi(l') - )\on.
i€ J1(z*)

Its Hessian expression at £* is

3

V2 ;L&) = [ Ls(z*) sz(x*)T}

VLQ(,T*) V2L1($*)
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where

Lo(a) = fP@) - Y nel? (),

i€ J1(z*)
La(x) = 2f®(2) —d(d — 1) - funin - 0972 — Z 2)\1-053)(90).
i€ J1 (x*)

Consider § := (yo,y) in the tangent space of active constraints of (@Il at z*, i.e.,

(4.25) yoc® (1) +y "V (a7) =0 (i € (7)),
yTx* = 07 Yo = 0

Note that (£2Z5) is equivalent to [@23]). The SOSC for [@I)) at Z* requires: for
every § # 0 satisfying (20, it holds that

7 V3L(@)g =y VP Li(z)y > 0.

The above is equivalent to that yTV2L;(z*)y > 0 for every y # 0 satisfying [@23).
So the conclusion of item (iii) holds. O

4.3. The even degree case. When f and ¢; (j € Z) all have even degrees, the

homogenization [B.4]) is equivalent to ([B.8); see Proposition 3.4l This means that

the constraint zp > 0 is redundant for [@I]). Typically, the SCC fails to hold for

minimizers at infinity. For this case, Theorem [£.3]is not applicable for showing the

finite convergence for the hierarchy of (B:6)-(B1). However, the same conclusion like

in Theorem holds under optimality conditions without the constraint zy > 0.
The kth order SOS relaxation for ([B.8)) is

max -y
(4'26) { s.t. f(j) — "yxg € Ideal[éelar + QM[éz+]2k-

Its dual optimization is the kth order moment relaxation

min  (f,y)
s.t. Ll(yk)[y] =0 (p € ée),
(4.27) L[y = 0 (q € &),
My[y] = 0,

(zd,y) =1,y € RNz
In the above, the polynomial tuple ¢z- is
(4.28) er- = {G(2)}er-

Let fg and f,j" denote the optimal values of [@20), (£27) respectively. To study
their convergence, we consider the optimization problem

For the even degree case, the LICQC, SCC and SOSC are said to hold at a minimizer
at infinity * if they hold for (£29) at (0,2*). The following is the convergence for

the hierarchy of relaxations (£26)-(Z21).
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Theorem 4.7. Assume K is closed at 0o, Ideal[ée] is real radical, f and c; (j € I)
all have even degrees. If the LICQC, SCC and SOSC hold at every minimizer of
(1), including the one at infinity, then the hierarchy of relaxations (4-20)-({-27)
is tight, i.e., there exists ko such that
fi= ,:’/ = fmin for all k > kq.
Moreover, the hierarchy of relaxations (3.0)-(3.7) is also tight.
Proof. The proof is almost the same as for Theorem 3l Under the given assump-
tions, there exist o € QM|cz+], ¢ € Ideal[cg] such that
f_ fminxg =¢+o.

So, the hierarchy of (20)-(@21) is tight. Since QM][éz«] € QM][éz], the hierarchy
of B0)-B1D) is also tight. O

In the following, we discuss optimality conditions for minimizers at infinity of
(E29). Suppose 7* = (0,2*) is a minimizer at infinity for (£29). Let Ji(2*) be as
in ([AI]). Since d is even, the KKT equation for (IEQI) at &* is

(4.30) { f;f()l ] >on ‘ 1) )) ] +X[;*].

i€y (LE
The following is a similar version of Theorem [2

Theorem 4.8. Suppose K is closed at co and % = (0,z*) is a minimizer at co
for (£-29). Assume f and c; (j € I) all have even degrees. Let d = deg(f) > 1 and
let J1(z*) be as in [{f-18). Then, we have:

(i) The LICQC holds for (4.29) at T* if and only if the gradients
(2) (.
¢, (x*) ) N
‘ 1€ Ji(z
[vcg”(x*)] (€ A")

are linearly independent.

(ii) Suppose the LICQC holds for {#.29) at i*. Then, X = 0 and ({30) is

reduced to
f ) e’ ()
VIO T 2 M v
The SCC holds for [{-29) at * if and only if A; > 0 for i € Jy(z*) NT.
(ili) Suppose the LICQC holds for ({f.29) at &*. Let \; be Lagrange multipliers
as in the item (ii) and let H be the matriz

2@ (2*) —d(d — 1) frin0?72 VO (2)7T
I R Tt VJ;f en)
2c %) vl (@4)T
Ai i .
Z ¢ <x*> v2c§-><x*>]

Then, the SOSC holds fm’ (@) at ¥ if and only if JTHY > 0 for every
nonzero § = (Yo, y) satisfying

(4.33) yoc”) (%) + ¥ Ve (%) = 0 (i € S (z)),
: yT;v* =0
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Proof. The proofs for the item (i) and (ii) are exactly the same as for (i), (ii) in
Theorem So they are omitted for cleanness. The item (iii) can be shown as
follows. The matrix H is the Hessian at Z*of the Lagrange function
L(#@) = f@) - Y Nél).
ieJy(x*)
A vector § = (yo,y) lies in the tangent space of active constraints of [@29]) at z* if

and only if it satisfies (£33). Thus, the SOSC holds for [@29)) at z* if and only if
Y Hi > 0 for every nonzero § satisfying ([@33). O

5. EXTENSIONS OF PUTINAR-VASILESCU’S POSITIVSTELLENSATZ

In this section, we generalize the Putinar-Vasilescu’s Positivstellensatz [47, 48]
to polynomials that are nonnegative on unbounded semialgebraic sets. Under some
assumptions on optimality conditions, we prove the conclusions of the Putinar-
Vasilescu’s Positivstellensatz.

