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Abstract For areal square-free multivariate polynomial F, we treat the general prob-
lem of finding real solutions of the equation F' = 0, provided that the real solution
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set {F = O} is compact. We allow that the equation F = 0 may have singular real
solutions. We are going to decide whether this equation has a non-singular real so-
lution and, if this is the case, we exhibit one for each generically smooth connected
component of {F = O}r. We design a family of elimination algorithms of intrinsic
complexity which solves this problem. In the worst case, the complexity of our al-
gorithms does not exceed the already known extrinsic complexity bound of (nd)?™
for the elimination problem under consideration, where 7 is the number of indetermi-
nates of F' and d its (positive) degree. In the case that the real variety defined by F is
smooth, there already exist algorithms of intrinsic complexity that solve our problem.
However, these algorithms cannot be used in case when F' = 0 admits F'-singular real
solutions.

An elimination algorithm of intrinsic complexity presupposes that the polynomial
F is encoded by an essentially division-free arithmetic circuit of size L (i.e., F' can
be evaluated by means of L additions, subtractions and multiplications, using scalars
from a previously fixed real ground field, say Q) and that there is given an invariant
8(F) which (roughly speaking) depends only on the geometry of the complex hy-
persurface defined by F. The complexity of the algorithm (measured in terms of the
number of arithmetic operations in Q) is then linear in L and polynomial in n, d and
3(F).

In order to find such a geometric invariant §(F), we consider suitable incidence
varieties which in fact are algebraic families of dual polar varieties of the complex
hypersurface defined by F. The generic dual polar varieties of these incidence vari-
eties are called bipolar varieties of the equation F = 0. The maximal degree of these
bipolar varieties then becomes the essential ingredient of our invariant § (F).

Keywords Real polynomial equation solving - Intrinsic complexity - Singularities -
Polar and bipolar varieties - Degree of varieties

Mathematics Subject Classification (2010) 14P05 - 14B05 - 14B07 - 68W30

1 Introduction

Let @, R and C be the fields of rational, real and complex numbers, respectively,
let X :=(Xy,..., X,) be a vector of indeterminates over C and let Fi,..., F), be
a regular sequence of polynomials in Q[X] defining a closed, QQ-definable subvari-
ety S of the n-dimensional complex affine space A" := C". Thus S is a non-empty
equidimensional affine variety of dimension n — p, i.e., each irreducible component
of § is of dimension n — p. Put otherwise, S is a closed subvariety of A" of pure
codimension p (in A").

Let Af :=R" be the n-dimensional real affine space. We denote by Sg := SN Ag
the real trace of the complex variety S. Moreover, we denote by P the n-dimensional
complex projective space and by Py, its real counterpart. We shall also use the fol-
lowing notation:

{(F1=0,...,F,=0}:=§ and {F1=0,...,F,=0}g:=Sg.
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We call the regular sequence F1, ..., F), reduced if the ideal (F1, ..., F),) generated
in Q[X] is the ideal of definition of the affine variety S, i.e.,if (F1, ..., Fp) is radical.
We call Fy, ..., F) strongly reduced if for any index 1 < k < p theideal (F1, ..., Fy)

is radical. Thus, a strongly reduced regular sequence is always reduced.
A point x of A" is called (F7, ..., Fp)-regular if the Jacobian J(F1,..., Fp) :=

aF; .
[ﬁ] 1<j<p has maximal rank p at x. Observe that for each reduced regular sequence
1<k=<n

Fy, ..., Fp defining the variety S, the locus of (Fi, ..., F))-regular points of S is
the same. In this case we call an (F7, ..., F)p)-regular point of § simply regular (or
smooth) or we say that S is regular (or smooth) at x. The set Sy of regular points
of § is called the regular locus, whereas Sgng := S \ Sreg is called the singular lo-
cus of S. Notice that Syeg is a non-empty open and Sging @ proper closed subvariety
of S.

We say that a connected component C of Sy is generically smooth if C contains a
regular point.

We suppose now that there are given natural numbers d, L and ¢ and an essentially
division-free arithmetic circuit o in Q[ X] with p output nodes such that the following
conditions are satisfied.

— The degrees deg F1, ..., deg F,, of the polynomials F1, ..., F, are bounded by d.

— The p output nodes of the arithmetic circuit o represent the polynomials
Fi, ..., F) by evaluation.

— The size and the non-scalar depth of the arithmetic circuit o are bounded by L
and ¢, respectively.

For the terminology and basic facts concerning arithmetic circuits we refer to
[13, 15, 23].

The fundamental algorithmic elimination problem which motivates the outcome
of the present paper is the search for an invariant and a non-uniform deterministic or
uniform probabilistic algorithm [T satisfying the following specification.

(i) The invariant is a function which assigns to Fi, ..., F), a positive integer value
8 :=468(F1, ..., Fp) of asymptotic order not exceeding (nd)?™ | called the de-
gree of the real interpretation of the equation system Fi =0, ..., F, =0. The
value §(F1, ..., Fp) depends rather on the resulting variety S and its geometry
than on the defining polynomials Fi, ..., F), themselves.

(i1) The algorithm I7 decides on input o whether the variety S contains a regular
real point and, if it is the case, produces for each generically regular connected
component of S a suitably encoded real algebraic sample point.

(iii) In order to achieve this goal, the algorithm [T performs on input o a com-
putation in Q with L(nd)9°WsO0W) arithmetic operations (additions, subtrac-
tions, multiplications and divisions) which become organized in non-scalar
depth O(n(¢ + lognd)logd) with respect to the parameters of the arithmetic
circuit o.

The formulation of this problem is somewhat imprecise, because of the require-

ment (i) that the value 8(F1, ..., F),) depends “rather on the resulting variety S and
its geometry than on the defining polynomials F1, ..., F,, themselves”. This is due
to the fact that in case that Sg is smooth and Fi, ..., F), is strongly reduced, it is
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possible to exhibit an algorithm that fulfills conditions (ii) and (iii) and that contains
a preprocessing which reduces Fi, ..., F), to a single (elimination) polynomial P
such that P depends only on S and has, in particular, the same degree as S. The re-
maining part of the algorithm is its main subroutine, which depends only on S (see
[4,5, 50, 51]).

In view of [15, 23] it seems unlikely that the dependence of the degree of the
real interpretation of F; =0, ..., F, = 0 on the given equations can be completely
reduced to an exclusive dependence on S. However, the quantity §(F1, ..., Fp)
depends only through Fi,..., F, on the input circuit o. We therefore consider
8(F1, ..., Fp) as an intrinsic complexity parameter measuring the size of the input o
The quantities n, d, L and £ are considered as extrinsic parameters measuring the size
ofo.

In these terms we may say that we search for algorithms I7 of intrinsic complexity
which solve the algorithmic elimination problem expressed by requirement (ii). Since
the complexity L(nd)?M 590 is polynomial in all parameters, including the intrin-
sic parameter 8 :== §(F1, ..., Fp), we say that the algorithm [T is pseudo-polynomial.
As already mentioned, in the case that Sg is smooth and Fi, ..., Fp is a strongly
reduced regular sequence, there already exist algorithms which fit in this pattern, i.e.,
which have pseudo-polynomial intrinsic complexity.

An important issue is the requirement of (i) that the asymptotic order of
8(Fi, ..., Fp) does not exceed the extrinsic bound (nd)©™ . This implies that any
algorithm IT that satisfies the specification (i), (ii), and (iii) has a worst case com-
plexity that meets the already known extrinsic bound of (nd)®®™ for the elimination
problem under consideration (compare the original papers [9, 14, 29, 32-34, 47, 48]
and the comprehensive book [10]).

Algorithms of intrinsic complexity for elimination problems over the complex
numbers (or more generally, over arbitrary algebraically closed fields) were first in-
troduced in [24-27] (see also [35] and the survey [38]). Decisive progress in the
direction of computer implementations was made in [28] (see also [36]). This led to
the development of the software package “Kronecker” by G. Lecerf [42]. The main
procedure of the “Kronecker” software package solves over the complex numbers
the multivariate circuit represented polynomial equation systems by a reusable and
portable algorithm of intrinsic (bit-) complexity character. This algorithm supports
type polymorphism and runs in an exact computer algebra as well as in a numeric
environment. In the sequel we shall refer to the underlying theoretical procedure as
the “Kronecker algorithm” (see Sect. 4).

The Kronecker software package contains various extensions of its main proce-
dure to other, more ambitious elimination tasks in (complex) algebraic geometry and
commutative algebra (see [19, 40, 41] for the theoretical aspects of this extension and
[20] for a streamlined presentation of the underlying mathematics).

In the context of wavelet constructions, the Kronecker algorithm and software has
been adapted to the real case in [43, 44] for the computation of real solutions of
polynomial equation systems.

We now come back to the initial real elimination problem. In [2] we solved this
problem first for a smooth and compact real hypersurface given by a square-free equa-
tion. For an arbitrary strongly reduced regular sequence Fi, ..., F, € Q[X] defining
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a complex affine variety S with smooth and compact real trace Sg, we solved the
problem in [3]. Finally, the problem was tackled in [4, 5, 50, 51] under the single
assumption that Sg is smooth.

In all these cases the intrinsic invariant which essentially determines the complex-
ity of the algorithm is a combination of the degree of the original equation system
F1=0,..., F, =0 with the maximal degree of the generic polar varieties of suitable
type, namely classic or dual, of the complex variety S (see [25, 27] for the notion of
system degree and [4, 5, 8] for motivations, definitions and basic properties of classic
and dual polar varieties).

The introduction of the (at this moment) new notion of dual polar variety became
necessary in order to settle the case when Sg is unbounded. In this situation some
of the generic classic polar varieties of S may have an empty intersection with Sg.
This makes classic polar varieties inappropriate for algorithmic applications if Sg is
unbounded.

The dual polar varieties are the complex counterpart of Lagrange multipliers. In
[4, 5] we introduced the notion of a generalized polar variety of S associated with
a given embedding of S into the projective space P" and a given non-degenerate
hyperquadric of P". These generalized polar varieties form an algebraic family which
connects the classic with the dual polar varieties of S.

In case that Sg is smooth, but possibly unbounded, the fundamental issue for our
algorithmic method is the fact that the dual polar varieties of S cut each connected
component of Sg (compare [8], and Theorem 1 below for the case that Sg is singu-
lar).

The generic (classic or dual) polar varieties of S, and therefore also their degrees,
depend only on S and not on the particular equations which define S. Thus, if the
real traces of the generic polar varieties of S are all non-empty, their maximal degree
becomes a candidate for an intrinsic invariant which rules over the complexity of an
algorithm which satisfies requirement (ii) above. This was the strategy followed in
[4, 5], which led to a solution of our algorithmic elimination problem in case that Sg
is smooth, but possibly unbounded.

In Theorem 14 of Sect. 4 we shall present a discrete family of algorithms which
solves our problem in the particular case of a compact real hypersurface containing
smooth points and possibly also singularities.

So we start with a square-free polynomial F € Q[X] of positive degree d and with
an essentially division-free arithmetic circuit o in Q[X] of size L and non-scalar
depth ¢, such that o has a single output node representing F. Let S := {F =0}, and
suppose that Sg is compact.

We ask for an invariant § := 8(F) of asymptotic order not exceeding (nd)?™,
called the degree of the real interpretation of the equation F = 0, and for an algorithm
IT satisfying for p := 1 the above specification.

Observe that the invariant §(F) depends only on the complex hypersurface S,
since F is supposed to be square-free. In this sense we consider as automatically
satisfied the informal requirement above, namely that § (F) depends rather on S than
on the defining polynomial F itself.

The methods developed in [2-5, 50, 51] for the case that Sg is smooth (but not
necessarily compact) cannot be applied directly when Sp is singular. This becomes

@ Springer



80 Found Comput Math (2012) 12:75-122

clear on observing that in the singular case some of the generic polar varieties of S
may have empty real traces, even if S is compact.

Nevertheless, Corollary 1 of [8] asserts the existence of generic dual polar varieties
which cut Sg in smooth points in case that (Sreg)R is non-empty.

Using suitable algebraic families of dual polar varieties of the complex hypersur-
face S we shall find a way out of this dilemma. We realize these algebraic families
by means of equidimensional and smooth complex incidence varieties which we call
polar incidence varieties of the equation F = 0.

It turns out that the degrees of the generic dual polar varieties of the polar incidence
varieties of the equation F' = 0, called bipolar varieties of the equation F' = 0, furnish
appropriate invariants for the design of discrete families of procedures which solve on
input o our algorithmic elimination problem for the compact real hypersurface Sg.

The degrees of the polar varieties of the most general type of polar incidence
variety of the equation F = 0 remain invariant under unitary linear transformations
of the indeterminates X1, ..., X,. In this sense they are intrinsic invariants of the
equation F =0.

One may ask, in case (Sreg)r 7 ¥, what the generic dual polar varieties are that
contain smooth points of Sgr. We deduce from [8], Corollary 1 that such generic
polar varieties always exist. If we would be able to exhibit explicit equations for such
generic dual varieties, then we could also find real solutions of the equation F =0 in
the same way as in the case that Sg is smooth.

This leads us to the question of how we could find efficiently (rational or alge-
braic) witness points for strict polynomial inequalities (see end of Sects. 4 and 6 for
motivations and a partial answer).

For the search of generic dual polar varieties which cut Sg in smooth points, we
have to investigate how dual polar varieties vary with their parameters. This is done
in Theorem 8.

In Sect. 5 we introduce a unified view of the algorithms developed in Sect. 4 for
the case that Sg is possibly singular, and of the algorithms of [2, 4, 5, 50, 51] for the
case that Sg is smooth. All these algorithms become interpreted as walks in suitable
graphs. Theorem 17 reflects Theorem 14 in this context. The complex Kronecker
algorithm turns out to be a substantial ingredient of our procedures.

We might also consider an avatar of polar incidence varieties based on the pattern
of classic polar varieties. The advantage of this construction would be that we get rid
of the compactness assumption on Sg for our point finding algorithms.

However, if Sg contains smooth and singular points, the higher dimensional clas-
sic generic polar varieties may all become empty, even if Sg is compact. This makes
a statement like Theorem 8 senseless in the classic setting. Hence the geometrical
structure of the polar incidence varieties based on the dual pattern is richer than that
of their classic counterpart. For this reason, there is still room for future complexity
improvements in the dual case, but not in the classic one.

