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convex quadratic programming
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ABSTRACT

We consider a class of infeasible, path-following methods for convex quadratric program-

ming. Our methods are designed to be effective for solving both nondegerate and degener-

ate problems, where degeneracy is understood to mean the failure of strict complementarity

at a solution. Global convergence and a polynomial bound on the number of iterations

required is given. An implementation, CQP, is available as part of GALAHAD. We illustrate

the advantages of our approach on the CUTEr and Maros-Meszaros test sets.
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1 Introduction

1.1 The problem, optimality conditions and central path

We consider an infeasible interior-point method for solving the general convex quadratic

program

CQP: minimize
x∈IRn

q(x) = 1

2
xTHx+ gTx subject to cl ≤ Ax ≤ cu and xl ≤ x ≤ xu,

(1.1)

where H ∈ R
n×n is a positive semi-definite matrix, A ∈ R

m×n is assumed to have full rank,

and any of the components of the vectors cl ≤ cu ∈ R
m and xl ≤ xu ∈ R

n may be infinite.

The full-rank assumption on A is not significant since in practice any dependencies may be

removed during preprocessing; we do this in our implementation. For ease of exposition,

we focus on the special case

QP: minimize
x∈IRn

q(x) = 1

2
xTHx+ gTx subject to Ax = b and x ≥ 0

that involves equality constraints and non-negativity bounds, but will return to the general

case when providing details of our implementation.

Any local solution x∗ to QP necessarily satisfies the first-order optimality (KKT) con-

ditions

Hx∗ + g = ATy∗ + z∗, Ax∗ = b, and x∗ · z∗ = 0, (1.2)

involving the primal variables x∗ ≥ 0, dual variables z∗ ≥ 0 and Lagrange multipliers

y∗, where · denotes the component-wise product; the three conditions in (1.2) are known

as dual feasibility, primal feasibility, and complementary slackness or complementarity,

respectively. For brevity we define v = (x, y, z), v∗ = (x∗, y∗, z∗), et cetera.

We say that v is feasible for problem QP if it belongs to the set

F def
= {v ∈ R

2n+m : Hx+ g − ATy − z = 0, Ax = b, x ≥ 0, and z ≥ 0} (1.3)

and strictly feasible if it belongs to the set

F0
def
= {v ∈ R

2n+m : Hx+ g − ATy − z = 0, Ax = b, x > 0, and z > 0}. (1.4)

Thus, a solution (x∗, y∗, z∗) of QP satisfies (x∗, z∗) ∈ F and x∗ · z∗ = 0. Problem QP is

degenerate if for every solution there is at least one i for which [x∗]i = [z∗]i = 0, otherwise

it is non-degenerate.

The vast majority of feasible interior-point methods approximate a solution v∗ by trac-

ing the so-called central path. The central path v(µ) =
(

x(µ), y(µ), z(µ)
)

associated with

QP satisfies
Hx(µ)−ATy(µ)− z(µ) = −g,

Ax(µ) = b, and

x(µ) · z(µ) = µe,

(1.5)

where the parameter µ > 0 and e is a vector of ones. These equations may be interpreted

as perturbed optimality conditions, c.f. (1.2). If
(

x(µ), z(µ)
)

> 0 for all µ > and the

limµ→0 v(µ) exists, then the limit point is necessarily a solution to QP.
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1.2 The influence of degeneracy: two examples

Example 1 - a non-degenerate QP

Consider the simple quadratic program

minimize
x

1

2
x2 subject to x ≥ 2

that has the unique solution x∗ = z∗ = 2. The central path (1.5) for the problem is given
by x(µ) = z(µ) = 1+