For a polynomial tuple ¢g := (g1, .., gm), consider the semialgebraic set

(5.1) S ={zeR"|gj(x)>0, j=1,...,m}.

Recall that f(!) denotes the homogeneous part of the highest degree for f. The
following is the classical Putinar-Vasilescu’s Positivstellensatz.

Theorem 5.1. ([47, Theorems 1,2]) Let f, g1, .., 9m € Rlx] and S be as in (&I)).
Then, we have:
(i) Suppose f, g1,...,9m are homogeneous polynomials of even degrees. If
f >0 on S\{0}, then ||z||>*f € QM]g] for some power k € N.
(ii) If the form fO is positive definite in R™ and f > 0 on S, then (1 +
llz||2)kf € QM[g] for some power k € N.

For the case that S = R™, if f is a positive definite form, then ||z|?* f is SOS
for some power k. This conclusion is referred to as the Reznick’s Positivstellensatz
and it is shown in [49].

First, we generalize the item (i) of Theorem Bl Consider the normalized opti-
mization problem

min  f(x)
(5.2) st gi(x)>0,5=1,...,m,
l2]* =1 = 0.

Theorem 5.2. Let S be the set as in (&1)). Suppose f, g1, ..., gm are homogeneous
polynomials of even degrees such that f >0 on S. If the LICQC, SCC and SOSC
hold at every minimizer of ([&.2), then ||z||?* f € QM[g] for some k € N.

Proof. By Theorem 1.1 of [41], since fumin > 0, there exist polynomials o; € X[x]
and h € R[z] such that (let go :=1)

f=2 oigi+h-(la]* = 1).
i=0
Let 2dg = deg(f) and 2d; := deg(g;). In the above identity, if we substitute x; for

Zi. then we get
fl@) < < x > gi()
=) ol -
][> 2 )l /][>

[E3l
=0
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Furthermore, we can also get

WW% fﬂ QH) i(ﬁﬁ}@@~

Note that the odd degree terms in o; (ﬁ) + o; (”1”) are cancelled. The above
implies that ||z|%* f € QM[g] when k is large enough. O

Second, we generalize the item (ii) of Theorem Bl Consider the optimization

min  f(z)
(5:3) { st gi(@)>0,j=1,....,m

For convenience, we still let fi, denote the minimum value of (E3]). The homog-
enized optimization problem is
min f(~) fmm'( )d
(5.4) st Gi(@) 20, Gm(@) 2 0,
|Z|I?—1= 0.

Theorem 5.3. Let S be as in (&1]). Suppose f >0 on S, then we have:
(i) Suppose S is closed at oo and the degrees of f,g1,...,gm are even. If the
LICQC, SCC and SOSC hold at every minimizer of (B3), including the
one at infinity, then (1 + ||z||?)*f € QM]g] for some k € N.
(ii) If the form f) is positive definite in R™ and the LICQC, SCC and SOSC
hold at every minimizer of (23), then (1 + ||z||*)kf € QM][g] for some
ke N.

Proof. (i) Tt follows from Theorem [£4] that the LICQC, SCC and SOSC hold at
every regular minimizer of (54)). By Theorem [T, since fmin > 0, there exist
polynomials o; € X[Z] and h € R[] such that (note go = 1)

(5.5) =Y ogi+h-(|@]*-1).
i=0
As in the proof of Theorem [5.2], we can similarly show that
I1Z[1** f € QM[G1, -+, Gun)s
for some k € N. Substituting zo for 1, we get (1 + ||z||?)*f € QM[g].

(ii) For each 4, let 6; := 2 (ngT(gi)] —deg(g;). We consider the following homogenized
optimization problem
. 7~ _ . . d
Jin - f(Z) = fmin - (20)
(5.6) st 2l (@) > 0,...,20m G (@) > 0,
1] =1 =0.
Note that fiin > 0 and the degree of f is even. Let 4 = (ug,u) be a feasible point
of (58). If ugp = 0, then |lu|| = 1 and f(@) — funin - (u0)? = fV)(u) > 0, since fV) is
a positive definite form. If ug # 0, then u/uy is feasible for (B3)) and

J(@) = fnin - (u0)* = g (f (w/u0) = fuwin) = 0.
Hence, the optimal value of (B.0)) is zero. By similar arguments as for Theorem 4]

the LICQC, SCC and SOSC hold at every regular minimizer of ({5.0). Since f()
is a positive definite form, (56) has no minimizers at infinity. Note that each
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xgi Ji is a polynomial of even degree. As for part (i), we can similarly show that
(1+ [|=)|>)* f € QM]g] for some k € N. O

When one of the LICQC, SCC and SOSC fails to hold, the conclusion (1 +
lz]|?)* f € QM[g] may not hold. We refer to [32] for such examples. When there is
an equality constraint in (), we cannot simply replace ¢;(z) = 0 by two inequali-
ties ¢;(z) > 0 and —¢;(z) > 0, since the LICQC always fails for the latter case. For
the case of equality constrains, we need to assume that Ideal[¢¢] is real radical. For
convenience of notation, denote the polynomial tuples

ce = {Ci(x)}ieé" cr = {cj(a:)}jez.
The following is the Positivstellensatz for sets with equality constraints.

Theorem 5.4. Let K be the feasible set of (I1l). Assume that Ideal[Cg] is real
radical and f >0 on K, then we have:

(i) Suppose K is closed at oo and the degrees of f,c; (i € I) are all even. If
the LICQC, SCC and SOSC hold at every minimizer of (I1l), including the
one at infinity, then (1+ ||z||?)* f € Idealce] + QM]cz] for some k € N.