A local version of the complexity statements of Sect. 5 in terms of classic polar
varieties is contained in [6] and [7], with a substantially different treatment of the
corresponding polar incidence variety of F = 0.

For another approach, relying on the so-called “critical point method”, to find roots
in singular real hypersurfaces we refer to [1] and [49].
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The reader only interested in the algorithms and their correctness proofs, namely
Theorems 14, 17 and 19, may restrict his attention to Propositions 5 and 12 and the
estimates of the degrees of distinct types of bipolar variety in Sect. 4.2. The rest of
the mathematical results of this paper illustrate the relevance of the general concept
of the bipolar variety for algorithmic applications.

We shall make extensive use of the general concept of polar varieties. The modern
notion of classic polar varieties was introduced in the 1930s by F. Severi [53, 54] and
J.A. Todd [60, 61], while the intimately related notion of a reciprocal curve goes back
to the work of J.-V. Poncelet in the period of 1813-1829.

As pointed out by Severi and Todd, generic polar varieties have to be understood
as being organized in certain equivalence classes, which embody relevant geometric
properties of the underlying algebraic variety S. This view led to the consideration of
the rational equivalence classes of generic classic polar varieties.

Around 1975 a renewal of the theory of classic polar varieties took place with
essential contributions due to R. Piene [46] (global theory), B. Teissier, D.T. L&
[39, 58], J.P. Henry and M. Merle [37], A. Dubson [18], Chap. IV (local theory),
J. P. Brasselet and others (the list is not exhaustive; see [46, 59] and [12] for a his-
torical account and references). The idea was to use rational equivalence classes
of generic classic polar varieties as a tool which allows one to establish numerical
formulas in order to classify singular varieties by their intrinsic geometric charac-
ter [46].

On the other hand, first classic and then dual polar varieties around 12 years ago
became a fundamental tool for the design of efficient computer procedures of intrin-
sic complexity which solve suitable instances of our algorithmic elimination problem
[2-5]. The use of polar varieties in the present paper is based on certain geometric
facts which are developed in [8]. Of particular relevance is a relative estimate of the
degree for polar varieties, namely [8], Theorem 3, which allows us to compare the
intrinsic complexities of distinct algorithms.

2 Preliminaries About Polar Varieties

Let the notation be as in the Introduction. Unless stated otherwise, we suppose
throughout this section that Fy, ..., F, € Q[X] is a reduced regular sequence defin-
ing a (non-empty) subvariety S of A" of pure codimension p.

Let 1 <i <n — p and let a := [ax ] 1<k<n—p-i+1 be a complex matrix, and

<l<n

suppose that a, := [ak ]1<k<n—p-i+1 has maximal rank n — p — i + 1. In case

1<l<n
(@1,0 - - -» @p—p—i+1,0) = 0 we denote by K (a) := K""P~i(a) and in case (aj 0, ...,
an-p—-i+1,0) #0by K(a@):=K" " '(a) the (n — p — i)-dimensional linear subvari-
eties of the projective space P" which for 1 <k <n — p —i + 1 are spanned by the
points (a0 :ak,1: - ak.n)-
The classic and the dual ith polar varieties of S associated with the linear varieties
K (a) and K (a) are defined as the closures of the loci of the regular points of S where
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all (n — i + 1)-minors of the polynomial ((n —i + 1) x n) matrix

B AF aF| 7]
X, X
oy dF)
X1 Xy
ay,1 —aroX1 ayn —ar0Xn
| Gn—p—i+1,1 —An—p—i+1,0X1 ***  An—p—i+l,n — Gn—p—i+1,0Xn |

vanish. We denote these polar varieties by

WK(H) (S) = WKil—p—i(a)(S) and Wf(a) (S) = an—p—l (S),

@
respectively. They are of expected pure codimension i in S and do not depend on the
particular choice of the reduced regular sequence defining S. In the sequel we shall
restrict our attention to the concept of dual polar varieties only.

Ifaisareal (n — p —i+ 1) x (n+ 1)) matrix, we denote by

Weta) (SB) == Wegnp-i  (SR) i= Wiy () N Afy

the real trace of Wf(a)(S).

Observe that this definition of dual polar varieties may be extended to the case
that there is given a Zariski open and dense subset O of A" such that the equations
F1 =0,..., F, =0intersect transversally at any of their common solutions in O and
that S is now the locally closed subvariety of A" given by

S:={F =0,....F,=0}n0,

which is supposed to be non-empty.

In Sect. 4 we shall need this extended definition of polar varieties in order to
establish the notion of a bipolar variety of a given hypersurface. For the moment
let us suppose again that S is the closed subvariety of A" defined by the reduced
regular sequence F1, ..., Fp. In [4] and [5] we have introduced the notion of dual
polar varieties of S (and Sr) and motivated by geometric arguments the calculatory
definition of these objects. Moreover, we have shown that, for a complex matrix a =
[ak 1] Lk p-iv1 with a, := [ag /] Lsksn-p-iv1 generic, the dual polar variety Wf(a)(S)
is either empty or of pure codimension i in S. Further, we proved that W, (S) is
normal and Cohen—Macaulay (but non necessarily smooth) at any of its (F1, ..., Fp)-
regular points (see [8], Corollary 2 and Sect. 3.1). This motivates the consideration
of the so-called generic dual polar varieties W, (S), associated with a complex
((n—p—i+1)x (n+ 1)) matrix a with a, generic, as an invariant of the complex
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variety S (independently of the given equation system F; =0, ..., F), = 0). However,
when this matrix a is real, we cannot consider Wf(a)(SR) as an invariant of the
real variety Sg, since for a suitable real ((n — p —i + 1) x (n + 1)) matrix a with
a, generic, this polar variety may turn out to be empty, whereas for another real
matrix of this kind it may contain points (see [8], Theorem 1 and Corollary 1 and
Theorem 8 and Corollary 9 below). For our use of the word “generic” we refer to [8],
Definition 1.

In case that Sg is smooth and a is areal (n — p —i + 1) x (n + 1)) matrix
with full rank submatrix ay, the real dual polar variety W, (Sr) contains always
a point of each connected component of Sg. We are now going to state and prove a
technical result about affine linear sections of dual polar varieties. This will be needed
in Sects. 4 and 5.

Let X := (X1,..., Xn—1) and let O be a Zariski open and dense subset of A" and,
letce Al bea complex number such that the equations F(X) =0, ..., F(X) =0
and the equations Fj (Y, ¢)=0,...,Fp (Y, ¢) = 0 intersect transversally at any of
their common zeros that belong to O or to O, := {x € A" !|(X,¢) € 0}, re-
spectively. Denote by . : A”~! — A" the embedding of affine spaces defined for
¥ e A" by u.(x) := (%, ¢).

We compare now the dual polar varieties of

S:={F1(X)=0,...,F,(X)=0}n0O

and
Se:={Fi(X.,c)=0,....,Fp(X,c)=0}NO.

Observe that S and S, are (locally closed) subvarieties of A” and A"~ which we
suppose to be non-empty.
Let 1 <i <n — p and let a = [a ;] 1<k<n—p-i be a complex matrix such that

0<i<n

[ak 1] 1<k<n—p-i has maximal rank n — p —i.

1<l<n

Lemma 1 Let notation be as above; further let a' := [ay ] 1<k<n—p—i and a” :=

<l<n—1
[0 “_ao | ] Then, in case (a1,0, - . ., an—p—i,0) # 0, the affine linear map . Al
A" induces an isomorphism between the dual polar variety W?n—pfi (a’)(SC) and the

closed variety WFHH-( S N{X, —c=0}.

a”)
Proof Deleting in the matrices a’ and a” the columns number 0, we obtain full
rank matrices. Therefore the dual polar varieties WF’_ P (S.) and WF’_ Py )
are well defined. It suffices to show that u,. induces an isomorphism between
an—p—i(a,) (S:)N O, and W?n_p_,-(a,,) (S)N{X, —c=0}N 0. From our assumptions,
we deduce that the mapping 1. identifies S, with S N {X,, — ¢ = 0} and that for each
X € S, the point X is (F1(X,¢), ..., F,(X, ¢))-regular and the point 1.(X) = (¥, ¢)
is (F1, ..., Fp)-regular. Let X be an arbitrary element of S¢. Then all (n — i)-minors
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of the polynomial ((n — i) x (n — 1)) matrix

B dF JF) Evd
X0 (X, 0)
oF, < BF
L= X0 > (X, c)
a1 —a X arn-1 —al,OXn—l
L 4n—p—i,1 — an—p—i,OXI o dp—p—in—1— an—p—i,OXn—l i

vanish at ¥ if and only if all (n — i + 1)-minors of the polynomial ((n —i + 1) x n)
matrix, obtained from L by adding the row (0,...,0, 1), vanish at u.(x). This
implies that X belongs to an P, (S )N O, 1f and only if u.(x) belongs to

WKn p—i ,,)(S)ﬂ{X C—O}ﬂO O

3 Polar Incidence Varieties
3.1 Basic Incidence Varieties

Let d,n and i be natural numbers, 1 <i <n — 1, let X := (Xq,...,X,), 2 :=
(£21,...,82,—;) be row vectors, and let A := [Aj;]i<k<s—i be a matrix of inde-

0<i<n

terminates over C. Furthermore, let A be a single indeterminate over C and F €
R[X1,..., X,] an n-variate polynomial over R of positive degree deg F' = d. The
polynomial F will be fixed for the rest of this paper.

Let J(F) := (&£ 3XT a X, " ) be the gradient (i.e., the Jacobian) of F. For the sake
of simplicity of the exposmon we shall from now on assume that F' is reduced (i.e.,
square-free). Thus J (F') does not vanish identically on any irreducible component of
the complex hypersurface { F' = 0}.

For a complex ((n — i) x (n + 1)) matrix a := [ak ;]1<k<n—i and a point x =

0<l<n

(x1,...,xp) € A" we write Ag := (A1,0,..., An—i0), a0 :=(a1,0,...,0n-i0), Ax =
[Ak 1]1<k<n-i and, as above, a, := [ax 1] 1<k<s—i . Furthermore, we denote by A(X) and
1<i<n 1<i<n

a(x) the ((n — i) x n) matrices [Ag,; — Ak,0Xi] Isksn—i and [ak,; — ak,0x/] Iskzn—i -
<i< 1<I<

Thus, specializing the ((n — i) x (n + 1)) matrlx A to a and the row vector X
to x, we obtain ag, a,, and a(x) as specializations of Ag, A, and A(X), respectively.
We indicate the rank of a matrix, e.g. of a, by rk(a). As usual we denote by a’ the
transposed matrix of a.

For (A, w1, ..., wp—i) € A" 71\ {0} and w := (w1, ..., w,—;) we shall write
(Aw):=M:w:---:w,_;) for the corresponding point of P*~.

We are now going to introduce three families of incidence varieties which we shall
call polar. In order to define the first one we consider the ambient space

= A" x A(n—i)x(n-i—l) % Hpn—i
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containing the R-definable locally closed incidence variety
E; = {(x a,(A: a))) eM; | F(x)=0,rka, =rka(x) =n —1i,
apw’ #0, J(F)(x)"x +ax)Tw" =0}.

Let (x,a, (A : w)) be an arbitrary point of E;. From agw! # 0 and rtka(x) =n — i
we deduce first w # 0 and then J(F)(x) # 0 and A # 0.

Observation 2 Let x be a point of A" satisfying the conditions F(x) = 0 and
J(F)(x) # 0. Then there exists a point (a, (A : ®)) of AP~D>*O+D 5 Pr=i qych that
(x,a, (A : w)) belongs to E; and in particular, that E; is non-empty. If x is a real
point, then (a, (A : ®)) may be chosen real.

Proof Since we have by assumption J (F)(x) # 0 we may choose a complex number
y € C\ {0} with yx — J(F)(x) # 0. Therefore, there exists a complex ((n —i — 1) x
(n — 1)) matrix b such that the matrices

[yx -~ J(F)(x)] [—J(F)(x)}
Ay 1= and
b b

have maximal rank n —i. Let ag € A"~ with ag := (,0,...,0),a:= [ag, as], A =1
and w € A" with w := (1,0,...,0). One now easily verifies that the point (x, a,
(A : w)) belongs to E;. In particular, if x is a real point, then y and b, and hence also
a and (X : w), may be chosen real. O

Proposition 3 Let D; be the closed subvariety of M; defined by the conditiontk A, <
n—iortk A(X) <n—iorAg- 2T =0. Then the polynomial equations

oF
F(X)=0, —A+ Y (Ai—AoX)%=0, 1<i<n, (1)
0X ) ’ ’
1<k<n-—i
intersect transversally at any of their common solutions in M; \ D;. Moreover, E; is
exactly the set of solutions of the polynomial equation system (1) outside of the lo-
cus D;. ‘ .
The set E;, interpreted as incidence variety between A" and AB=Dx(+D) 5 pr—i
dominates the locus of all regular points of the complex hypersurface { F = 0}.
In particular, E; is an equidimensional algebraic variety which is empty or smooth
and of dimension (n —i)(n + 2) — 1. The real variety Eéé) = (Ej)R is non-empty if
and only if the hypersurface {F = 0} contains a regular real point.

Proof Observe that the succinctly written polynomial equation system J (F)(X)T A+
A(X)T2T = 0 is nothing else than a matrix expression for the system

oF
—A Ar1 — Ak oX)$2r =0, 1<l<n.
o, + Z (Ars = Ar,0X1) 52 <l=n

1<k<n—i
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Therefore, any point (x, a, (A : w)) € M which does not belong to D; and is a solution
of the preceding polynomial equation system satisfies the condition

w#0, A#£0 and J(F)(x)#0.

Hence we may suppose without loss of generality that A := 1. The polynomial equa-
tion system (1) therefore becomes

oF

F(X)=0, —
(X) 3¢

X+ Y (A —AwoXDe=0, 1<l<n. (2

1<k<n—i

The Jacobian of this system is the following ((n + 1) x ((n —i)(n 4 2) 4+ n)) matrix:

L=
oF oF
X aX,LO ... 00 --- 0 -0 --- 0 0 0
21 - 2n_i 0 -« 0 —X121 - —X{182,_i
* AX)T 0 0 : : :
0 ««« 0 v 2 2y —Xn21 - —XnS2,_i

A point (x,a, (1 : w)) € M; which does not belong to D; satisfies the polynomial
equation system (1) if and only if (x, a, w) € A" x A®=Dx0+D 5 An=i j5 3 solution
of (2). Moreover, in this case we have J(F)(x) # 0 and w # 0. This implies that the
polynomial matrix £; has maximal rank n + 1 at any solution (x, a, ) of (2) which
satisfies the condition (x, a, (1 : w)) ¢ D;.