√
1 + µ. A typical interior-point algorithm—in this case, specifically

CQP from GALAHAD [13] with default options—starting from x = 3 and z = 2 produces

the output

Iter p-feas d-feas com-slk obj step target

0 0.0E+00 1.0E+00 2.0E+00 4.5E+00 - 2.0E-02

1 0.0E+00 0.0E+00 1.3E-02 2.0E+00 1.0E+00 1.3E-04

2 0.0E+00 4.4E-16 1.8E-04 2.0E+00 1.0E+00 1.8E-06

3 0.0E+00 0.0E+00 1.8E-06 2.0E+00 1.0E+00 2.4E-09

4 0.0E+00 4.4E-16 2.4E-09 2.0E+00 1.0E+00 1.2E-13

5 0.0E+00 4.4E-16 1.2E-13 2.0E+00 1.0E+00 3.9E-20

where Iter is the iteration number, p-feas, d-feas and comp-slk are the violations of

primal and dual feasibility and the complementary slackness, obj is the objective function

value, step is the stepsize and target is the target value of the parameter µ for the next

iteration. This illustrates generic behaviour for a good interior-point solver. The solution

obtained is correct to twelve decimal digits. In anticipation of what follows, note that x(µ)

is analytic for µ ≥ 0.

Example 2 - a degenerate QP

Now consider the variant

minimize
x

1

2
x2 subject to x ≥ 0

whose solution is x∗ = z∗ = 0. For this problem, the central path is x(µ) = z(µ) =
√
µ,

and the same interior-point solver now reports

Iter p-feas d-feas com-slk obj step target

0 0.0E+00 1.0E+00 2.0E+00 5.0E-01 - 2.0E-02

1 0.0E+00 0.0E+00 4.5E-01 2.3E-01 1.0E+00 4.5E-03

2 0.0E+00 0.0E+00 1.2E-01 5.8E-02 1.0E+00 1.2E-03

3 0.0E+00 0.0E+00 2.9E-02 1.5E-02 1.0E+00 2.9E-04

4 0.0E+00 0.0E+00 7.5E-03 3.8E-03 1.0E+00 7.5E-05

5 0.0E+00 0.0E+00 1.9E-03 9.6E-04 1.0E+00 1.9E-05

6 0.0E+00 3.5E-18 4.9E-04 2.4E-04 1.0E+00 4.9E-06

.. ....... ....... ....... ....... ....... .......

18 0.0E+00 0.0E+00 3.1E-11 1.6E-11 1.0E+00 1.7E-16
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19 0.0E+00 0.0E+00 7.8E-12 3.9E-12 1.0E+00 2.2E-17

20 0.0E+00 6.4E-22 1.9E-12 9.7E-13 1.0E+00 2.7E-18

21 0.0E+00 3.2E-22 4.8E-13 2.4E-13 1.0E+00 3.4E-19

when started from x = 1 and z = 2. Why is the convergence so slow? Simply, the Newton

iteration at the heart of the solver is predicated on the solution trajectory being analytic

while clearly x(µ) fails to be analytic at the limit µ = 0. The QP is degenerate, since the

distance of x∗ from its lower bound and z∗ are both zero. Behaviour such as the above

is generic for Taylor-series based methods for degenerate quadratic programs that try to

trace v(µ). Worse, on termination the approximations to x∗ and z∗ are only correct to six

decimal digits.

Is following the central path to blame? Actually, no, it is simply that the parameteri-

zation used in (1.5) is inappropriate.

Example 2 again

Again, consider Example 2, but now simply transform the parameter so that µ = ρ2 and

note that in this case x(ρ) = z(ρ) = ρ, which is a perfectly analytic function of ρ. Applying

a Taylor-series-based method to this reformulation within CQP yields

Iter p-feas d-feas com-slk obj step target

0 0.0E+00 1.0E+00 2.0E+00 5.0E-01 - 2.0E-02

1 0.0E+00 1.1E-16 5.6E-01 2.8E-01 1.0E+00 5.6E-03

2 0.0E+00 1.1E-16 5.6E-05 2.8E-05 1.0E+00 4.2E-07

3 0.0E+00 1.1E-16 3.1E-09 1.5E-09 1.0E+00 1.7E-13

4 0.0E+00 1.1E-16 9.6E-18 4.8E-18 1.0E+00 3.0E-26

which mimics the behaviour in the non-degenerate case and produces errors that are com-

parable with those for Example 1.

Our intention in this paper is to describe the ideas behind the GALAHAD QP solver CQP

that has been designed, with these examples in mind, to produce fast accurate solutions

for both degenerate and non-degenerate problems.