(ii) Suppose the form fO) is positive definite in R™. If the LICQC, SCC and
SOSC hold at every minimizer of ({I1), then (1 + ||z||*)*f € Ideal[ce] +
QMcz] for some k € N.

Proof. (i) Since the degrees of f, ¢; (i € T) are all even, we consider the optimization
problem (£29). The conclusion can be shown in the same way as for item (i) of
Theorem 5.3

(ii) Foreachj € Z, let §; == 2[dch(cj)] —deg(c;). Consider the following homogenized
optimization problem

s.t. Z(~):O 265);
(5.7) wy’ ¢5(%) > 0 (j € T),
IZ* =1 =0.

Since fM) is a positive definite form, the optimization (57) has no minimizers
at infinity. By similar arguments as for Theorem [£4] the optimality conditions
LICQC, SCC and SOSC hold at every regular minimizer of (57)). The conclusion
can be shown in the same way as for item (ii) of Theorem (.3l O

6. THE MOMENT-SOS HIERARCHY WITH DENOMINATORS

The Putinar-Vasilescu’s Positivstellensatz motivates Moment-SOS relaxations
with denominators for solving polynomial optimization. In view of Theorem [.4]
we consider the hierarchy of relaxations (d = deg(f))

6.1) { max 7y

' st (L4 [[l)FTE1(f =) € Ideallcelzr + QMezor,
for the order k > [%] The relaxation (G.1]) is essentially expressing f —+ in terms of
sums of squares of rational polynomials, with the denominator a power of 1+ ||z||%.
Let f{e" denote the optimal value of (6] for the relaxation order k. The following
is the comparisons between the relaxations (3:6) (or (£.20) for the even degree case)

and (G.1)):
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e The polynomials in (GI)) are only in the variable x, while the polynomials
in (B:6)) and [@26]) are in both = and .

e The relaxation (B.6]) uses the constraint xy > 0, while (6] and [@26]) do
not use it. So ([B.6) is the strongest among them.

e When the degrees of f and ¢; (i € ) are all even, the relaxation ([@26) is
equivalent to (GIJ). This can be observed as in the proof of Theorem
For the special case that f is an even degree form and K is the unit sphere,
the equivalence is shown in [17].

We remark that (6.1)) is the relaxation given in [32] for the parameter e = 0. It is
conjectured in [32, Sec. 4.2] that the hierarchy of (G.I]) has finite convergence, under
some optimality conditions. We prove this conjecture is true under the assumptions
of Theorem 5.4l Recall that for the even degree case, the LICQC, SCC and SOSC
are said to hold at a minimizer at infinity z* if they hold for (Z29) at (0, z*).

Theorem 6.1. Let K be the feasible set of (I1]). Assume Ideal[ég] is real radical.
(i) Suppose K is closed at oo and the degrees of f,c; (i € I) are even. If the
LICQC, SCC and SOSC hold at every minimizer of (1), including the one
at infinity, the hierarchy of (61) has finite convergence, i.e., f*™ = fumin
for all k big enough.
(ii) Suppose fU) is a positive definite form in R™. If the LICQC, SCC and
SOSC hold at every minimizer of (1), then fe™ = fuin for all k big
enough.

Proof. The conclusions follow from Theorem 5.4l For the item (ii), there are no

minimizers at infinity if f(!) is a positive definite form in R™. O
In Theorem [61)(i), the degrees of f,¢; (i € I) are assumed to be even, but the

degrees of equality constraining polynomials ¢; (i € £) can be either odd or even.

A special case of ([LI)) is that there are no constraints. Then the resulting version
of the relaxation (6.1]) is

max 7y
(6.2) { st (14 2247 — 4) € Slelan,

for the order k > [%] The degree d must be even for fu;, > —o0, when there are

no constraints. When (1) is a positive definite form, the asymptotic convergence
of (62) can be shown by Reznick’s Positivstellensatz [49, Sec. 7]. We have the
following theorem about the finite convergence.

Theorem 6.2. Suppose K = R" and fupin > —oo. Let f,‘je" denote the optimal
value of (62) for the order k.
(i) If the SOSC holds at every minimizer of (I1), including the one at infinity,
then f3" = fuin for all k big enough.
(ii) If n <2, then & = fuin for all k big enough.

Proof. The item (i) follows from Theorem [54] (i). It is shown by Scheiderer [50]
that if p(u) is a nonnegative form in v € R™ with n < 3, then [Ju|*¥p(u) is SOS
when N is big enough. This implies that
(Ut 225N = Foin) € Bl
when £k is big enough, for the case n < 2. The item (ii) follows from this conclusion.
O
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7. NUMERICAL EXAMPLES

This section presents some examples on the relaxations (3.0) for solving the
optimization problem ([II). The computation is implemented in MATLAB R2019a,
on a Dell Desktop with CPU@2.90GHz and RAM 32.0G. The relaxations (3.4 —
B0 are solved by the software GloptiPoly 3 [14], which calls the SDP package
SeDuMi [56]. For neatness, only four decimal digits are displayed for computational
results. The feasible sets of all examples are unbounded.

7.1. The case with minimizers. A convenient criterion for obtaining minimizers
is the flat extension or truncation. Denote the degree

(7.1) dx = max{[deg(f)/2], [deg(c:)/2](i € £ UT)}.