Thus the equations of (1) intersect transversally at any of their common solutions
in Mj; \ D; and it is also clear from the definitions that these solutions constitute the
algebraic variety E;.

Since the polynomial equation system (2) contains n + 1 equations in (n — i) x
(n+2) + n unknowns we conclude that E; is empty or equidimensional of dimension
(m=—Dm+2)+n)—n+D=n—-)(n+2)—1.

If the hypersurface {F = 0} contains a regular real point, then Observation 2
implies that E; (or Elg)) is not empty. If E; (or E]g)) is non-empty it contains a
(real) point (x,a, (A : w)) with F(x) =0, tka(x) =n —i and (A : @) € P"~. From
rka(x) =n — i we deduce J(F)(x) # 0. Therefore, { F = 0} contains a regular real
point. This implies that E; dominates the locus of all regular points of {F = 0} and
that E]g) is non-empty if and only if {F = 0} contains a regular real point. g

The final aim of this paper is the development of geometric tools which allow us
to design efficient algorithms that find regular real points of the hypersurface { F = 0}
in case that { FF = O} is compact. The condition A := 1 in (1) and hence the equation
system (2) are not well-suited for this purpose, since in this way we obtain a descrip-
tion of A as a function of X and not the opposite. Therefore, we prefer to fix one of
the entries of £2 and to let A be unfixed.
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We are now going to introduce our next family of polar incidence varieties and to
show a result analogous to Proposition 3 about them, namely Proposition 4.

For this purpose we introduce the following mathematical objects and notation.

Let 1 <h <n —i and let B := [By]i<k<n-i and ® := (@1,...,0,_;) be a

1<l<n

((n — i) x n) matrix and a row vector whose entries are new indeterminates By ; and
Ok, 1<k <n—i,1<1<n.Wewrite B® for the ((n —i) x (n+ 1)) matrix defined
by (BM)g := (Ok.h)1<k<n—i and Bih) := B, where § 5 denotes the Kronecker sym-
bol given by 8 x = 1 and 8k 5 = O for k # h. Similarly, for b € A=DX1 we denote
by 5™ the complex ((n — i) x (n + 1)) matrix defined by (b)) := (8x.1) 1<k <n—i
and (b™), := b. We introduce a new ambient space, namely

']I‘l(h) = {(x, b, (\: 15‘)) |lx e A", be AC=Dxn 5 e Al
and & = (91, ..., ¥—;) € A" with 9, #0}.
Let
H" = {(x,b,(1:0)) e T | F(x) =0,
kb =1kb™ (x) =n — i, J(F)(x)"A + 6" (x) 9T = 0}.

Observe that Tgh) is an algebraic variety which is isomorphic to the affine space
A" x A=Dxn s An=i and that H;h) is an R-definable locally closed subvariety of
Tfh). The ambient space Tgh) may be linearly embedded in M; and this embedding
maps H™ i i

ps H;”’ into E;.

Sometimes we shall tacitly identify ’]Tl(h) with the affine space A" x A=D1 x

A"~ This will always be clear by the context.
Forl<h<n—iandl1<li<---<l,_;j <n,let

Oy, lyi) = {a € A=Dx(+D) la =lak ]1<ksn-i Withapo#0
0<l<n
and detlay, ;;]1<k, j<n—i # 0},

Ug, .1, = {b e Ar—Dxn | b = [br 1]1<k<n—i With det[blk,lj]lfk,jfn—i #* ()}7

1<l<n
@) — . )
MO(h;ll,..‘,l,,_n = {(x a,(r: a))) eM;|ae O(hlll»msln—i)}’
(i,h) ._ . (h)
Toy =100 0) €T 1beUu 1, ),
@) T @)
EO(h;ll,...,l,,,,») =EN MO(h;ll,...,t,,,i)
and
(i,1) 7. (i)
HU(ll.“,.ln_,-) =H; N TU(ll,.“,ln_i)'
Observe that (E(i) )  i<h<n—i and (H(i’h) ) ish<n-i  are coverings
Oty by i) 1<l) <yoody_j<n Uty ety 1<l) <,y <n

of E; and Hi(h) by open subvarieties.
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We are now able to state and prove the next result.

Proposition4 Let 1 <h<n—iand1<l) <--- <l,—i <n.The R-definable alge-
82}1:]1 o is isomorphic to A" x Hg;:?ml - In particular, Hi(h) is
an R-definable eqm:d;';{énsional algebraic variety which l; _émpty or smooth and of
dimension (n —i)(n + 1) — 1. Let D ) be the closed subvariety of Tl@ defined by
the condition tk B; <n — i orrk Bl.(h)(X) <n-—I.

Then the equations of the system

braic variety E

9 9 — — 9
aXl h,l I h E k, 1%k

I<k<n—i

kh
intersect transversally at any of their common solutions in ']I‘l(h) \ D). The algebraic

variety Hl-(h) consists exactly of these solutions.

The set Hi(h) , interpreted as an incidence variety between A" and An—Dxn y pn—i
dominates the locus of all regular points of the complex hypersurface {F = 0}. The
real variety (H[(h) )R is non-empty if and only if { F = 0} contains a regular real point.

Proof The first part of this proof follows the same line as the proof of Proposition 3.
For the sake of completeness we briefly indicate the main arguments.
Observe that the succinctly written polynomial equation system

J(FYX) A+ BPx)TeT=0

is in fact

9 (X)A+ By —XDOh+ Y BiiGc=0, 1=<I<
oF X6 9, =0, 1<l<n.
8X1 h,l l h k, 1%k

1<k<n-—i

kh

and that any point (x,b, (A : 0)) € ’H‘l@ with ¥ = (¥4, ..., ¥,—;) which does not
belong to D ) and is a solution of the polynomial equation system (3) satisfies the
condition

9p#0, A#£0 and J(F)(x)#0.

Therefore we may again assume A = 1. The Jacobian of the specialized system, ob-
tained from (3) by setting A = 1, is the polynomial ((n + 1) x (n —i)(n + 1) + n)
matrix

% 33)1:” 0 o o0 --- 0 R 0
64 O o - 0

Ji,h = N Bh(X)T 0 0 ’
0 ... 0 @1 @n_[
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with
[ Byhi— X1 -+ Bun—Xn |
B By,
By(X):=| Bp-11 - Bp_1n
B - Bhy1,n
ani,l te ani,n

A point (x,b, (1:9)) of T;™ with ® = (91, ..., 9,_;) which does not belong to
Dy; p) satisfies the polynomial equation system (3) if and only if (x, b, ¥#) is a solution
of the specialized system. Moreover, we have J(f)(x) # 0 and ¢ # 0 in this case.
This implies that the ((n + 1) x ((n —i)(n + 1) + n)) matrix J; , has maximal rank
n+1at(x,b, ).

Thus the equations of (3) intersect transversally at any of their common solutions
in Tgh) \ D¢ n). It is also clear from the definitions that these solutions form the
algebraic variety Hl.(h). As in the proof of Proposition 3 one sees that Hi(h) is empty
or equidimensional of dimension (n — i)(n + 1) — 1 and dominates the locus of the
regular points of {F = 0}.

We now are going to construct for | <h <n—iand 1 <[y <---<l,_; <man

isomorphism from the algebraic variety £ g) to A" x H L(,l ) .
(sl ool ) Ay
Without loss of generality we may restrict our attention to the case 4 := 1 and
li:=1,...,1,—; :=n —i. We consider therefore

U:=Uq,.n-i= {b e AT b= [y ] iztzni detlbe i<k in—i # 0]
and
0:= 0.1, . n—i)= {a e AU g = [ 4] =z, 1,0 #0,
1<l<n

detlag i l1<k,1<n—i # 0}-

Further, we consider the ((n — i) x (n — i)) matrix

1 Ay ZAwsio
Al Al Al
0 1 0
0= . ,
0 0 1
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whose inverse matrix is

Ao Ao An_io
0 1 0
0=
0 0 1

Let A” =[A} ]11=k=n—i be the matrix A” := OTA, and let 2" = (22{,....8,_,) be
’ 1

n—i
<l<n

the row vector 22" := £2(QT)~!. Observing the identity Ag - Q = (1,0,...,0) we
conclude that (QTA)g = (1,0,...,0) and (QTA), = A” hold. Moreover, we have
27 =A 27

The entries A} ; of A” are rational functions belonging to Q(A), all well defined at
any point of O, and the same is true for the entries of the ((n —i) x (n —i)) matrix Q.
On the other hand, the entries £2;/of £2” are polynomials belonging to Q[A, §2].

Let (x,a, (A : ®)) be a point of E(Ol). Then g := Q(a), and A”(a) and Aa) = q'a
are well defined, ¢ is a regular complex ((n — i) x (n — i)) matrix and (x,q"a,
(A : ¢~ Y(w))) satisfies by the previous commentaries the following conditions:

(¢'a),=(1,0,...,0), (¢"a),=A"(@), A"(@)eU, A@)ceo,
.Qi/(a, w)#0, 1kA"(a)= rk(Z(a))(x) =n-—i,
J(F)Y®) "2+ (A@) ()2 (a,0)" = 0.
Therefore, we obtain a morphism of algebraic varieties
@Yo : Eg) — A" x Hl(/i’h),
defined for (x, a, (A : )) by
po(x,a, (A :w)) :=(ap, x, A" (@), (A : 2"(a, w))).

Our argumentation implies that ¢ is an isomorphism of algebraic varieties. For any
l<h<n-—iand 1<l <--- <l,—; <n we obtain therefore an isomorphism of
algebraic varieties,

@) n—i (i,h)
: — .
POwsty .y EO(hzzl.,..,z,l,l-) A x HU(ll,...,z,l,i)

Finally, Proposition 3 implies that (Hl.(h))R is non-empty if and only if {F = 0} con-
tains a regular real point. g

For algorithmic applications, Propositions 3 and 4 contain too many open con-
ditions, namely the conditions tkA, =tk A(X) =n — i, Ap2T #0 or kB =
tk B(X) =n — i, ®, # 0. Of course, the condition tk B =rk B(X) =n — i may be
eliminated by a suitable specialization of the (n — i) x n matrix B. However, one has
to take care that this specialization process does not kill too many regular points of
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the hypersurface {F = 0}. On the other side, the algorithmic tools we have at hand
require subvarieties of affine spaces with closed and smooth real traces. In order to
satisfy these two requirements, we are going to replace the polynomial equation sys-
tem (3) by a simpler one, namely the system (4) below.

This leads us to a third family of polar incidence varieties. Proposition 5 below
represents a fair compromise between our algorithmic requirements and our geomet-
ric intuition. We shall need it later for the task of finding efficiently regular real points
of {F =0}, in case that { F = O} is compact.

We need some notation. Let 1 <h <n — i and let y be a non-zero real number.
For b € Af with b = (bu—i+1, ..., by) we denote by b(; p,;,) the complex ((n —i) x n)
matrix

1 0 0 0 0
b(i,h;y) =10 ... y 0 bn—i+l bn s
0O --- 0 --- 1 0 .0
where the row number £ is (0, ..., y,...,0,by—i41,...,by).

We now introduce the ambient space
Ny = {(x, b, (:9)) [ x e A", be AT and ¥ = (91, ..., ¥y—;) € A" withd, # 0}
and consider the R-definable subvariety Hi(h”’) of N;™ given by

H" = {(x,b,(1:9)) e NP |x = (x1,..., %) € A", F(x) =0, % — y £0,

JF)) 2+ (b, (1) 9T =0},

Observe that N; " is an algebraic variety which is isomorphic to the affine space
A" x Al x A" and that Hi(h’y) is an R-definable locally closed subvariety of N; .
The ambient space N; ¥ may be linearly embedded in T;” and this embedding
maps Hi(h‘y) into Hl.(h). Frequently we shall tacitly identify Ngh) with the affine space
A" x A" x A"'. This will always be clear by the context. Let B;_iH, ..., B} be
new indeterminates.