1.3 Perspective

Extensive research on interior-point methods for solving QP has resulted in a large number

of algorithms and theorems. In fact, every algorithm designed for the linear complementar-

ity problem (LCP) [21], horizontal linear complementarity problem (hLCP) [2, 32, 51, 52],

monotone linear complementarity problem (mLCP) [20, 33, 34, 43, 45], geometrical lin-

ear complementarity problem (gLCP) [30], and sufficient linear complementarity problem

(sLCP) [22,23,35,36,39–42,44], may be used to solve QP since convex quadratic program-

ming is contained within these problem classes. (See [1,48] for descriptions and equivalences

between different formulations.) Moreover, advances in linear programming [4, 11, 28, 29,

31, 50] are pertinent since they often lead to improved algorithms for solving QP; a good

example is the well-known predictor-corrector scheme that Mehrotra [29] popularized.
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The references above—although plentiful—represent a small subset of the total research

in the area. We believe, however, that every proposed method can be categorised by its

(i) restrictions on an initial iterate; (ii) step generation; (iii) criteria for step acceptance;

(iv) complexity results; (v) global convergence guarantees; (vi) rate of local convergence;

(vii) theoretical performance on nondegenerate and degenerate problems; (viii) number of

factorizations per iteration; and (ix) documented practical performance. We now discuss

these in detail.

Feasible interior-point methods [20, 22, 23, 33, 34, 45] require a strictly feasible starting

point v, while infeasible interior-point methods [2, 4, 11, 29, 30, 35, 36, 39, 41, 44, 51, 52] only

need (x, z) > 0. Generally, infeasible interior-point methods are preferred since a starting

point may be obtained without excessive computation. In fact, the widely used solvers

BPMPD, Cplex, HOPDM, Mosek, OOPS, OOQP, PCx, and Xpress are all of the latter

type.

The methods we consider are iterative. A sequence of iterates is generated by approx-

imately following an “ideal” arc that emanates from the current point and leads either

directly to a solution of QP or to some suitable point on the central path. We shall return

to this in Section 2.

The step acceptance criteria has a strong influence on the ultimate performance of

any algorithm. Every criteria includes a condition that ensures that the iterates remain

strictly positive and (usually) in the vicinity of the so-called (weighted) central path.

There are four common approaches. The so-called fraction-to-the-boundary rule forces the

updated iterate to be a distance from the boundary of (x, z) ≥ 0 that is at least some

fraction of the distance from the current point to the boundary. Algorithms based on this

approach [4, 11, 29] typically work very well in practice, but usually lack a proof of global

convergence. The other strategies force the iterates to stay “centered” by requiring either

‖cCS(v)− e‖2 ≤ (1− γ) or equivalently ‖rCS(v)− µ(v)e‖2 ≤ (1− γ)µ(v), (1.6)

or

‖max [0, e− cCS(v)]‖∞ ≤ (1− γ) or equivalently rCS(v) ≥ γµ(v)e, (1.7)

or
1

γ
µ(v)e ≥ rCS(v) ≥ γµ(v)e (1.8)

for some γ ∈ (0, 1), where

rCS(v)
def
= x · z, µ(v)

def
=

xT z

n
, and cCS(v)

def
=

rCS(v)

µ(v)
(1.9)

are the pairwise complementarity slackness function, the mean complementarity function,

and the centering function respectively. Condition (1.6) is the most restrictive, but still

used by many authors [20, 30, 41, 44, 45]. For a given search arc, condition (1.6) often

dictates significant backtracking, and this smothering of the step results in good complexity

at the expense of practical performance. The so-called “wide” neighborhood described
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by (1.7) is not overly restrictive, but still guarantees that each complementarity pair xizi
is never too much smaller than the mean complementarity µ(v). Consequently, algorithms

that use this condition (see [2, 11, 22, 23, 33, 34, 36, 51, 52]) may work well in practice,

but their complexity results usually suffer. This observation highlights the disconnection

between theory and practice since algorithms with the best complexity often perform

poorly in practice. Finally, condition (1.8) ensures that each complementarity pair is never

too much smaller or larger than the mean complementarity. Colombo and Gondzio [4]

observed that this “symmetric” neighborhood often resolves poor performance resulting

from complementarity pairs that are much larger than the mean; the discrepancy in size

leads to poorly scaled systems [4] that are solved during each iteration.