Suppose y* is a minimizer of (B7) for the relaxation order k. If there exists an
integer ¢ € [dx, k] such that

(7.2) rank My[y*] = rank My_q, [y"],

then we can get one or several minimizers for ([@1)) (see [3} 13, 27, 38]). When (T.2)
holds, we have the decomposition

Y lae = M[(;i)]zt 4+ ar[<;:)]2t

for positive scalars a; > 0 and distinct points (7, v;) € K. Denote two label sets
Ilz{iZTi>O}, IQZ{iZTi:O}.
For each i € I, let u; = v; /7. Then u; € K for each ¢ € I and v; € KO for each

i € I. Let v; = a;(;)? for each i € I and v; = a; for each i € Is.

Lemma 7.1. Suppose y* is a minimizer of B1) and the rank condition (T2 is
satisfied. Let each u;,v;,v; be as above. Then the set Iy # 0 and each u; (i € Ir) is
a minimizer for (L), and each v; (i € Iz) is a minimizer at infinity for (L))

Proof. Note that u; € K for eachi € I; and v; € KO for each i € I, the constraint
(z§,y) = 1 in B7) implies that Y°,_, v = 1. So at least one v; > 0 and I, # 0.
Since v; (i € I3) is a feasible point of K1), by item (iii) of Theorem (3.6, we have
fM(v;) >0 for i € I and hence

foin = (Fo0%) =D vif (w) + > vif D(wy)

el icly
> Z Vif(ui) > Z Vifmin = fmin-
el icly
Therefore, f(u;) = fmin for i € I, and f(v;) =0 for i € L. O

We refer to [3, 03], 27, 38 for flat extensions and truncations. The procedure
of extracting minimizers by using ([C.2)) is implemented in GloptiPoly 3 [I4]. The
rank condition (T2)) is a sufficient and almost necessary condition for checking
convergence of the Moment-SOS hierarchy [38].
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Example 7.2. (i) Consider the optimization (the variable xy = 1):

4 4
;rel]iR% Z H (.’L’i—l'j)'i‘o.l(;l'?).

=0 i#5€{0,1,...,4}

The first part of the objective is a nonnegative but non-SOS polynomial [49]. For
the order k = 3, we get f3 ~ 0.0763 and the minimizer 0.5757 - (1,1,1,1). There
are no minimizers at infinity.

(ii) Consider the optimization:

min x%xg + x%xl — 3x122
r€R2

s.t. o1 >0, 20 >0.

Up to a constant, the objective becomes the dehomogenization of the Motzkin form
[49] if each z; is changed to x?. For the order k = 3, we get f3 ~ —1.0000 and
a minimizer (1.0000,1.0000). We also get two minimizers at infinity. They are
(1.0000, 0.0000) and (0.0000, 1.0000).

(iii) Consider the optimization:

z€R?

min x%xz + x% +x1 — 3x122
s.t. x1 >0, 29 >0.

The objective becomes the dehomogenization of the Choi-Lam form [49] if each z; is
changed to 2. For the order k = 2, we get f» ~ 2.9586 x 1078 and two minimizers:
(1.0000, 1.0000), (0.0000,0.0000). We also get two minimizers at infinity. They are
(1.0000, 0.0000) and (0.0000, 1.0000).

(iv) Consider the optimization:

z€R?

min 23 + a3 + 3r122 — 2 (22 + 1) — 23 (21 + 1) — (21 + 22)
s.t. x>0, x> 0.

Up to a constant, the objective becomes the dehomogenization of the Robinson
form [49] if each z; is changed to x?. For the order k = 2, we get fo ~ —1.0000 and
three minimizers:

(1.0000,1.0000), (0.0000,1.0000), (1.0000,0.0000).
We also get one minimizer at infinity: (0.7071,0.7071).
Example 7.3. (i) Consider the constrained optimization:
mi% 28 + 2§+ 1+ 32222 — 22 (ZC% + 1)

zeR
23 (1-+af) — (ot +1)
s.t. r14+a2+1=0

This problem is a variation of Example 5.2 in [39]. For the order k = 3, we get
f3 &~ 5.4436x 10~ % and we get two minimizers: (—1.0000,0.0000), (0.0000, —1.0000).
We also get two minimizers at infinity:

(0.7068, —0.7074), (—0.7074,0.7068).
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(ii) Consider the constrained optimization:

min 2% + 23
rE€R?
s.t. x% —12>0,
3:% —2x129 — 120,
x% +2x129 —1 > 0.

This example is from [39]. The minimum value f,i, =~ 6.8284 and the minimizers
are ((1 4+ /2),£1). There are no minimizers at infinity. For the order k = 3, we
get f3 ~ 6.8284 and four minimizers: (+2.4142, +1.0000).

(iii) Consider the constrained optimization:

min 22 (z1 —1)° + a3 (22 — 1)° + 22 (23 — 1)°

zeR?
+2x17273 (acl + 2o + 23 — 2)
(@ = 1)+ (22— 1) + (23— 1)°
s.t. x1— 23:% >0, x9 —x3 > 0.

The sum of the first four terms of the objective is a nonnegative polynomial [49].
For k = 2, we get f> = 0.4708 and the minimizer (0.6979,0.6980,0.6978).
(iv) Consider the constrained optimization:

min 217:1” + 23:% +4xr109 — X1 (I% + 1)

r€R?
+x3 (14 23) 4+ 22 + 23
s.it. Ty >1, 20 > 1.

For k = 2, we get fa ~ 2.0000 and the minimizer (1.0000, 1.0000).