Proposition 5 Let 1 <h <n —i and let y be a non-zero real number. Then, outside
of the locus given by O, (X, — y) =0, the polynomial equations of the system

F(X)=0,
IF(X)
A — X500, =0,
X, + (¥ — Xn)On
aF(X)A—Xl@h-F@]:O, 4)
X

l<l<n—il#h
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dF (X)
0X;

n—i<l<n,

A+ (Bf — X;)©, =0,

intersect transversally at each of their common solutions in N; " Moreover, the
polynomial equation system (4) and the open condition Oy (Xy — y) # 0 define
the algebraic variety Hl-(h’y) which is therefore empty or equidimensional of dimen-

sion n — 1. The varieties Hl.(h’y) and (Hl.(h’y))R dominate the locus of all points
X =(x1,...,x,) of {F =0} and {F = O}r satisfying the conditions %(x) #0 and

xp — v #0. In particular, (Hi(h’y) )R is non-empty and equidimensional of dimension
n—1 ifand only if the hypersurface {F = 0} contains a real point x = (x1, ..., X,)
with - (x) # 0 and xp — y # 0. The polynomials contained in (4) generate in
R[X, B
quence.

il B¥, A, Olo,(x,—y) the trivial ideal or form a reduced regular se-

Proof Without loss of generality we may assume % := 1. Let (x, b, (A : ¥)) be a point
of A" x Al x P with x = (x1, ..., %), b= by—ig1s ..., bn), 0 = (O1,..., Ou_i)
and ¥ (x1 — y) # 0 which is a solution of the polynomial equation system (4) in the
case h = 1. Without loss of generality we may suppose ¢y = 1. Therefore, (x, b, A, ¥)
represents a solution of the polynomial equation system (4) with &1 replaced by one
and satisfies the condition x1 — ¥ # 0. Observe that the conditions (4), ®; =1 and
X1—y#0 1mply ;é 0. Therefore we have eyl o (x) # 0. The Jacobian Ji, p 1,9)
of the system (4) at the point (x, b, A, ¥) is the complex ((n + 1) x 2n) matrix

J(F)(x) 0 O1x(n-1)
](x’b’)hﬂ) = x 3)(1 (x) 01><(n—1) R
J(F)p—1 ()T In—y

with J(F)po1(x) = (35 (), .0, 3
J(x,b,5.,9) has maximal rank n + 1.
Therefore, outside of the locus given by ®1(X; — y) = 0, the equations of the
system (4) intersect transversally at each of their common solutions in A” x Al x
Pt
Let x = (x1,...,x,) be an arbitrary complex or real point of the hypersurface
{F = 0} satisfying the conditions 35— oF (x) #0and x; — y #0 and let

> L (x)). From 3F (x) #%£ 0 we deduce that

=1, A:= J;IF_)/,
ax; )
oF
1_92 ::—E(x)k—l—xz, ey l?nfi ::_8Xn_l' (.X))L + Xpn—i,
b or (XA + b 8F( A+
i =——(x Xp—idls eees =— X Xn,
n—i+1 aXn—i—H n—i+1 n X, n

= (191, ey 19,17,') and b:= (bn7i+1, ey bn).
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Then the point (x,b, (A : 9)) € A" x Al x P"~/ represents a solution of the poly-
nomial equation system (4) and satisfies the condition ¥;(x; — y) # 0. There-
fore, the solutions (x, b, (A : ) € A" x Al x P of (4) with x = (x1,..., ),
Y= (V1,...,9%—;), %1 =1 and x| — y # 0 dominate the locus of all points x =
(x1,...,xp) of {F =0} with BB—XFI(x) # 0 and x; — y # 0. One easily sees from the
definitions that the points of the algebraic variety H ") represent exactly the solu-
tions of (4) which satisfy the condition @1 (X — y) # 0. Therefore, H L.y) g empty
or equidimensional of dimension n — 1. It follows from our previous argumentation
that H1-?) and Hlél’y) dominate the locus of all points x = (x1, ..., x,) of {F =0}
and {F = 0}r which satisfy the conditions z;)TFl (x)#0and x; —y #0.

Hence, ng&l’y) is non-empty (and equidimensional of dimension n — 1) if and only

if {F = 0} contains a real point x = (x1, ..., x,) with (,?—XFl(x) #0and x; —y #0.
The rest of the statement of Proposition 5 now follows by standard arguments of
commutative algebra. g

Observation 6 Let the notation be as in Proposition 4 and 5. Then the closures of
(Hi(h) )R and (Hi(h’y))ﬂg in their respective real ambient spaces do not need to be
compact, even if {F = O} is so. However, the assumption that {F = O} is bounded
implies that (Hi(h’y))R is compact for sufficiently large y .

In the sequel we shall refer for 1 <i <n —1,1<h<n—i and y > 0 to the
equation systems (1), (3), and (4) and the corresponding varieties Ej;, Hl.(h) and Hi(h’y)
as polar incidence varieties of the equation F = 0.

The varieties E; and Hi(h) are inspired by the concept of a generic ith dual polar

variety of the hypersurface {F = 0} whereas the variety Hi(h’y) is inspired by the
concept of a meagerly generic polar variety of {F = 0} (see [8], Sect. 4, Example 2).

3.2 A Parametric View of the Generic Dual Polar Varieties of a Real Hypersurface

In [8], Sect. 3.1 we made (without any proof) a comment, saying that generic dual
polar varieties of smooth hypersurfaces may become singular. This statement seems
to be incorrect as the following result shows.

Theorem 7 Let F be reduced, 1 <i <n—1andlet a be a complex (n—i) x (n+1))
matrix with generic submatrix a,. Suppose that { F = 0} contains a regular real point.
Then the generic dual polar variety W, is smooth at any of its F-regular points x
satisfying the condition tka(x) =n —i.

Proof Let ¢; : E; — A®~D>0+D be the morphism of smooth algebraic varieties in-
duced by the canonical projection from A" x A®—Dx @+ 5 pr—i gnto AR—Dx 0+
and suppose that the generic polar variety W) is not empty.

From [8], Corollaries 1 and 2 we deduce that Wf( ) is equidimensional of dimen-
sion n —i — 1 and non-empty. On the other hand Proposition 3 implies that E; is
equidimensional of dimension (n —i)(n +2) — 1.
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One sees easily that ¢, Ya) is isomorphic to
W* = {x eA"|J(F)(x)#£0,x € Wg () tka(x) =n — i}.

Therefore, we conclude from the theorem of Fibers (see e.g. [55]) that the morphism
@; is dominating (i.e., the constructible set ¢; (E;) is Zariski dense in A?~)x+1)
Since by assumption « is a generic element of A®~)*"+1 Sard’s theorem (see e.g.
[17, 57]) implies that a is a regular value of ¢;. Therefore ¢, 1(a), and hence W*,
are smooth. This means that the polar variety W, is smooth at any of its F-regular

points x satisfying the condition rka(x) =n —i. g

For generic classic polar varieties the counterpart of Theorem 7 is a well-known
result on generic classic polar varieties of complex hypersurfaces (see the comments
in [8, 46] and [2] for an elementary proof).

We are now going to formulate and prove an avatar of [8], Theorem 1 for the
most general type of real polar incidence variety (see Theorem 8 and Corollary 9
below).

Theorem 8 Suppose that the hypersurface {F = 0} contains a regular real point.
Let C be a generically regular connected component of {F = O}r. Then there exists

a non-empty, open, semialgebraic subset O(Ci) of A=DX0+D quch that any a € O(Ci)
satisfies the following conditions:

(i) rka, =n —i, a9 # 0 and the dual polar variety Wk () is generic and contains a
regular point of C.

(i1) For any two points x € (Wf(a))R and (A : w) € IP’%_[ with 7 := (x,a, (A : w)) €
Eﬁé) there exists a permutation matrix M € 7"*" such that the linear forms
X\ X Arr 1 <k<n—1i,0<1<nwith (X{,..., X)) :=XM form a

system of local parameters of Eﬁé) at z.

Proof Let us consider the morphism of smooth real varieties ; : Eﬁé) —

Aﬁg—i)x("H) induced by the canonical projection from A, x A%_”X("H) x P

onto Aﬁg ~Dx+D Brom [8], Theorem 1 and Sard’s Theorem we deduce that there

exists a non-empty, open, semialgebraic subset Og) of Aﬁg ~Hx (1)

ac Og) is a regular value of the smooth mapping v; and satisfies the condition (i)
of the theorem. Let us consider an arbitrary real ((n — i) X (n+ 1)) matrix a of 0®

and let x = (x1,...,x,) € (Wg(,)r and (A1) € Py ' with w = (01, ..., w,—;) be

such that any

arbitrary points. Suppose that z := (x, a, (A : w)) belongs to E]g). Without loss of
generality we may assume that A = 1 holds. Let £; be the Jacobian of the polynomial
equation system

oF
F(X)=0, — (X Ak — Ak oX)$2r =0, 1<l<n.
(X) 8X1( )+ D (Aks— AroXD) Sk n

1<k<n—i

@ Springer



Found Comput Math (2012) 12:75-122 95

An explicit description of the polynomial (n + 1) X (n + (n + 2)(n — i)) matrix L;
was given in the proof of Proposition 3.
The matrix £; at the point z takes the form

Li(z) =
%(x)... %(x)() ... 00 -~ 0 -0 -0 0 ... 0
W) pi 0 -+ 0 —xj@ - —X|Oy_j
* ax)T 0 0 0
0 -« 0 @ Wy —Xn@]  —XnOp_i

Since a is a regular value of the smooth map 1;, we conclude that the indeterminates
Apy, 1 <k <n—1i,0<I <n are local parameters of E]g) at z. This implies that the
((n+ 1) x (2n — i)) matrix

. %(x) aa)g(x) o ... 0
o a(x)’t

*

has maximal rank n + 1. Since z belongs to E]g), we have tka(x)T =rtka(x) =n —i.
Therefore there are i + 1 columns among the first n columns of N which together
with the columns of the ((n + 1) x (n — i)) matrix

o .- 0
a(x)’
form a non-singular ((n + 1) x (n + 1)) matrix. This implies that there exist

n—i—1,say X{,...,X, . |, from the indeterminates X1,..., X, which to-
gether with Ay ;,1 <k <n —i,0 <! <n form a set of local parameters of E]g)
at z. Since by Proposition 3 we have dim EY — (n—i)(n +2) — 1, we ob-

tain a complete system of local parameters of Elg). Observe, finally, that there

exists a permutation matrix M € Z"*" such that the first n — i — 1 entries of
XM are the indeterminates X/l, e X;z—i—l' This finishes the proof of the theo-
rem. O

In the case i =n — 1, Theorem 8 implies the following result.

Corollary 9 Suppose that the hypersurface {F = 0} contains a regular real
point. Then there exists a non-empty, open, semialgebraic subset O of Aﬁl{“]
such that any point a = (ag,ai,...,a,) of O satisfies the following two condi-
tions:
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() ag#0, (a1, ...,a,) # 0 and the (locally closed) subvariety W, of A" x Al de-
fined by the system

F(X)=0,

F (X)A+a; —apX; =0
a s
X, ar—aod

1<l<n,

\/ a; —apX; #0,

1<i<n

)

is zero-dimensional and of cardinality #Wf(a)’ the equations of (5) intersect
transversally at any point of W, and the real trace (Wy)r of W, is non-
empty.

(1) For any (x,)) € (Wy)Rr the point 7 := (x,a, (A : 1)) belongs to E]%_l) and

Ao, A1, ..., A, form a system of local parameters of Eé&n at z.

Proof Since the hypersurface {F = 0} contains a regular real point, there exists a
generically regular connected component C of {F = O}gr. Apply Theorem 8 for the
case i :=n — 1 to C and set O := Og’_l). Observing that a € O implies W,
generic and W, = Wf( a)’ Corollary 9 follows easily from [4, 5], Lemma 7 and Propo-
sition 3. 0

We comment on Corollary 9 from an algorithmic point of view.

Let A= (Ag,...,A,) be arow vector of n + 1 new indeterminates Ag, ..., A,.

Suppose F € Q[X] and that the hypersurface { F = 0} contains a regular real point.
Let 1 <h < n. From Proposition 3 we conclude that, outside of the locus given by

Ao+ An(Ap — AoXp) =0,
the polynomial equations
F(X)=0,
oF
—(X)A+ A — ApX; =0, (6)
X

1<l<n,

intersect transversally at any of their common solutions. This implies that the poly-
nomial equations

F(X) =0,

- 8—F(Ah — AoXp) + (A — AOXz)a—F(X) =0, @)
X Xy
l<l<nl#h,
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intersect transversally in any of their solutions (x,a) € A" x A"*! not contained
in the locus Ag--- A, (A — ApXj) = 0. Therefore, the polynomials which consti-
tute the system (7) generate in Q[A, X]4,...4,(4,—A4,%;) the trivial ideal or form a
reduced regular sequence. Hence the ideal a;, generated by these polynomials in
Q(A)[X1(a,—40x,) is trivial or a radical complete intersection ideal of dimension
Zero.

The hypersurface { F = 0} contains by assumption a regular real point. Thus Corol-
lary 9 implies that there exists 1 < h < n such that ay is a radical complete intersec-
tion ideal of dimension zero which vanishes on a regular point with coordinates in a
suitable real closure K of the field Q(A). Without loss of generality, we may assume
that the variables X1, ..., X;, are in a general position with respect to the ideal ay
and that in particular the variable X separates the zeros of a; in K (i)", where i is
an algebraic number with i> 4+ 1 =0.

For the sake of simplicity we shall suppose 2 < h < n. Hence we conclude that
there exist polynomials o, € Q[A] and Py, Ggh), e, Gf,h) € Q[A, X ] with g5 # 0,
degXl P, > 1 and degXl G;.h) < degxl Pp,2 < j <n, such that Py is primitive and
separable with respect to the variable X and such that

h
Pi. onX2—GY', ... onXy—GP

generate the ideal a, in Q(A)[X]a,—4,x,- We then say that the polynomials
Py, G;h), e, G,(lh) form a geometric solution over QQ(A) of the equation system (7)
and the open condition A, — Ag Xy # 0 in the variables X1, ..., X,.

The polynomial Py, is uniquely determined by (7), and o5 may be chosen as the
numerator of the discriminant of P;, with respect to the indeterminate X ;. This choice
in turn determines Ggh), e, G,gh). From Corollary 9 we deduce that degx1 Py is
bounded by the degree, say p, of the (n — 1)th generic dual polar variety of {F = 0}.

Let Vj be the union of all irreducible components of the closed subvariety of
A" x A" defined by the polynomial equation system (7) in the unknowns X and A
that are not contained in the locus given by AgA;1 --- A, (Ap — Ao Xj) = 0. From [52],
Theorem 1, we deduce that the total degree of the polynomials

h
on P, GY,...,GM c QIA, X1]

is of order O (udeg V).

Suppose that F is given by a division-free arithmetic circuit o of size L in Q[X]
(thus F has rational coefficients). Let §; < u be the degree of the system (7) over
Q(A) outside of the locus given by Ay — AgX;, =0 and 8 := §;udeg Vy,. Then we
have 8; < d” and deg V}, < (d + 1) and therefore § = d 9™,

Then the polynomial g5 € Q[A] and the coefficients with respect to X of the
polynomials Py, G;h), e, G,gh) have a representation by a division-free arithmetic
circuit o* in Q[A] of size L(nd)?(§2. The circuit o* may be computed from the
input circuit o in time L(na’)o(l)é2 (see the original contributions [25, 27, 28, 36]
and the survey [20] for the notions of geometric solution, system degree and details
of the algorithm).
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Applying now real quantifier elimination to the formula
@EXD(Pa(A, X1) =0 A Ao+ An(Aren(4) — A0G}” (4, X1)) # 0 A n(A) #0)

we obtain a quantifier-free formula ¥}, (A) in the variables Ao, ..., A, over the ele-
mentary language of ordered fields. The formula ¥, (A) describes the image of the
semialgebraic set

{@,x)e Alﬂ?_l x Ag la=(ao,...,an), Pr(a,x1) =0,
ao -~ an(anon(a) — aoGih)(“’ x1)) #0, on(a) #0}

under the canonical projection A%LT' x AL — AZ*!. Thus for a = (ao, ..., an) €
A?R“ the formula ¥y (a) is true if and only if there exists a point x = (x1, ..., X;)
of Ap such that (x,a) is a solution of the polynomial equation system (7) with
ao---ap(ap — apxp) # 0. In its turn this implies that ¥y (a) is true if and only if
there exists a point (x, A) of Aﬁ’R X Aﬁ with x = (x1, ..., x,) such that (x,a,A) is a
solution of the polynomial equation system (5) with ag - - - a, (ap — apxp,) # 0, whence
(x,a,(A:1)) e E]gl_l) and x € W?(ay From the choice of 4 we see that the semi-

algebraic subset of A&H defined by the formula ¥} (A) has a non-empty interior,
which therefore contains “generic” rational points. Let a € Q"*! be such a point.
From the inputs a and o we are now able to construct in time L(nd)9°Ms2 regular
real algebraic point x € Ay which belongs to the dual polar variety x € Wk (- BY
[8], Theorem 3 the point x has degree at most i and belongs to {F = O}p.