Some of the most efficient methods [4,11,29] are based on clever heuristics and do not

have a proof of global convergence; this partly explains why these methods occasionally fail.

In this paper we introduce an algorithm that is highly efficient and globally convergent.

Many algorithms in the literature generate iterates that are superlinearly convergent

assuming that problem QP is nondegenerate [20, 52]. Unfortunately, our experience leads

us to believe that degenerate problems routinely arise in practice. Thus, it is vital that

algorithms are capable of solving degenerate and nondegenerate problems efficiently; this

has been accomplished (theoretically) by [22, 23, 30, 33–36, 39, 41, 44, 45].

We should not judge the numerical performance of a method only by the average

number of iterations, but rather by the average number of iterations and the computation

needed per iteration. For problem QP the main computational expense can often be

measured by the number of factorizations. Consequently, algorithms that require a single

factorization [2,4,11,29,34–36,39,51,52] per iteration are more attractive than those that

require multiple ones [20, 22, 23, 30, 33, 41, 44, 45].

We believe that insufficient numerical evidence of the above algorithms is a gross over-

sight. From the above articles, numerical testing was performed only in [4, 11, 29], which

are all “predictor-corrector” type methods. We believe this has lead the optimization com-

munity to accept that other viable algorithms do not exist. In this paper we challenge

conventional wisdom by formulating an algorithm that is not of the predictor-corrector

type, and then verify numerically that it is highly efficient.

Based on the previous discussion, we believe that an ideal interior-point algorithm for

solving QP should possess the following properties.

P1. An initial starting point is easily and cheaply obtained.

P2. The search arc is both cheap to obtain and effective.

P3. The conditions for step acceptance are relatively weak.

P4. The iterates converge at a linear rate globally.

P5. The iterates converge at a superlinear rate locally.

P6. The algorithm has polynomial complexity.
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P7. The algorithm is capable of obtaining highly accurate solutions (if desired) and per-

forms well on nondegenerate and degenerate problems.

We are not aware of any method that satisfies all of these properties. Property P1 avoids

excessive computation and the necessity of a “two-phase” method. Properties P2 and

P3 are important since well-chosen search arcs and weaker step acceptance criteria often

allows longer trial steps to be accepted, which generally results in superior performance.

Properties P4–P6 are clearly desirable properties of any algorithm, but P6 should not be

obtained by sacrificing P7. Property P7 is crucial since degenerate problems frequently

arise in practice and interior-point methods typically do not perform well; usually, the

iterates converge slowly and computing highly accurate solutions is not possible. This

is problematic in at least two situations. First, a user may be interested in obtaining a

highly accurate solution to a “one-off” convex quadratic program; this is not possible with

traditional interior-point schemes. Second, the quadratic program may be an auxiliary

subproblem for a nonlinear programming method, e.g., sequential quadratic programming

(SQP). These methods often need an accurate solution to QP to ensure descent on a so-

called merit function and to accurately predict the set of active constraints of a solution to

the original optimization problem. This is true of our evolving SQP algorithm S2QP [14,15]

and motivates this research.

We formulate an algorithm that satisfies P1–P7 by building on the previous work of

others. The paper by Zhang [51] forms the foundation of our method since it already sat-

isfies most of the desired properties. His algorithm is a first-order infeasible-interior-point

strategy designed to solve sufficient linear complementarity problems (sLCP). It is known

that this class is equivalent to the P∗ class that includes positive-semi-definite matrices [46],

and that horizontal and mixed LCPs—which includes QP—may be mapped to each other

while preserving P∗-itivity [1]. In particular, the class of sufficient linear complementarity

problems includes convex QP. During each iteration, Zhang computes a so-called centered

and damped Newton step, which is the sum of the Newton step for (1.2) and a step designed

to stay sufficiently far from the boundary of (x, z) ≥ 0; his method has polynomial com-

plexity, linear global convergence, and uses the wide neighborhood (1.7). He used less than

ideal conditions for a starting point, but this was circumvented by Billups and Ferris [2];

they proved that Zhang’s results held for any starting point satisfying (x, z) > 0. Zhang’s

algorithm currently forms the basis of the linear and separable quadratic programming

solver LSQP, which is part of the GALAHAD [13] optimization suite. LSQP performs well

on nondegenerate problems and provides additional incentive to use his algorithm as the