7.2. The case with no minimizers. When the minimum value fp,;, of (L)) is
not achievable, i.e., (IT]) has no minimizers, then the moment relaxation 1) can
not have a minimizer y* satisfying (C2]). This is implied by Lemma [Tl Indeed,
the moment relaxation ([B7) typically does not achieve its optimal value, i.e., it
does not have optimizers either. For such cases, there often exist numerical issues
for solving Moment-SOS relaxations (B:6)-([3.1), although the finite convergence is
guaranteed under some assumptions on minimizers at infinity.

For instance, consider the unconstrained optimization with the objective f =
x + (z122 — 1)2. Clearly, fmin = 0 is not achievable and f = f;, = 0 for all k > 2.
The moment relaxation ([B7) does not have an optimizer. The objective in (B
i8S Yoa0 + Yo22 — 2y211 + Yaoo. For k > 2, the moment matrix constraint My[y] = 0
implies that

Ya00 Y310 Y301 Y220 Y211 Y202
Ysio Y220 Y211 Yi3o Y121 Y112
Yso1r Y211 Y202 Y121 Y112 Y103 = 0.
Y220 Y130 Y121 Yo40 Yo31 Yo22
Y211 Y121 Y112 Yo31  Yo22  Yoi3
Y202 Y112 Y103  Yo22 Yoi3  Yoo4

Note that y400 = 1. When y is feasible for (87)), we can get

Yoao > 0, yo22 > 0, yo22 — 2y211 +1 > 0.
If yo40 > 0, then (f,y) > 0. If yo40 = 0, then

Yoz = 0, w211 =0, yo22 —2y211 +1=1>0.
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The objective of (B is positive for all feasible y, so it does not achieve the optimal
value. There are numerical troubles for for solving the Moment-SOS relaxations.

When fui, is not achievable, a more numerically well-posed problem is to com-
pute minimizers at infinity. We apply the Moment-SOS relaxations to solve the
optimization problem (£I7) for one or several minimizers z* at infinity. When the
optimality conditions hold at minimizers of ([£I7), its Moment-SOS hierarchy has
finite convergence, so its minimizers can be obtained (see [38, [41]). For fiin > —o0,
it is necessary that f()(2*) = 0. This is implied by Theorem B0l

Example 7.4. (i) Consider the optimization:

min x5 + (223 + 2xy25 + 1)2
xeR?

The minimum value fuin = 0 is not achievable. The minimizers at infinity are

(£1,0), (%, —\/ii), (—\/ii, %) For the order k = 3, we get f3 ~ 9.8893 x 1079
and four minimizers at infinity:

(—1.0000, 0.0001), (1.0000, —0.0001), (—0.7071,0.7071), (0.7071,—0.7071).
(ii) Consider the optimization:

min 2% + (1 — z129)% + L(z),

z€R3
where L = x{a3 + 2323 + 2322 — 3222322 is the Choi-Lam form. Clearly, fmin > 0.
For the sequence of z(*) = (% n,0), we have f(z®) = 2%. As k — 0, we have
f(z™) = 0, which implies fuin = 0. However, fmin = 0 is not achievable, since
the polynomial 22 + (1 — z122)? has no real zeros. The objective f is not an SOS,
since f() = L(x) is not an SOS. The minimizers at infinity are

1
(41,41, 1), (£1,0,0), (0,£1,0), (0,0, £1).
\/g( ) ( ) ( ) ( )
For k =5, we get f5 ~ —1.6413 x 10~® and all the minimizers at infinity.
(iii) Consider the optimization:

min  e((@3 +oiws + 1)° +25) + R(@),

where € > 0 and R is the dehomogenized Robinson polynomial
R(z) = 1+ a3 + a3 + 3z3a3 — (a3 +a3) — a3(1 + 23) — 25(1 +a3).

Clearly, fmin > 0, since the objective is a sum of two nonnegative polynomials. For
the sequence of z(*) = (—H—nnz,l, 1), we have f(z(™) = H“i# As k — 0,
we have f(a:(k)) — 0. So, fmin = 0. However, fui, is not achievable, since the
polynomial (23 + 2123+ 1)? + 23 has no real zeros. For € > 0 small enough, f is not
an SOS. The minimizers at infinity are (£1,0,0). Let e = 1, for the order k = 3, we
get f3 ~ 3.1810 x 1071% and two minimizers at infinity: (+1.0000,0.0000,0.0000).

(iv) Consider the optimization:
m]iRg (v1 + 22 + 23 + T475)% — 4(:1713:2 + xoxs + x3(xaws — 1)
EAS
+rxgxs — 14 xl) + (21 —1)% 4 23
s.t. 1 20,20 —2x1 >0, x3 — 22 >0,
T4 —23 20, 15 — 14 >0, 2475 > 1.
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The minimum value fuin = 0 is not achievable. The minimizer at infinity is
(0,0,0,0,1). For the order k = 2, we get fo ~ 6.2486 x 10~ and the minimizer at
infinity (0.0000, 0.0000, 0.0000, 0.0000, 1.0000).

When minimizers at infinity are obtained, we can apply the procedure in [45]
to determine the value fuin. With these minimizers at infinity, one can drop some
connected components of the tangency variety that do not converge to minimizers
at infinity. This can save computational expense. For instance, we consider the
polynomial f = (z172 — 1)? + 23 and K = R?. Clearly, the minimum value fuyin is
not attainable. By the procedure in [45], the tangency variety T’ ( 1 R2) is given by
the equation:

2 (—ZC?(EQ +xyxs +2f — xymy — :v%) =0.
For R > 0 large enough, the set I’ (f, R2) N {2? + 23 > R} has eight connected
components:

' =14, To = —t—|—%t_1—|—%t_3+...,
Tyo: z =14, $2::t+%t_l—|—%t_3+...,
I'yg: z:=1t, x2::t_1_t—3+...7

Iyg: o Z:t_l, T2 Z:t—l—t_l—t_B-i—"',

for a parameter t — +o0o or t — —oo. As in [45], one can compute the asymptotic
value of f in each component I'y;. Substituting the parametrization in f, we get

_ 44 2 23,2 _ 4 5,2

flp,, =t*+42 +2 -2t 4+, flp,, =t +24+5t72 4

flp, =t2 =t 4t 04, flp,, =t2+2—-t72—t"4+...
The asymptotic values on these components are

Ax1 = Ap2 = Apg = 400, Ap3 =0.