The crux with this kind of argumentation is the following:

Although we are able to compute in time L(nd)?§? from the arithmetic circuit o
an arithmetic—boolean circuit with = and > decision gates which represents a non-
empty open set My of points of Aﬁ’{] that satisfy the formula ¥}, we are generally
not able to find efficiently sample points of M}, neither rational nor algebraic ones.

An exception is made by certain well-determined singular curves, whose generic
dual polar varieties are never empty [45].

By the way, let us mention that the procedures we have in mind for the elimina-
tion of just one real existential quantifier are the most classical ones, which may be
adapted to the circuit representation of polynomials. There are no precise references
to the subject. For technical aspects see [21], Sect. B.

Fix now an index 1 <i <n — 1 and suppose that we are able to find a “generic”
point a* € Q"*! such that ¥, (a*) holds. Then we may finda ((n —i — 1) x (n + 1))
matrix a** € Q—i=Dx@+1) guch that the rational ((n — i) x (n + 1)) matrix a :=
[;j* ] is generic. Hence W, is a generic dual polar variety of { ¥ = 0}. Observe that
Wf(a) contains Wf(a*)- Since the assertion ¥, (a™) holds, we conclude that Wf(a*)
contains a regular real point x. Because x is also contained in W@ the generic dual
polar variety W, contains regular real points.

This leads to the problem of efficiently finding for a given consistent system of
strict inequalities of arithmetic-circuit represented polynomials of Q[X] a rational
(or algebraic) point x € Ay, which satisfies all these inequalities. We call such a point
a rational (or algebraic) witness for the given system.
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In the next section we are going to design a procedure which decides, under the
assumption that {F = O}r is compact, whether the hypersurface {F = 0} contains
a regular real point, and, if this is the case, returns such a point for each connected
component of {F = O}R.

4 Bipolar Varieties
4.1 Definition and Basic Properties of Bipolar Varieties

In order to estimate the complexity of this procedure we shall now introduce the con-
cept of a bipolar variety of the equation F = 0 in different variants. The maximal
degree of all bipolar varieties of the equation F' = 0 will then determine the run-
ning time of the procedure. Dual polar varieties represent a complex reflection of the
Lagrange multipliers. Therefore, their geometric meaning concerns more real than
complex algebraic varieties. Maybe this is the reason why they, motivated by the aim
to find real solutions of polynomial equation systems, were only recently introduced
in (complex) algebraic geometry.

The definition of the dual polar varieties associated with an equidimensional com-
plex algebraic variety S requires that S is represented as a subvariety of a projective
space P" which is in turn equipped with a distinguished hyperplane H at infinity and
with a non-degenerate hyperquadric Q such that Q N H is again non-degenerate.

Of particular interest is the case where S is a smooth subvariety of the affine
space A", suitably embedded in P". This leads to the concepts of an affine and a
real dual polar variety (see [4, 5] and [8] for details and motivations.)

The bipolar varieties of the equation F = 0 should be introduced as generic
dual polar varieties associated with the smooth incidence varieties E; or Hi(h),
1<i<n-—1,1<h<n—i (if they are not empty), and should be defined in a
“natural” way, only depending on the polynomial F, such that their degree is relevant
for the complexity of the problem of finding regular real algebraic points belonging
to {F = 0}. We shall see that E; is not suitable for this task, but that Hl.(h) furnishes
an appropriate notion of bipolar varieties.

Letus fix 1 <i <n—1and 1 <h <n — i and observe that arbitrary points
(x,a,(A:w)) € Ejor (x,a,(A:10)) e Hl.(h) satisfy the condition A # 0. Therefore,
in principle, we may suppose A = 1 and consider E; and Hl.(h) as subvarieties of the
respective affine spaces A" x AC—DXOHD s An—i and A" x AP—DXn 5 AP

However, these affine embeddings of E; and Hi(h) are rather irrelevant for our
algorithmic considerations, because we are looking for a description of x as a function
of a, > and w (or alternatively as a function of b, A and ©#) and not for the opposite.

Consider now an arbitrary point (x, a, (A : w)) of E; with v = (w1, ..., w,—;) €
A" Then we have ag - ! # 0 and this implies @ # 0. Therefore there exists an
index 1 <h <n —i with wy # 0. For any such & we obtain a different embedding of
the affine ambient space A” x A®=Dx(+D) o An=i jpn P=DB+2)+n and it remains
undetermined which embedding we should choose in order to define the bipolar vari-
eties of E;. Different embeddings lead to completely incompatible generic dual polar
varieties that cannot be patched together.
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The situation looks different in the case of Hl.(h). For any point (x, b, (A : ¥)) of
Hl.(h) with ¥ = (91, ...,9,-;) we have ¥, # 0. Therefore, by setting ¥, := 1 we
obtain a canonic embedding of the ambient space A" x A®=DX" x A"~ into the
projective space P+t

Let us be more precise. We associate with 1 < h < n — i the hyperplane at infinity

Ly:={0;=0}:={(x:b:2:9) e PO DOTDI |y e A" p e A=D*n,
reAL 9 e A" 9 =W, ..., 0_i), O =0}

and the hyperquadric Q defined by the equation

SOXi+ Y BL+AT+ Y ep=0.

1<l<n I<k=n—i 1<k<n—i
1<l<n

Then Q and Q N L), are non-degenerate and
(QN Ly) NAL x A" 5 AL

is positive-definite and induces in Ap x Aﬁg T A%ﬁi the Euclidean distance.
Similarly, we associate with 1 < h <n — i the hyperplane at infinity

Ly:={0, =0
={(x:b:r:9)ePM|xeA" be A aeA 9 e A",
ﬁz(ﬂ13'--3ﬁn—i)3ﬂhzo}

and the hyperquadric Q) defined by the equation

Yoxi+ > B+ Y. ef=o.

1<i<n n—i<I<n 1<k<n—i
Again Qp and Qp N Zh are non-degenerate and
(On NLp) NAL x Al x AL

is positive-definite and induces in Ap x AfR X AK" the Euclidean distance.
This leads us to the following concept.

Definition 10 Let 1 <i <n—1and 1 <h <n —i and let y be a non-zero real
number. The bipolar varieties B j,, jy and B p, j;,) are defined as follows:
Forl<j<m—-i)n+1)—1let B, j)bea((n—i)n+ 1) — j)th generic
dual polar variety of Hi(h) andfor 1 < j <n—1let B, j.,) bea (n— j)th generic
dual polar variety of Hl.(h’y). We call B; p,, j) the large bipolar variety of the equation
F =0 associated with the indices i, and j. For y generic, we call B p, j.,) the
small bipolar variety of the equation F = 0 associated with the indices i, 4 and j.
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In the latter case we think of y as given by the context and use as a shorthand
Bii.n.jy = Ban.jiy)

This notation is justified because we are only interested in invariants like the dimen-
sion and the degree of our bipolar varieties, and these are independent of the particular
(generic) choice of y and the linear projective varieties we used to define our objects.

The bipolar varieties B, 5, j) and B p, ;) are well-defined geometric objects,
although the varieties Hl.(h) and Hl.(h’y) are not closed (compare the definition of the
notion of polar variety in Sect. 2, where we have taken care of this situation).

Let us fix again 1 <i <n — 1,1 <h <n —1i and a non-zero real number y. In
the sense of [4, 5] we are now going to study different extrinsic descriptions of the
bipolar varieties B 5,/), 1 < j < (n—i)(n+1)—1and B(i,h,j;y), 1<j<n-1,by
means of equations and inequalities.

Let

v=Ui,...,vj), ¢=(1,...,¢),

lorilizr=is  [rkl 12r=i 5 [Brk,t] 1=r<j
1<l<n 1<k<n—i I<k<n—i
kZh <i<n

be row vectors and matrices of generic real (or rational) numbers.
Further, let us write

M ._ g oW . o o0 .
oM .=e, ..., " =1, oM .=1,
h h
o =0p1, . OW =0,
and

o®.=©" . . M)

n—i

We consider now two polynomial matrices T(; 5, j) and T(; p, j:y)-
The first one is the ((n + j + 1) x ((n —i)(n + 1) 4+ n)) matrix

J(F) 0 O1x(n—i-1)
. T Tt
I MJ(F)@(?(TB()}(() )O ) J(F)T [Bl,k] 1<i<n T
@@h,j) = e ]ﬁfiﬁ" ’
ot = v Xtz 0= AT [ = 0Ol 1=rs)

where the index j has the range 1 < j < (n —i)(n + 1) — 1 and 7 represents the
((n+j+1) x (n—i)n) submatrix

Oixn Oixn - O1xn O1xn O1xn
1:= I, el - Opaly, Opnl, - On il
Fauy  Fay - Fa-n Farn o Fa-i
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with

Fay =Brik1 —vrBiili=r=j forl <k<n-—i.

1<i<n

The second polynomial matrix 7(; p, j:y) is the ((n + j + 1) x 2n) matrix

Tin,jiy) =
J(F) 0
0 (P A+BY (x)TeWT) T ¢
K1 X0) J(F) :

[org —vrXi)1=r<j (T— T rk —vrOk] 1zr<j [Bring — vr B[] 1=r<j
1<i<n 1<k<n—i n—i<l<n
kZh

where 1 < j <n — 1. Here C denotes the ((n + 1) x n) submatrix

0 0000 0
1 0 0 0
0 100 0 0

c:=10 0000 0],
0 0010 0
0 000 1 0
[0 - 000 0 1]

whose first and (4 + 1)th rows consist only of zeros.

One deduces from Definition 10, Propositions 4 and 5 that a point (x, b, (A : ¥))
of Hi(h) or Hi(h’y) with &, =1 belongs to B; j, j) or B p, .y if and only if all (n +
J +1)-minors of T(; 5, j) or T(; 5 j;,) vanish at (x, b, A, PMYy in A" x A—Dn 5 An—T
where 9 := (91, ..., Op—1, Onsts ..., Opi).

Further, from [4, 5], Proposition 8 we conclude that the bipolar varieties B p, j)
and B . j.y) are of (local) dimension j — 1 at any point (x, b, (A : ©})) of Hi(h) N
B n, j) and Hl.(h’y) N Bk, j;y)- Thus By 5 jy and By 4, ;. are empty or equidimen-
sional of dimension j — 1.

Moreover, from [8] we infer that these bipolar varieties are normal and Cohen—
Macaulay at any point of Hi(h) or Hi(h’y) they contain.

In T; 5, jy we fix any n + j columns which contain the columns corresponding to at
least one of the indeterminates X1, ..., X,, and to B;';,] AU B;:’n. We characterize this
choice by a vector ¢ € N"*/ whose entries are the numbers of the selected columns.
We denote by

ish,jt ih,jt ish,jt
MrE+jil_)’ M;5+j41rz_)’ SRR M<(n7$<z)+1>+n
the (n + j + 1)-minors of T; ; ;) obtained by adding one by one to the selected
columns ¢ each of the columns of 7(; 5, j), and, for 1 < s < j, we denote by m; 5, j ;.5
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the (n + j)-minor of T{; 5 j) corresponding to the selected columns ¢ and all rows
except the row numbered n + s 4 1.

Proposition 11 Let D p,, j ;.5 be the closed subvariety of ']I‘Eh) defined by the condi-
tion

tkB<n—1i or rkB(h)(X)<n—i or mgh,j1s) =0.

Then the polynomial equations of the system

oF
FX)=0, - (X)A+Bu—Xi+ ) Buu6=0, 1=<i=<n,
8Xl 1<k<n—i

k£h

@h,j,0) _ (,h.j.0 _
Mn+j+1 =0, ..., M(n—i)(n+1)+n =0

intersect transversally at any of their common solutions in ’]I‘Eh) \ Dh,j1,s)- They
. h
define Bin.j) \ Diinjs) in T\ D jis)-

Proof Obvious by Proposition 4, and Propositions 6 and 8 of [4, 5]. O

Observe that, for i, 4 fixed, the bipolar varieties are ordered by inclusion as fol-
lows:

h
H" 2Byt D -+ D Biin

(where H,.(h) denotes the Zariski closure of H[.(h)). The variety 2B; ;1) is empty or
zero-dimensional. If 95; ;1) is non-empty the chain is strictly decreasing.

Letus fix again 1 <i <n— 1,1 <h <n —i and a non-zero real number y. From
Proposition 5 we deduce that for ®;, = 1 the equations of the system (4) generate
in Q[X, A, B:—i+1’ ..., By, @(h)]xh_y the vanishing ideal of Hi(h’y) (interpreted as
affine subvariety of A” x A’ x A”~) Therefore, all (n + j + 1)-minors of TGn,jy)
vanish at a point (x, b, (A : ¥)) of Hi(h’}’) with & = (¥,...,%,—;) and ¥y =1 if
and only if (x, b, (A : ¥¥))belongs to the affine variety (B ,;:y)) x,—y» consisting of
the elements of (B; 1, j.,)) which satisfy the condition X;, — y # 0. In other words,
(B ., j:y)) x,—y 1s the locus of Hi(h’y), where all (n 4 j + 1)-minors of T(; 5 ;)
vanish.