“work horse” of our method. We note that Zhang and Zhang [52] proved better complexity

bounds for a second-order variant of Zhang’s method [51]. In summary, a second-order

variant of Zhang’s method satisfies every desired property except for P5 and P7., i.e., it is

linearly convergent and does not perform well on degenerate problems.

If problem QP is degenerate, then, as we saw in §1.2, the central path v(µ) defined

by (1.5) is not analytic in µ [43, Thm.2] and has a singularity at µ = 0. This is particularly

troublesome since interior-point methods must drive µ towards zero to obtain an approx-
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imate solution of problem QP. To resolve this issue, we rely on the relatively unknown

work by Stoer and Wechs [42,43]. For degenerate QP, they show that there exists a simple

nonlinear re-parameterization of the central path such that the resulting function has an

analytic extension to zero. Therefore, degeneracy is not a problem if one views the central

path defined by the “correct” parameterization.

Finally, to accelerate local convergence we compute additional trial iterates derived

from perturbed trajectories. The trajectories emanate from the current point and lead

to a “desirable” location; they have been studied by Potra and Stoer [36], Stoer and

Wechs [41], Stoer, Wechs, and Mizuno [44], and Sun and Zhao [53].

Our work contains three key contributions. First, we believe that our algorithm is the

first to satisfy properties P1–P7. Second, we combine ideas from Zhang [51], Stoer and

Wechs [42,43], Stoer, Wechs, and Mizuno [44], and Sun and Zhao [53] into a single cohesive

framework. This framework is quite general and should allow us to seamlessly incorporate

any future advances in the field. Finally, we provide details of our implementation and

extensive numerical testing; we believe this is the first numerical verification of the ideas

presented in [36, 41, 43, 44, 53].

The paper is organized as follows. In Section 2 we describe and formally state our

general algorithm. Our method allows for the computation of additional trial steps that

are designed to accelerate convergence; these steps are explored in Section 4. We provide

convergence results in Section 3, a detailed description of our implementation in Section 5,

numerical testing in Section 6, and concluding remarks in Section 7.

2 The general algorithm

In this section we describe a rather general algorithm. Using (1.9), we define the primal-

dual infeasibility function

rPD(v) ≡
(

rD(v)

rP(v)

)

def
=

(

Hx+ g − ATy − z

Ax− b

)

, (2.1)

the KKT-violation function

r(v) =

(

rPD(v)

rCS(v)

)

(2.2)

and the feasibility function

cF(v) = µ(v)− ν‖rPD(v)‖, (2.3)

where ν ∈ (0, 1) is a constant. We consider a point (x, y, z) to be sufficiently centered if

(x, z) > 0 and γLe ≤ cCS(v) ≤ γUe, (2.4)

for some 0 < γL < 1 < γU, and sufficiently feasible if

cF(v) ≥ 0. (2.5)



8 N. I. M. Gould, D. Orban and D. P. Robinson

Note that condition (2.4) is similar to (1.8) and ensures that individual complementarity

components do not deviate too much from the mean, and requirement (2.5) ensures that

primal and dual feasibility are achieved when (or before) complementarity vanishes. It

follows that if a sequence {vk}k≥0 satisfies (2.4), (2.5), and limk→∞ xT
k zk = 0, then any

limit point of the sequence is a solution to problem QP. It is natural, therefore, to use the

merit function

φ(v; τ) = xT z + τ‖rPD(v)‖ (2.6)

to monitor progress of the iterates, where τ ≥ 0 is some weighting parameter. Note that

this merit function implicitly assumes that the points x and z are positive.