Therefore, the minimum value fpi;, = i r{112n34)\ik = 0. For this example, the
minimizers at infinity are (+1,0) and (0,+1). In the computation, if minimizers
at infinity are obtained, we do not need to consider the components I'1q, I'yo,

since their normalizations do not converge to minimizers at infinity. We refer to

[Tl 12l 53] for related work for the case that fui, is not achievable.

8. CONCLUSIONS AND DISCUSSIONS

This paper gives a Moment-SOS hierarchy for polynomial optimization with
unbounded sets, based on homogenization. We prove this hierarchy has finite con-
vergence under some assumptions on optimality conditions about minimizers. We
also extend the Putinar-Vasilescu type Positivstellensatz to polynomials that are
nonnegative on unbounded sets. The classical Moment-SOS hierarchy with denom-
inators is also studied. Moreover, we give a positive answer to a conjecture of Mai,
Lasserre and Magron in their recent work [32].

To prove the convergence of the hierarchy of [B:6)-([B.1), we made the assump-
tion that the ideal Ideal[ég] is real radical. We remark that Ideal[ég] being real
radical is a general condition (see [58]). When Ideal[é¢] is not real radical, we do
not know if the hierarchy of [B.6])-([B7) still has the finite convergence, under the
remaining assumptions as in Theorem However, we have the following result
when Ideal[¢g] is not real radical.
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Theorem 8.1. Assume K is closed at co. If the LICQC, SCC and SOSC hold at
every minimizer of (1.1), including the one at infinity, then there exists an integer
ko > 0 such that

(8.1) 23" (f = (fmin — €) - 2§) € Idealle] + QM]éz]

for every e > 0 and for all £ > k.

Proof. As in Theorem [L3] there exists o € QM[éz] such that
f = fuinzd = 0 mod Ideal[Vi(ée)).

Let f = f — fmin - 2¢ — 0. Then f vanishes identically on the variety Vi(ce).
By the Real Nullstellensatz (see [29]), there exist k1 € N, o1 € X[Z] such that
2k + 01 € Ideal[ég]. Let w > 0 be big enough such that the univariate polynomial
s(t) == 1+t + wt? is SOS (see [40]). For each e > 0, we get

(e s(L) = () (F + ) + w0
0
This implies that
f _
2y TV = (fain = 2 — 0) = (a1 s(= ) —w /.
€xf
Since xg € ¢z and o7 is SOS, we have

(exd)?k1s ( ) —wf e 2[7] + Ideal[ég] C Ideal[ée] + QM][éz],

i
d
Lo

i
d

zo((exd)? s ( ) — wf?k) € 2% [F] + Ideal[ég] C Ideal[ée] + QM[éz].

o
Let kg = [M} Then, we have

Qko(f (fmm_ ) )_Jigkoa—f— 2ko—(2k1 — 1)d(( xg)le (Lg)_wf?kl)'

It implies that
225 (f = (fuin — €)2d) € Ideallég] + QM[éz].

Note that ko is independent of ¢ > 0. The above implies that (81 holds for all
e > 0 and for all £ > k. O

For a degree ¢ > ko, (8] motivates the hierarchy of the following relaxations

max vy
®.2) { st ap! (f(2) — yag) € Ideallée]ar, + QMIez]n

Theorem B shows that the optimal value of relaxations (8.2) has the finite conver-
gence to fmin, even if Ideal[éz] is not real radical, under the remaining assumptions.
Because of this result, we make the following conjecture.

Conjecture 8.2. When the ideal Ideal[¢g] is not real radical, the hierarchy of
relaxations (B.0)-([B.7) is also tight, i.e., fx = fi, = fmin, for all k big enough, under
the other assumptions of Theorem
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When the minimum value f;, is not achievable, the Moment-SOS hierarchy
of relaxations (B.0)-([B.1) also has finite convergence under some assumptions on
optimality conditions for minimizers at infinity. However, there are numerical issues
for solving the hierarchy, since there are no optimizers satisfying flat truncation for
the moment relaxations. It is an interesting future work to get numerically stable
Moment-SOS relaxations for computing fi,;, when it is not achievable.

Acknowledgements The authors would like to thank the editors and anony-
mous referees for fruitful comments and suggestions. Lei Huang and Ya-Xiang
Yuan are partially supported by the National Natural Science Foundation of China
(No. 12288201).