In T{; , j.y) we fix any n + j columns which contain the columns corresponding
to the indeterminate X}, to the entries of O™ andto B*,n —i <1 <n. As before let
us characterize this selection by a vector ¢ € N**/, We denote by

M(i,h,j,z;y) M(i,h,j,z;y)

@,h,j,5;7)
ntjrl o Mulint s e My,

the n + j + 1-minors obtained by adding one by one to the selected columns each col-
umn of 7(; 5 j:y), and, for 1 <s < j, we denote by m; 5, r.5:y) the (n + j)-minor of
Tii.n, jy) corresponding to selected columns ¢ and all rows, except the row numbered
n+s+1.
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Proposition 12 The sequence of polynomials

oF oF
F(X), E(X)A—H/_X}“ a—Xl(X)A—XH-@l, 1<l<n-—il#h,

oF

. i,h,j.t; i\h,j,t;
8Xl(X)A+B,*—X;, n—i<l<n, MBIV gy

n+j+1

®)

generates in

. h
R:=Q[X,A,B} ;. ....B}, 0 >]m(i,h‘jw)(xh_y)

the trivial ideal or forms a reduced regular sequence. The sequence defines in 'R the

affine variety (B(i,h,j:y))mgp j.1.sp)(Xn—y) and their entries intersect transversally at
any point of (B(i’hyﬁV))m(i,h,j.g,x:y)(xh_y)'

Proof Obvious from Proposition 5, and Propositions 6 and 8 of [4, 5]. O

Similarly as above, notice that, for i, &, y fixed, the bipolar varieties By; j, j.,) are
ordered by inclusion as follows:

n,
Hi( 2 Binn-1:y) 2+ D Bin1iy)

The variety B 5,1:y) is empty or zero-dimensional. If B; j, 1, is non-empty, then
the chain strictly decreases.

Observation 13 Let the notation be as in Propositions 11 and 12 and let j > 2. The
loci of B p,jy N Hi(h) and (B pn, jy) x4—y N Hi(h’y), where, for suitable t € N"TJ
and 1 < s < j, all minors of the form m n_ js) and m p j.s:.y) vanish, coincide
with B p,j—1)N Hi(h) and B p,j—1,, N Hl.(h’w and are empty or of pure codimension
one. Moreover, for each point 7 of B p,1) N Hl.(h) and B p,1:) N Hi(h’y) there exist

minors of the form m p.1,,1y and mg p.1,.1:),t € N"*1, respectively, which do not
vanish at z.

Proof Obvious by [8], Lemma 2. O
4.2 Degrees of Bipolar Varieties
We denote by degB; 1, ), deg B(i n, j:y) and deg g(,-,h,j) the geometric degrees of the
respective bipolar varieties in their respective affine ambient spaces (see [31] for a
definition and properties of the geometric degree of a subvariety of an affine space).
From Lemma 1 and [8], Theorem 13 we deduce thatfor 1 < j <n —1

deg B, jiy) < deg B p, jy < deg B, n—iyn—i+)) )

holds.
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Suppose that {F = O}r is compact and contains a regular point. Then Obser-
vation 6, Proposition 5, Lemma 1 and [8], Corollary 1 imply that (B,n, j))r and
(®B(i,n, j))r are non-empty. This implies 1 < deg B x,1) < deg B n,(1—i)(n+1)—i+1)-

Ford>2and 1 <j<(m—i)(n+ 1) — 1 we infer from the Bézout inequality
[22, 31, 62] the following extrinsic bounds for these degrees (see [5] for details):

degBinj) < dn+1(nd+j)(n—i)(n+1)—j — (nd)O((n—i)n) (10)
whence, in particular,

(I’ld2 +d ')n+l
degBu—1,n,j) < W < (rd@d+ )" = (na)°™. (11)

Similarly we have for 1 < j <n — 1

deg B(i,h,j;y) < deg g(i,h,j) < dn+1 (nd + j)(n_j) < d(nd(d + 1))” = (nd)O(n).
(12)

In view of the subsequent algorithmic considerations we notice that the estimates
(11) and (12) of the degree are of order (nd)P™,

Wenow fixonly 1 <i <n—1,1 <k <n—i and a non-zero real number y.

For 1 <1 <n we are going to consider the following closed subvarieties of the
affine ambient spaces T; ") and N; (h), which we denote by Sl(i*h) and S; Ghiy),

Let S;®" be the Zariski closure of the locally closed subset of N; " defined by
the conditions

oF

F(X)=0,
(X) X,

XA+ By —X)Op+ Y Brr@k=0, 1=<i'<I,
15]1:;2—1’
tkB=1kB"(X)=n—i and J(F)#0
and let §;"7) be the Zariski closure of the locally closed subset of N; " defined by
the conditions
F(X)=0,
oF
aX),
oF
Xy
1<t <min{l,n —i},t' #h,
oF
Xy
n—i<t <lI,

Xn—y #0.

Observe that the particular structure of the Jacobian of the system (3) implies that the

(X)A+(y — Xp)O, =0,

(X)A =Xy O + Oy =0,

(X)A+ (B} — Xp)©, =0,

polynomials of the equations defining Sl(i’h) form outside of the closed locus given by
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the conditions tk B <n —i,rk B(X) <n —i or J(F) = 0 locally a reduced regular
sequence. The same is true for the polynomials of the equations defining Sl(l’h;y)
outside of the locus X;, — y = 0. In particular, this implies that the polynomials of
the systems (3) and (4) form outside of these closed loci locally strongly reduced
regular sequences.

From the Bézout Inequality we deduce the estimates

degSl(i,h) Edl-H (13)

and
deg 5,017 < gt (14)

We associate now with 7, i, y and the real interpretation of the polynomial equation
F = 0 the following discrete parameters:

8. = max{{deg Sl(i’h) [1<I< n}, max{deg%(i,h,(n,i)nf,urj) [1<j<n-— 1}}
and
8(i,h:y) = max{{deg Sl(i’h;y) |1 <1 <n},max{deg Binjiy)x,—y |1 <j<n—1}}.
For generically chosen y we write
Bi.h) = (i)

We observe that the parameter max{deg®B; s Hll < j < (n — i)(n + 1) — 1} re-
mains invariant under linear transformations of the coordinates X1, ..., X,, by unitary
complex (n x n) matrices, whereas the parameter max{deg (B »,j:y)) x,—y |1 < Jj <
n — 1} is coordinate-dependent even for such special linear transformations. There-
fore, we call §(; ) the unitary-independent degree of the real interpretation of the
equation F = 0 associated with i and 4. In the same vein we call (; 5, and 8.m)
the unitary-dependent degrees of the real interpretation of F' = 0 associated with i,
h, y and with i, h, respectively.

In the light of the geometric underpinning of the notion of dual polar varieties
exposed in [4, 5], Sect. 2, the limitation to unitary complex matrices makes sense.
The definition of dual polar varieties in intrinsic terms requires as ingredients a non-
degenerate hyperquadric and a hyperplane at infinity in the corresponding projective
ambient space such that the restriction of the given hyperquadric to the hyperplane at
infinity remains non-degenerate. If the chosen hyperquadric represents in the associ-
ated real affine space the Euclidean norm, then only unitary matrices leave the given
geometric situation invariant. For details we refer to [4, 5], Sects. 2 and 3.1. Taking
into account the estimates (13) and (9) we conclude that

Sny) < 8n <8un (15)
and that

8. = (nd)°™ (16)
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holds. This implies
8(i.hiy) = (nd) O™ a7
and

S(i,h) = (nd)O(n). (18)
4.3 The Real Root Finding Problem for F

We finish Sect. 4 with the design of a discrete family of efficient, non-uniform de-
terministic (or alternatively uniform probabilistic) procedures I1(; 5y, 1 <i <n —1,
1 <h <n — i, which satisfy the following specification. Let Z be a new indetermi-
nate.

Input: An essentially division-free arithmetic circuit o in Q[X] of size L and non-
scalar depth ¢ having a single output node.

Input Specification: The circuit o represents a polynomial F € Q[X] of positive de-
gree d and logarithmic height at most 1. The semialgebraic set {F' = O}r is com-
pact and the indeterminates X1, ..., X, are in general position with respect to the
complex hypersurface {F = 0}.

Output: The procedure I1; ;) accepts the input o if {F = 0} contains a real reg-
ular point. If this is the case, the procedure returns a circuit representation
of the coefficients of n + 1 polynomials P, Gy,...,G, € Q[Z] satisfying for
G :=(Gy, ..., Gy) the following output specification:

— P is monic and separable.

— deg G < deg P <degB; n 1) <8¢ n with deg G :=max{deg G, ...,degG,}.

— The zero-dimensional complex affine variety, {G(z) |z € Al P(z) = 0} con-
tains a smooth, real algebraic sample point of each generically smooth con-
nected component of {F = O}gr. In order to represent these sample points, an
encoding “a la Thom” of the real zeros of the polynomial P is returned (see
e.g. [16] for this kind of encoding).

We say that I1; ;) solves the real root finding problem for F. We fix now 1 <i <
n—landl<h<n-—i.

Design of the Procedure I1(; 5y Let o be an essentially division-free circuit in Q[ X]
of size L having a single output node which represents a polynomial F € Q[X] sat-
isfying the input specification of the procedure I1; ;). Let d be the (positive) degree
of F and 7 its logarithmic height. We consider the function

I :{F =0lr = R

induced by the Euclidean norm on R". Observe that ||-]| is continuous and semi-
algebraic. Since by assumption {F = O}r is compact, the function ||-|| is bounded
by a positive constant, say K, which we suppose to be minimal with respect to this
property. From the effective Lojasiewicz Inequality (see [56], Theorem 3) we deduce
that there exists a universal constant ¢ > 0 (not depending on L, ¢, d, n or n) which
satisfies the condition log(max{1, K}) < nd'*"”z.
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Let us choose a positive integer y with logy > nd“’"z which is representable by a
division-free arithmetic circuit in Z of size and non-scalar depth O (logn + n?logd)
and observe that y > K holds.

Therefore, any real point x = (x1, ..., x,) of the hypersurface {F = 0} satisfies
the condition x;, — y # 0. Since by assumption the indeterminates X1, ..., X, are in
general position with respect to {F = 0}, we may suppose without loss of generality
that any generically regular connected component of {F = O}r contains also a point
x with ;TFh(x) £0.

From Proposition 5 and the choice of y we deduce that the (polynomial) equations
of the system

F(X)=0,

or X)A+ X,=0
X, Y h=0Y,

oF
—~ X)A-X;+6,=0,
0X; (19)

1<l<n-—il#h,
a—F(X)A+B[k—X1=O,
0X;

n—i<lIl<n,

intersect transversally at each of their real solutions. Moreover, the polynomials
of (19) generate the trivial ideal or form a strongly reduced regular sequence in
QrX, B;—iﬂ’ ..., B}, A, ©%]x,—, (see Sect. 4.2).

Denote by V := S,(,i’h;y) the locally closed algebraic subvariety of A” x Af x A"~
consisting of the common (complex) solutions of the polynomial equation system
(19) which satisfy the condition X, — y # 0 and let Vg :=V N (AR x AfR X Aﬁ’{’)
be the real trace of V. Our choice of y implies that VR consists of all real solutions of
(19) and is therefore closed. Moreover, from our assumptions and Proposition 5 we
deduce that V and Vi are empty or smooth of dimension n — 1, and that the real vari-
ety VR is non-empty if and only if { F = O}r contains a smooth point. More precisely,
for any generically smooth connected component C of {F' = O}g there exists a point
(x,b, %, 9) of Vg with x € C, %(x) #0and (b, A, 9) € Al x A" Therefore,
a set of algebraic sample points for the connected components of Vi gives rise to a
set of algebraic sample points for the generically smooth connected components of
{F =0}r.

Suppose now that the hypersurface { FF = 0} contains a smooth real point. Then the
real variety VR is smooth and equidimensional of dimensionn —1.For 1 < j <n—1
we deduce from [5], Proposition 2 that the real bipolar variety (B ,;.))r (and
hence the complex variety (B s, j:y))x,—y contains at least one point of each con-
nected component of Vg. Therefore, (B s, j.,)) x,—y and (B p,j.y))R are equidi-
mensional of dimension j — 1. From Proposition 12 and Observation 13 we conclude
that for 2 < j <n — 1 the algebraic variety (B n,j:y))x,—y \ Biin, j—1;7)) X,—y 18
locally definable by reduced regular sequences.
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In the same way one sees that the complex variety (B s,1:))x,—y IS zero-
dimensional and contains for each connected component of Vr an algebraic sample
point.

The algorithm I1; ;) proceeds now by deciding whether (B(; 5,1:y)) x,—y contains
real algebraic points, and, if this is the case, by computing them. The algorithm infers
from these data whether the hypersurface {FF = O}r contains smooth points. If the
answer is positive, the data furnish also a finite set of smooth real algebraic sample
points for the generically smooth connected components of {F = O}R.

At the beginning, the procedure [1(; ) transforms the input circuit o and the
chosen encoding of y into an essentially division-free arithmetic circuit o in
QIX, B;’l‘ﬂ.+1 s B A, O™ of size O(L +n? logd +1og ) and non-scalar depth
O (£+n”logd +log ) such that o| represents the equation system (19) and the poly-
nomial X, — y. Taking the circuit oy as input, the procedure I1; 5, now follows the
pattern of the (non-uniform deterministic or probabilistic) procedure described in the
proofs of [5], Theorem 11 and [4], Theorem 13 in order to decide whether Vp is
empty.

If VR is empty, then the procedure I1; ;) returns the answer that the hypersurface
{F = 0} does not contain any smooth real point.

If Vg is non-empty, the procedure I1; ) produces a circuit representation of the
coefflcients of 2n 4+ 1 polynomials P, Gy, ..., Gy, Gy+1, ..., Gy € Q[Z] satisfying
for G := (G, ..., Gy,) the following output specification:

— P is monic and separable.
— degG <degP < deg(B(i,h,l;y))Xh—y < degB(i,h,];y)~
— Biin1:p)x,—p) ={G@)Iz € AL, P(2) =0}

From this representation of the variety (B n,1.y))(x,—y) We deduce that for G :=
(G1,...,G,) the zero-dimensional variety {G(z)|z € A', P(z) = 0} contains a
smooth real algebraic sample point for each generically smooth connected compo-
nent of {F = O}g. Finally, one obtains a set of real algebraic sample points for the
generically smooth connected components of {F = O}r from G and the Thom en-
coding of the real zeros of P.If P has no real zeros, the procedure I1; ;) returns the
information that { F = O}r does not contain any smooth point.