REFERENCES

[1] Ahmadi, A.A., Zhang, J.: On the complexity of testing attainment of the optimal value in
nonlinear optimization. Math. Program. 184, 221-241 (2020)

[2] Bajbar, T., Stein, O.: Coercive polynomials and their newton polytopes. STAM J. Optim.
25(3), 1542-1570 (2015)

[3] Curto, R., Fialkow, L.: Truncated K-moment problems in several variables. J. Oper. Theory
54, 189-226 (2005)

[4] Bertsekas, D.: Nonlinear Programming, 2nd edn. Athena Scientific, Belmont (1995)

[5] Demmel, J., Nie, J., Powers, V.: Representations of positive polynomials on non-compact
semialgebraic sets via KKT ideals. J. Pure Appl. Algebra 209(1), 189-200 (2007)

[6] Dickinson, P., Povh, J.: A new approximation hierarchy for polynomial conic optimization.
Comput. Optim. Appl. 73, 37-67 (2019)

[7] Fan, J., Nie, J., Zhou, A.: Tensor eigenvalue complementarity problems. Math. Program. 170
(2), 507-539 (2018)

[8] Fang, K., Fawzi, H.: The sum-of-squares hierarchy on the sphere and applications in quantum
information theory. Math. Program. 190, 331--360 (2021)

[9] Gelfand, 1., Kapranov, M., Zelevinsky, A.: Discriminants, resultants, and multidimensional
determinants. Mathematics: Theory & applications, Birkh&user (1994)

[10] Guo, F., Wang, L., Zhou, G.: Minimizing rational functions by exact Jacobian SDP relaxation
applicable to finite singularities. J. Global Optim. 58(2), 261-284 (2014)

[11] Ha, H., Pham, T.: Solving polynomial optimization problems via the truncated tangency
variety and sums of squares. J. Pure Appl. Algebra 213(11), 21672176 (2009)

[12] Ha, H., Pham, T.: Global optimization of polynomials using the truncated tangency variety
and sums of squares. STAM J. Optim. 19(2), 941-951 (2008)

[13] Henrion, D., Lasserre, J.: Detecting global optimality and extracting solutions in Gloptipoly.
In Positive polynomials in control, 293.C310, Lecture Notes in Control and Inform. Sci., 312,
Springer (2005)

[14] Henrion, D., Lasserre, J., Loefberg, J.: Gloptipoly 3: moments, optimization and semidefinite
programming. Optim. Methods Softw. 24(4-5), 761-779 (2009)

[15] Jeyakumar, V., Lasserre, J., Li, G.: On polynomial optimization over non-compact semi-
algebraic sets. J. Optim. Theory Appl. 163(3), 707-718 (2014)

[16] De Klerk, E., Laurent, M.: On the Lasserre hierarchy of semidefinite programming relaxations
of convex polynomial optimization problems. STAM J. Optim. 21, 824-832 (2011)

[17] De Klerk E., Laurent M., Parrilo P.: On the equivalence of algebraic approaches to the
minimization of forms on the simplex. In: Henrion D., Garulli A. (eds) Positive Polynomials in
Control. Lecture Notes in Control and Information Science, vol 312. Springer (2005)

[18] De Klerk, E., Lasserre, J., Laurent, M., Sun, Z.: Bound-constrained polynomial optimization
using only elementary calculations. Math. Oper. Res. 42(3), 834-853 (2017)

[19] De Klerk, E., Laurent, M.: Convergence analysis of a Lasserre hierarchy of upper bounds for
polynomial minimization on the sphere. Math. Program. 193(2), 665-685 (2022)

[20] De Klerk, E., Pasechnik, D.: Approximation of the stability number of a graph via copositive
programming. STAM J. Optim. 12(4), 875-892 (2002)



HOMOGENIZATION FOR POLYNOMIAL OPTIMIZATION WITH UNBOUNDED SETS 33

[21] Lasserre, J.: Global optimization with polynomials and the problem of moments. STAM J.
Optim. 11(3), 796-817 (2001)

[22] Lasserre, J., Laurent, M., Rostalski, P.: Semidefinite characterization and computation of
zero-dimensional real radical ideals. Found. Comput. Math. 8, 607-647 (2008)

[23] Lasserre, J.: Convexity in semi-algebraic geometry and polynomial optimization. STAM J.
Optim. 19, 1995-2014 (2009)

[24] Lasserre, J.: A new look at nonnegativity on closed sets and polynomial optimization. STAM
J. Optim. 21, 864-885 (2011)

[25] Lasserre, J.: An Introduction to Polynomial and Semi-algebraic Optimization. Cambridge
University Press, Cambridge (2015)

[26] Lasserre,J.: The Moment-SOS hierarchy. In: Sirakov, B., Ney de Souza., P., Viana, M. (eds.)
Proceedings of the International Congress of Mathematicians (ICM 2018), vol 3, pp. 3761-3784,
World Scientific (2019)

[27] Laurent, M.: Revisiting two theorems of Curto and Fialkow on moment matrices. Proc. Am.
Math. Soc. 133(10), 2965-2976 (2005)

[28] Laurent, M.: Semidefinite representations for finite varieties. Math. Program. 109, 1-26 (2007)

[29] Laurent, M.: Sums of squares, moment matrices and optimization over polynomials. In:
Emerging applications of algebraic geometry of IMA Volumes in Mathematics and its Applica-
tions, 149: 157-270. Springer (2009)

[30] Laurent, M.: Optimization over polynomials: Selected topics. In: Jang, S., Kim, Y., Lee,
D.W., Yie, L. (eds.) Proceedings of the International Congress of Mathematicians ( ICM 2014),
pp. 843-869 (2014)

[31] Mai, N., Magron, V.: On the complexity of Putinar-Vasilescu’s Positivstellensatz. arXiv
preprint, larXiv:2104.11606 (2021)

[32] Mai, N., Lasserre, J., Magron, V.: Positivity certificates and polynomial optimization on
non-compact semialgebraic sets. Math. Program. (2021)

[33] Marshall, M.: Optimization of polynomial functions. Can. Math. Bull. 46(3), 400-418 (2003)