The procedure from [4] and [5], called by I1; 1), is based on the original paradigm
[25,27] of a procedure with intrinsic complexity that solves polynomial equation
systems over the complex numbers (see also [20, 24, 28]).

We are now going to describe succinctly how this procedure is applied to the task
of real root finding (Proposition 12 and Observation 13 will here play a key role).

For this purpose we shall freely refer to terminology, mathematical results and sub-
routines of [28], where the first streamlined version of this procedure was presented
and implemented as the “Kronecker algorithm” (compare also [36]).

In order to simplify the exposition we shall refrain from the presentation of details
which ensure only appropriate genericity conditions for the procedure. The following
description requires the reader to be acquainted with the details of the Kronecker al-
gorithm. Although this description may look at first glance intricate, no substantially
new idea, nor one that has not been explained before, is introduced. Recall that the
polynomials of (19) generate the trivial ideal or form a strongly reduced regular se-
quence in Q[X, B:—i+1’ ...,Br A, @(h)]x,l,,,. In this situation the procedure I7; ;)
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applies to the system (19) the algorithm “Geometric Solve” of [28] to decide whether
V is empty. If V is empty, the information that { F = O}r does not contain any regular
point is returned. Suppose that this is not the case. Then the algorithm “Geometric
Solve” returns a lifting fiber of the variety V.

Next, beginning with j :=n — 1, the procedure I1; ;) decides for any index 1 <
J < n — 1 whether the variety B j, ;.,,) is empty or returns a lifting fiber of it. In
case that there exists an index 1 < j <n — 1 with B(; 5, .,) =¥, the procedure I1;
returns the information that {F = O}r does not contain any regular point. Suppose
that this is not the case.

For 1 < j <n — 1 we fix a vector of column numbers 1) € N"*/ of T j.y)
corresponding to the indeterminate X, to the entries of @™, to Bf,n—i<l<n
and to j other columns of T(; , j.y).

We claim that m; j, ; (., does not vanish identically on any irreducible com-
ponent of B . j.y)-

Let M be the ((n+ 1) x (n+ 1)) submatrix of the Jacobian of the equation system
(19) which corresponds to the indeterminate X}, to the entries of @ ") and to Bf,n—
i <! <n (thus we have det M = m(,-,h,ji(l),l;y)).

Observe that det M vanishes nowhere on V. Let 1 < j <n — 1. The matrix which
gives rise to m; j, i ,(j) 1, contains M as submatrix. From the genericity of the rows
number n+2, ..., n+ j of this matrix and the determinant structure of MG i D) 1)

one easily deduces that the hypersurface of A” x A’ x A"~/ defined by the equation
M p i, 15y = 0 cuts V properly. Let W be the resulting intersection and let £ €

N+ be a suitable vector. In a similar way as before we see that the hypersurfaces of
A" x A" x A"7! defined by

My =0, L Mt TEY =0 (20)
cut Wing ;. 1., Properly. Thus the hypersurfaces of A" x A? x A" defined by (20)
andm; , i () 1.,) =0 cut V properly outside of the locus given by mi,n, j,¢,1;) =0
(compare [8], Sect. 3 for this kind of argumentation).

Let C be an irreducible component of B; j, j:,). From [5], Proposition 8 we de-
duce that there exists a suitable vector ¢ € N"*/ such that the minor m; j,, j .1:) does
not vanish identically on C. Outside of the locus of A" x A’ x A"~ defined by this
minor, the irreducible component C is the intersection of V with the variety given by
the system (20). Since the codimension of C in V is n — j, our claim follows.

From Proposition 12 we deduce that the system

oF
F(X)=0, —X)A+y — X, =0,
Xy,

dF
— (X)A—X;+6;=0, 1<l<n—il#h,

0X;

oF . )

87(X)A+B,—X,=0, n—i<lIl<n, (21)
1
(i.h,jtDsy) _ (.hjtDsy)

M, =0, L M,y =0,

MG p 1015 (Xn =) #0
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defines the variety

Bish, jiy ) 1 i1y Kn =)

The assumption B s, ;) # 9 implies that this variety is not empty. Therefore the
polynomials of the equations of the system (21) form a reduced regular sequence in
* * o(h
Q[X.A. B} ;\y..... B}, Of )]mo».h.,-,gﬂ.l-,w(’fh*V>
and hence a lifting system in the sense of [28] for the variety B(; 1, j.,). Inductively we
suppose that there is given a lifting fiber of B 5, j;,) on whichm ; j, ; 1 1., (X0 —¥)
nowhere vanishes.

In this situation I1(; ) combines the algorithms “Lifting Curve”, “Change Free
Variables”, “Change Lifting Point” and “Change Primitive Element” of [28] in
order to produce a Kronecker parameterization of a suitable curve C( j, j.) in
(Bi.n, /;V))’”(;,h,_/,g(.ix|-,y>(Xh_V) which lifts the fiber of a sufficiently generic lifting
point with respect to the lifting system (21) and a sufficiently generic Noether po-
sition of B p, j:)-

Next the procedure I1; 5 applies for n + j < k < 2n the algorithm “One Dimen-
sional Intersect” of [28] to the given Kronecker parameterization of C(; 5 ;.,) and the

ol ials M=) g : X, — d tes th
polynomials M, and m j i1 G- 1;)(Xp — y) and computes the

greatest common divisor of the resulting univariate elimination polynomials. This
greatest common divisor is not one, since by assumption the variety B s, j—1;y)
is not empty. In this way I1(; 5y produces a lifting fiber of B; j, j—1;,) on which
M j—1,:G-D,1;y) vanishes nowhere.

At the end I1; ) produces a geometric solution of the zero-dimensional algebraic
variety B j,1.,). More precisely, the procedure I1; ;) produces a circuit representa-
tion of the coefficients of 2n 4+ 1 polynomials P, Gy, ..., G2, € Q[Z] as above.

From the complexity estimates of [28] we deduce that I1(; ;) runs using

(L +logn)(nd)®" (max{max{deg Sl(i’hgy)ll <l=<n},
. 2
max{deg B s i) |1 < j<n—1}})
= (L +logn) (nd)® "V (8 5:7))*

arithmetical operations, organized with respect to the parameters of the arithmetic
circuit o, in non-scalar depth

O (n* (€ +log(dnm)) log 8(i iy

The procedure can easily be translated to the bit model. In order to estimate its bit
complexity we consider the logarithmic height, say s 5.,y = O((nd)"n), of the
bipolar variety B j.1,). It is now straightforward to see that a representation of
P as primitive polynomial of Z[Z] and hence a minimal arithmetic expression of the
real zeros of P can be found using O(Lz(ndn)o(l)(S(i,h;y)%(,-yh;y))z) bit operations
(see [30] for the relationship between arithmetic and bit representation of integers).
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An alternative procedure to I1(; ) may be obtained applying for j := 1 the algo-
rithm “Geometric Solve” of [28] to the system (8). The complexity estimates for this
procedure, which are the same as for I1; 5, follow from arguments in [8], Sect. 4
and especially from Theorem 3 and Example 2.

We have therefore proven the following complexity statement (compare [4], The-
orem 11 and [5], Theorem 13).

Theorem 14 Let n,d,n,i, h, 5, L, £ be natural numbers withd > 1,1 <i <n — 1
and 1 <h <n—i.Let X1,...,X, and Z be indeterminates over QQ and let X :=
(X1, ..., X,). There exists an arithmetic network N (or arithmetic—boolean circuit)
over Q, depending on certain parameters and having size

O((L +1ogn)(nd)°Vs?) = (nd)® ™ logn
and non-scalar depth
O (n* (€ + log(ndn)) log8) = O (n*log(dnn)logd),

such that N satisfies for suitable specializations of its parameters the following con-
dition: Let F € Q[X] be a polynomial of degree d and (logarithmic) height n and
assume that F is given by an essentially division-free arithmetic circuit o in Q[X]
of size L and non-scalar depth €. Suppose that {F = O}r is compact, that the vari-
ables X1, ..., X, are in general position with respect to the complex hypersurface
{F =0}, and that the unitary-dependent generic degree of the real interpretation of
F = 0 associated with i and h is bounded by § (in symbols: S(,‘,h) < 8). Then the
algorithm represented by the arithmetic network N starts from the circuit o as input
and decides whether the hypersurface { F = 0} contains a smooth real point. If this is
the case, the algorithm produces a circuit representation of the coefficients of n + 1
polynomials P, Gy, ..., G, € Q[Z] satisfying for G := (G, ..., Gy) the following
output specification:

— P is monic and separable.

— degG <degP <3.

— The complex affine variety {G(z) |z € A!, P(z) = 0} is zero-dimensional and con-
tains a smooth real algebraic sample point for each generically smooth connected
component of {F = 0}g.

In order to represent these sample points the algorithm returns an encoding “a la
Thom” of the real zeros of the polynomial P.

For the terminology of arithmetic network and boolean—arithmetic circuit we refer
to [63, 64].
Four remarks on the formulation of Theorem 14 are in order.

— If we limit our attention to arithmetic input circuits o in Z[X] which depend only
on the parameters 0, 1, then we may replace in the statement of Theorem 14 the
quantity logn by £.
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— The upper bound on3( + log(ndn))log§) for the non-scalar depth of the arith-
metical network ) is far from being optimal, because it depends on the factor 1>,
Only a single factor n is justified by our recursive method, whereas the coarse es-
timate in the effective Lojasiewicz Inequality [56] contributes with an extra factor
of n2. In any case, it would be desirable, but maybe difficult to achieve, to have an
upper bound of O (n(£ + log(ndn)) log §) for the non-scalar depth of \V.

We state the third remark in the following way:

Observation 15 The statement of Theorem 14 remains true if we drop the hypothesis
that the indeterminates X1, ..., X,, are in a general position with respect to the com-
plex hypersurface {F = 0} and if we assume that the condition 8 py < 8 is satisfied.
This is always the case for § = (nd)?™.

Proof In the design of the procedure I1; 5y the genericity assumption on the vari-
ables was only used in order to guarantee that the partial derivative ;TF does not
vanish identically on any generically regular connected component of {F = O}g. It is
easy to see that this can be achieved by an orthogonal matrix M € A" which trans-
forms X = (X1,..., X,) into ¥ = (Yy,...,¥,) := XM. Let us denote by 8 x)(¥)
and §; 5)(Y) the unitary-dependent and unitary-independent degrees, respectively, of
the real interpretation of the equation F (Y MT) = 0, which are associated with the in-
dices 1 <i <n—1and 1 <h <n—i.Then Theorem 14 may be applied to F(YMT).
From (15) we deduce the estimate S(,-,h)(Y) < 8¢;,ny(Y). Since the degree §(; 5 is
unitary-independent, we have §(; ) (Y) = 8 »), where §; ) is defined with respect to
the original variables X1, ..., X,. According to (16) we have 8 ») = (nd)®™ . This
implies the statement of Observation 15. g

The fourth remark is the following statement.

Observation 16 Theorem 14 asserts only the existence of a computation that, for a
given n-variate input polynomial F of degree d, logarithmic height n and circuit size
and non-scalar depth L and £, with variables in general position and {F = O}r com-
pact, solves the real root finding problem for F in sequential and non-scalar parallel
time O((L + logn) (nd)O(l)S%i’h)) and O(n3 (€ + log(ndn)) log 5(,-,;1)), respectively,
where S(,;h) denotes the unitary-dependent generic degree of the real interpretation
of the equation F =0 associated with 1 <i <n—1land1 <h <n —1i.

Theorem 14 therefore refers to the non-uniform complexity model. In order to re-
alize such a computation in terms of the uniform complexity model within the same
order of sequential and parallel time, probabilistic methods have to be used (see [36]
and [28)). This is achieved by choosing randomly the parameters of the arithmetic
network N of Theorem 14. The same remark applies mutatis mutandis to Observa-
tion 15.

Let us finally comment that the algorithm I7; ;) can be reinterpreted as the fol-
lowing simple minded procedure, inspired by the well-known trick of Rabinowitsch.
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Let F € Q[X] be a polynomial satisfying the input specification of the procedure
I1; py and let y be an integer such that any real point x = (xy, ..., x,) of the hy-
persurface {F = 0} satisfies the condition xj # y. Since {F = O}R is by assumption
compact, such an integer y exists (recall the beginning of the design of the procedure
I ).

Consider now the polynomial equation system

F(X)=0,

OF A Y —0 (22)
S_Xh() +y—Xn=

and observe that it admits only smooth solutions in A” x A! and that its equations
generate in R[X, A] the trivial or a radical complete intersection ideal. Moreover,
observe that the connected components of the real solutions of (22) correspond to the
generically regular connected components of {F = O}R.

By means of the already mentioned algorithm of [4], Theorem 11 and [5], Theo-
rem 13 we may find for each connected component of

oF
{(x,k)eR” xR|F(x)=O,—(x)k+y—xh=O}
Xy,

areal algebraic sample point and therefore also for each generically regular connected
component of {F' = O}Rr.

For given 1 <i <n —1and 1 <h <n —i the equations in (22) form part of the
system (19), which is solved by the procedure I1(; ;). Without the larger context of
the incidence varieties Hi(h’y) and Hl.(h) and their real traces, this procedure seems
to be arbitrary and depending on the position of the variables X1i,..., X, and its
complexity behavior appears as completely unrelated to the geometry of the complex
hypersurface { F = 0} and the real variety {F = O}R.

Thanks to the notion of bipolar varieties we now become aware that this is not the
case (see Theorem 14 and Observation 15).

5 Walks

We are now going to develop a common view for the procedures 1 ), 1 <i <
n—1,1 <h <n —i described in Sect. 4 for the task of finding smooth points in
possibly singular, real compact hypersurfaces, and the algorithms developed in [2—4]
and [5] for the case of smooth real complete intersection varieties.

Let us fix a polynomial F € Q[X] and suppose without loss of generality that the
hypersurface { F = 0} contains a regular real point.

Letl <i<n—1,1<h<n—i and a suitable integer y € N be given. We first
analyze the procedure I1(; ;) on input o, where o is an essentially division-free arith-
metic circuit in Q[ X] representing the polynomial F, while {F = O} is supposed to
be compact with {F =0}g = ({F =0}x,—) )R-
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On input o0 we may interpret I1; ;) as a computation which starts with the variety

Hl.(h’y) defined by the system (4) and “walks down” through the localized bipolar
varieties (B x,j:y)) x,—y» beginning with j :=n — 1 and ending with j := 1.

In view of Lemma 1 we may interpret the procedure I1(; ») on input o, alterna-
tively, as a computation that starts with the variety Hi(h) defined by the system (3)

and walks in reverse mode through the non-generic dual polar varieties of Hi(h) de-
fined for 1 < j <n — 1 as follows: We replace in the ((n —i)(n+ 1)+ j+ 1) x
((n =i)(n + 1) +n)) matrix T(; p, (»—i)n—i+j) introduced at the beginning of Sect. 4
the rows numbered n + j + 1,..., (n —i)(n + 1) 4+ j by unit vectors whose entries
are all zero, except one entry of value 1 at the place of the column of T; s, (n—iyn—i+j)
which corresponds to one of the indeterminates By ;, 1 <k <n —i,1 <[ <n with
(k1) ¢ {(h,n—i+1),...,(h,n)}. The points of (Hi(h)), where the rank of this new

matrix is not maximal, form a dual polar variety of (Hi(h)) which is non-generic
(in fact, meagerly generic in the sense of [8]). The computation, which represents
the alternative interpretation of the procedure I1(; ;) on input o, cuts (Hl.(h) )X —y

and the intersections of (Hl.(h)) x,—y with the dual polar varieties obtained in this
way, by the affine hyperplanes {Bx; — Br; =0} with 1 <k <n —1i,1 <[ <n,
(k1) ¢ {(h,n—i+1),...,(h,n)}, where B is defined as By := 0 for k # 1,
Brr:=1fork##hand By :=vy.

This construction yields algebraic varieties which are by Lemma 1 isomorphic to

(h;y) () (h;y)
(Hi )Xh—y’ (B(i,h,nflzy))m(Hi )Xh—y’ (B(i,hgl;y))n(Hi )Xh—y'
We are now going to analyze the main algorithm of [4, 5] in an analogous way.
First, let us choose for each 1 <i <n — 1 a generic matrix b; = [by ;] 1<k<n—i

1<l<n

of Q(”_i)xn such that all these matrices become “nested”, i.e., for 1 <i <n — 1 the
matrix b; forms the first n —i rows of the ((n —i + 1) x n) matrix b;_;. The genericity
condition for the matrices b;, 1 <i <n — 1, will become clear by the context.
Suppose now again that F' is given by an essentially division-free arithmetic cir-
cuit o in Q[X]. Under the assumption that the polynomial F is reduced and {F = O}r
is non-empty and smooth, this algorithm starts on input o with the complex hyper-
surface {F = 0} and walks down for % := 1 through the generic dual polar varieties

Wf(bil)) D---D Wf(bflljl)

associated with the rational matrices bil), cee, b,(11—)1 (observe that 4 :=1 is the only
choice of & which satisfies the condition 1 <h <n —i forany index 1 <i <n —1).

Alternatively, we may interpret this algorithm as a procedure that cuts the variety
H'", first with the hyperplanes {By; — bx; =0}, 1 <k <n—1,1 <[ <n, and then

successively with the hyperplanes {©®,_; =0}, ..., {®; =0}.
Observe that for 1 <i <n — 1 the (locally closed) variety

M
. b/ /
(x, 0, (h:9),0") € (H" x AT=DX1) |k [b/,} :rk|: } (x)=n-1
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is isomorphic to
H" 0{0,-1=0,...,0, 141 =0}
and that
HY 0 [Biy—biy=0l1<k<n—i1<l<n)
is isomorphic to Wf(blgl)).
This shows that we have two different interpretations of essentially the same pro-

cedure.
We are now going to generalize this view as walks in the set

Li={Gh j1<i<n—1,1<h<n—il<j<m—i)@m+D}
Roughly speaking, a walk WV is given by a sequence

(B s G B i)

of “nodes” of I}, and a series of affine linear cuts. These cuts become subdivided in m
disjoint packets. The first packet of cuts precedes node (i, /, j1). The packet number
2 < k < m becomes inserted between node (ix—1, &, jx—1) and (ix, h, jir). The cuts fix
arbitrary rational values for some (or none) of the indeterminates By ;, 1 <k <n—ij,
1 <1 < n, and value zero for some (or none) of the indeterminates @», ..., @,_;,.

For1 <!l <n, let Sl(“’h)(W) be the variety obtained by intersecting Sl(“’h) with
the cuts of W preceding the node (i1, &, j1). We require that these cuts be transversal,
that these varieties be non-empty and equidimensional and that for 1 </ < n the
condition

dim S W) = dim s ) + 1

be satisfied.

The walk W now is interpreted by the following semantics:

The node (i1, &, j1) is interpreted as the variety S,(,i"h)(W). For 1 <k <m the
node (ix, h, ji) becomes interpreted as the closed variety W, p, j,) which we are
going to describe now.

For ji = (n —ix)(n+ 1) let Wi p jy) i= Hi(kh) and for 1 < jy < (n —ix)(n+ 1) let
Wiir.h, jr) be an appropriate, possibly non-generic dual polar variety of Hl.ih), defined
by the non-maximality of the rank of the ((n + jx 4+ 1) x ((n —ix)(n + 1) +n)) matrix
which we obtain similarly as before by replacing in 7(;, 5, j,) suitable rows by suitable
(n — ix)(n + 1) + n) unit vectors, all compatible according to Lemma 1 with the cuts
of W up to the node (i, &, ji). Then Wy, 1, j,) is obtained by intersecting W, », ji)
with the cuts of W up to the node (ix, &, jix) and taking the closure of this intersection
in the corresponding ambient space.

We ask the walk W to fulfill the following requirements:

- ji=@m—inmn+1).
- 1<ig<---<ip<n—1.
— For 1 <k <m the variety Wy;, 1, j,) is non-empty and equidimensional.
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— For 1 < k < m the variety W;,_, », j,_,) contains W, p j,) and satisfies the condi-
tion dimW;,_, n, ji_p) =dim Wy, 5 i) + L.

— dim W(im,h,jm) =0.

— For 1 < k <m the cuts W between the nodes (ix—_1, &, jr—1) and (i, h, ji) are
transversal to W, _, n, j,_,) and define W, »_ j,) as a subvariety of W, | n,ji_p)-

The varieties W 1, j), 1 <k < m, of the walk WV possibly have to be localized by a
suitable polynomial in order to satisfy these requirements.

For1 <i<n—1and 1<h <n —i the procedure I1(; ;) produces on input
o a walk which we denote by W; 5,)(F) (in fact, there are several, algorithmically
equivalent, candidates for W; p)(F)).

Similarly, in case that F is reduced and {F = O}g is smooth, the main algorithm
of [4, 5] produces on input ¢ a characteristic walk which we denote by W, (F).

Let W be an arbitrary walk in I, with node sequence ((i1, &, j1), ..., (im, 1, jm))-
The (dual) degree §(VV) of W is defined as

5(W) := max{max{deg S;"" W) |1 <I < n}, max{deg Wi, . jo) |1 <k <m}}.

Suppose that { F = 0} contains a regular real point. We say that the walk W solves the
real root finding problem for F if the canonical projection of (W, n, j,))r into Ap
is a (finite) set of real algebraic sample points for the generically regular connected
components of {F = O}g.

Suppose that the polynomial F is represented by an essentially division-free arith-
metic circuit o in Q[X] of size L and non-scalar depth £.

Applying the Kronecker algorithm to this situation we obtain the following result.

Theorem 17 Let the notation and assumptions be as before and suppose that the
walk VW solves the real root finding problem for F. Then W represents a computa-
tion in Q which starts from o and uses O(L(nd)° Vs W)?) arithmetic operations,
organized with respect to the parameters of the arithmetic circuit o, in non-scalar
depth O (n(£ 4 log(nd))log§(W)) and whose output encodes a finite set of real al-
gebraic sample points for the generically regular connected components of { F = O}g.
The number and degree of these sample points is bounded by § (V).

Proof The walk W represents a computation in QQ that calculates from o first a rep-
resentation of (complex) algebraic points of S,(zil’h)(W) using O(L(nd)o(l)S(W)z)
arithmetic operations organized in non-scalar depth O (n(£ +1log(nd)) log§(W)). The
number and degree of these points is bounded by § (V). The assumption that W
solves the real root finding problem for F is then used to extend this computation
to a representation of a finite set of real algebraic sample points for the generically
regular connected components of {F = O}r. The number and degree of these sample
points is bounded by § V). 0

Here, two remarks are in order:

—Forl <i<n-—1,1<h<n—iand {F = 0}r compact, containing a regular
point, Theorem 14, Observation 15 and Theorem 17 applied to W; 5)(F') are com-
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patible with Theorem 17 if we consider the constant y, produced by the proce-
dure I1; ;) on input o, as precomputed. Observe that we have under this condition
SWiiny(F)) = 8i,n;p)-

Similarly Theorem 17 is compatible with [4], Theorem 11 and [5], Theorem 13,
if we identify §(WV, (F)) with the degree of the real interpretation of F' in [4]
and [5].

— We have no general criterion at hand to decide which real point finding algorithms
for hypersurfaces are of best intrinsic complexity. However, if we limit our at-
tention to the algorithms IT; p), 1 <i <n —1,1 <h <n —1i, then [8], Theorem
13 implies that I1(,—1,1y has the best intrinsic sequential complexity which in the
worst case is of order 2. This means that for {F = 0}g compact, the Rabinow-
itsch trick inspired algorithm, which consists of solving the polynomial equation
system (21) subject to the open condition X, — y # 0 for suitable y € N, has a
fairly good intrinsic complexity despite its coordinate-dependent, extrinsic aspect.

On the other hand, the algorithm /7(,—1,1) comes very close to the “critical point
method” applied to point finding in real hypersurfaces (see [1] and [49]).

6 Witnesses for Real Inequalities

At the end of Sect. 3 we addressed the problem of how to efficiently find for a given
consistent system of strict inequalities of arithmetic circuit-represented polynomials
of Q[X] a rational witness, i.e., a point x € Q" which satisfies all these inequalities.

In this section we focus on this problem in case of a single inequality. Moreover,
since the problem of finding rational witnesses even for a single inequality involves
subtle height estimates from Diophantine geometry, we limit our attention to the sim-
pler problem of finding a real algebraic witness for a given consistent polynomial
inequality.

For this purpose let us consider a square-free polynomial F € Q[X] of positive
degree d. We suppose that F' is given by an essentially division-free arithmetic circuit
o in Q[X] of size L and non-scalar depth ¢ and that { F = O} is compact. We shall
make use of the following fact.

Proposition 18 The following two conditions for the polynomial F are equivalent:

(i) The polynomial F changes its sign in Ay, i.e., there exist points u, v € Ap such
that F(u)F (v) < 0 holds.
(i1) The real variety {F = O} contains a regular point.

Proof For F irreducible, Proposition 18 is an immediate consequence of [11], The-
orem 4.5.1. This implies the equivalence of conditions (i) and (ii) for an arbitrary

square-free polynomial F € Q[X] O

For the next result we recall from Sect. 4 that §;,—1,1) denotes the unitary-
independent degree of the equation F' = 0 associated withi :=n — 1 and h := 1.
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Theorem 19 Let the notation and assumptions be as before. In the non-uniform de-
terministic or the uniform probabilistic complexity model there exists an algorithm
which on input o decides whether F changes its sign in Ay and, if this is the case,
produces the Thom encoding of two real algebraic witness points u, v € Ay satisfying
the conditions F(u) > 0 and F (v) < 0.

The algorithm uses L(nd)om(é(n_l,l))2 = (nd)°™ arithmetic operations in Q
organized in non-scalar depth O (n(£ +log(nd))log§,—1,1))-

Proof Since {F = O} is supposed to be compact, we may apply the algorithm
I, 1,1y of Sect. 4 to the input circuit o which represents the polynomial F.

The algorithm decides first whether {F = O}r contains a regular point. From
Proposition 18 we know that this is the case if and only if the polynomial F changes
its sign in Ap.

Suppose we get a positive answer. Then the algorithm [T, 1) produces the
Thom encoding of a regular real algebraic point x = (x1, ..., x,) of {F = O} such
that the degree of x over QQ is at most 8(,—1,1). We then determine the signs of
%(x), B %(x). Since x is regular we may suppose without loss of generality
that j—; (x) > 0.

We consider the univariate polynomial G(Xp) € R[X1], G(X) := F(Xj,
X2,...,%x,). From F(x) = 0 and ;TFl(x) > 0 we deduce that G(x;) = 0 and

%(xl) > 0. In other words, G(X1) changes its sign at x;. Applying any of
the most classic procedures for the real root finding of univariate polynomials
over R to this situation, we may decide whether G(X;) has zeros in the inter-
vals (—o00, x1) and (x1, 00). If for example G(X1) has no zero in (x1, 00), we put
u:=(x; + 1,x2,...,x,). Similarly, we put v := (x; — 1,x2,...,x,) if G(X1) has
no zero in (—oo, x1). For the sake of simplicity let us suppose that G(X) has zeros
in (—oo, x1) as well as in (x1, 00). Then we compute the roots a < x1 < b of G(X1)
which come closest to xj and put u := (x‘;h ,X2,...,Xp)and v := (%, X2, e, Xp).
Observe that in any case we have F(u) > 0 and F(v) < 0.

For the decision whether the polynomial F changes its sign in A7, the algorithm
requires L(nd)o(l)(8(n,1,1))2 arithmetic operations in Q organized in non-scalar
depth O (n(£ +log(nd))logd(,—1,1y). If this is the case, the procedure I1(,_1,1y pro-
duces the real algebraic points u and v as witnesses for the strict inequalities F > 0
and F < 0. The degrees of u and v over QQ are at most 8(,—1,1). This implies that we
can find # and v using at most L(nd)o(l)(ﬁ(n_l,l))2 arithmetic operations in @Q, or-
ganized with respect to the parameters of the arithmetic circuit o, in non-scalar depth
O (n(£ +log(nd))log§(,—1,1)). This yields the complexity bounds of the theorem. [
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