[34] Marshall, M.: Positive Polynomials and Sums of Squares. American Mathematical Society,
Providence (2008)

[35] Motzkin, T.S., Straus, E.G.: Maxima for graphs and a new proof of a theorem of Turén.
Can. J. Math. 17, 533-540 (1965)

[36] Nie, J., Demmel, J., Sturmfels, B.: Minimizing polynomials via sum of squares over the
gradient ideal. Math. Program. 106(3), 587-606 (2006)

[37] Nie, J.: Discriminants and nonnegative polynomials. J. Symb. Comput. 47(2), 167-191,
(2012)

[38] Nie, J.: Certifying convergence of Lasserre’s hierarchy via flat truncation. Math. Program.
142(1-2), 485-510 (2013)

[39] Nie, J.: An exact Jacobian SDP relaxation for polynomial optimization. Math. Program.
137(1-2), 225-255 (2013)

[40] Nie, J.: Polynomial optimization with real varieties. STAM J. Optim. 23(3), 1634-1646 (2013)

[41] Nie, J.: Optimality conditions and finite convergence of Lasserre’s hierarchy. Math. Program.
146(1-2), 97-121 (2014)

[42] Nie, J.: The hierarchy of local minimums in polynomial optimization. Math. Program. 151
(2) 555-583 (2015)

[43] Nie, J.: Tight relaxations for polynomial optimization and Lagrange multiplier expressions.
Math. Program. 178(1-2), 1-37 (2019)

[44] Nie, J., Yang, Z., Zhang, X.: A complete semidefinite algorithm for detecting copositive
matrices and tensors. STAM J. Optim. 28(4), 2902-2921 (2018)

[45] Pham, T.: Tangencies and polynomial optimization. arXiv preprint, [arXiv:1902.06041
(2019)

[46] Putinar, M.: Positive polynomials on compact semi-algebraic sets. Indiana Univ. Math. J.
42(3), 969-984 (1993)

[47] Putinar, M., Vasilescu, F: Positive polynomials on semi-algebraic sets. C. R. Acad. Sci. Ser.
I Math. 328(7), 585-589 (1999)

[48] Putinar, M., Vasilescu, F: Solving moment problems by dimensional extension. C. R. Acad.
Sci. Ser. I Math. 328(6), 495-499 (1999)

[49] Reznick, B.: Some concrete aspects of Hilbert’s 17th problem. Contemp. Math. 253, 251-272
(2000)


arXiv:2104.11606
arXiv:1902.06041

34 LEI HUANG, JIAWANG NIE, AND YA-XTANG YUAN

[50] Scheiderer, C.: Sums of squares on real algebraic surfaces. Manuscr. Math. 119, 395-410
(2006)

[51] Scheiderer, C.: Positivity and sums of squares: A guide to recent results. In: Emerging
applications of algebraic geometry of IMA Volumes in Mathematics and its Applications, 149,
pp. 271-324. Springer (2009)

[52] Schweighofer, M.: Optimization of polynomials on compact semialgebraic sets. STAM J.
Optim. 15 (3), 805-825 (2005)

[53] Schweighofer, M.: Global optimization of polynomials using gradient tentacles and sums of
squares. SIAM J. Optim. 17(3), 920-942 (2006)

[54] Slot, L., Laurent, M.: Improved convergence analysis of Lasserre’s measure-based upper
bounds for polynomial minimization on compact sets. Math. Program. 193(2), 831-871 (2022)
[55] Sun, W., Yuan, Y.: Optimization Theory and Methods: Nonlinear Programming. Springer,

New York (2006)

[56] Sturm, J.F.: SeDuMi 1.02: a matlab toolbox for optimization over symmetric cones. Optim.
Methods Softw. 11(1-4), 625-653 (1999)

[57] Sturmfels, B.: Solving systems of polynomial equations. In: CBMS Regional Conference
Series in Mathematics. American Mathematical Society, Providence (2002)

[58] Yu, J.: Do most polynomials generate a prime ideal? J. Algebra 459, 468-474 (2016)

LEl HUANG, INSTITUTE OF COMPUTATIONAL MATHEMATICS AND SCIENTIFIC/ ENGINEERING COM-
PUTING, ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE, CHINESE ACADEMY OF SCIENCES, AND
SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF CHINESE ACADEMY OF SCIENCES, BEIJING,
CHINA, 100190.

Email address: huanglei@lsec.cc.ac.cn

JIAWANG NIE, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA SAN DIEGO, 9500
GILMAN DRIVE, LA JoLrLa, CA, USA, 92093.
Email address: njw@math.ucsd.edu

YA-XIANG YUAN, INSTITUTE OF COMPUTATIONAL MATHEMATICS AND SCIENTIFIC/ ENGINEERING
COMPUTING, ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE, CHINESE ACADEMY OF SCIENCES,
BELING, CHINA, 100190.

Email address: yyx@lsec.cc.ac.cn



	1. Introduction
	Contributions

	2. Preliminaries
	Notation
	2.1. Optimality conditions
	2.2. Some basics for polynomial optimization

	3. Moment-SOS relaxations for the homogenization
	3.1. Basic properties
	3.2. Asymptotic convergence

	4. Optimality conditions and finite convergence 
	4.1. Optimality conditions for regular minimizers
	4.2. Optimality conditions for minimizers at infinity
	4.3. The even degree case

	5. Extensions of Putinar-Vasilescu's Positivstellensatz
	6. The Moment-SOS hierarchy with denominators
	7. Numerical examples
	7.1. The case with minimizers
	7.2. The case with no minimizers

	8. Conclusions and discussions
	References