We may now describe a generic iteration of the algorithm. Let vk be the k-th iterate.

We presume that vk lies within the neighbourhood defined by (2.4) and (2.5) of the central

path, but do not insist that it is primal-dual feasible, i.e., rPD(vk) may be nonzero. We

define an idealised (perhaps, infeasible) solution trajectory vk(α) of the scalar α ∈ [0, 1] via

the homotopy

r(vk(α)) = tk(α), (2.7)

where the target KKT-residual trajectory (or residual trajectory for short) tk(α) satisfies

tk(0) = r(vk) and tk(1) = tk

for some desired target residual tk for iteration k—the former ensures that

vk(0) = vk (2.8)

so long as the Jacobian




H −AT −I
A 0 0

Zk 0 Xk





of r at vk is nonsingular; here and hereafter Xk and Zk are diagonal matrices with entries

xk and zk, respectively. Note that the idealised trajectory is completely determined once

a residual trajectory tk(α) is chosen. Possible targets include the origin and points on

the central path “closer” to the solution. Although not essential, it is common that the

terminal point on the trajectory is primal-dual feasible, i.e., rPD
(

vk(1)
)

= 0. The choice

of residual trajectory is one of the key defining features of a method and the best-known

example [24] is

tk(α) =

(

tPD

k (α)

tCS

k (α)

)

def
=

(

(1− α)rPD(vk)

(1− α)rCS(vk) + ασkµ(vk)e

)

(2.9)

for some σk ∈ (0, 1), which is linear in α.

Since r is nonlinear, an exact solution of (2.7) is generally unknown even when the

residual trajectory is linear in α. Thus instead of following the solution trajectory exactly,

a series approximation

vk,ℓ(α) = v
[0]
k +

ℓ
∑

i=1

v
[i]
k

i!
αi ≡ vk +

ℓ
∑

i=1

v
[i]
k

i!
αi (2.10)
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to vk(α) about α = 0 is traced, where the superscript [i] denotes the i-th derivative of vk
with respect to α evaluated at α = 0. The series coefficients are obtained by differentiating

both sides of (2.7) and evaluating at α = 0. Specifically, we have that





H −AT −I
A 0 0

Zk 0 Xk











x
[i]
k

y
[i]
k

z
[1]
k






=

(

t
PD[1]
k (0)

t
CS[1]
k (0)

)

(2.11)

and




H −AT −I
A 0 0

Zk 0 Xk











x
[i]
k

y
[i]
k

z
[i]
k






=







t
PD[i]
k (0)

t
CS[i]
k (0)−

i−1
∑

j=1

cijx
[j]
k · z

[i−j]
k






(2.12)

for i = 2, . . . , ℓ, where cpi is the binomial coefficient “p choose i”. Thus a second defining

feature of a method is the type and order of series approximation taken.

The point vk,ℓ(α) is an approximation to vk(α) and it is therefore unlikely that vk,ℓ(1)

will lie on the central path, or even within the required neighbourhood defined by (2.4) and

(2.5). Since our aim is to reduce complementarity to zero while ultimately guaranteeing

primal and dual feasibility, we pick αk,ℓ as the solution of

minimize
α∈(0,1]

φ
(

vk,ℓ(α); τ
)

subject to γL ≤ cCS
(

vk,ℓ(β)
)

≤ γU and cF
(

vk,ℓ(β)
)

≥ 0 for all 0 ≤ β ≤ α ≤ 1.
(2.13)

The resulting vk,ℓ(αk,ℓ) then satisfies (2.4) and (2.5) and is measurably no worse than vk
since our aim is to minimize φ(v; τ).

In order to guarantee convergence, we use the first-order (ℓ = 1) Taylor approximation

(2.10)–(2.11) to the idealised trajectory vk(α) defined with residual trajectory (2.9) since

setting vk+1 = vZ

k,1
def
= vk,1(αk,1) has been shown by Zhang [51] to force φ(v; τ) to zero when

τ = 1, and γU =∞. The same is true [52] of the second-order (ℓ = 2) Taylor approximation

vZ

k,2
def
= vk,2(αk,2).

Our algorithm views the step vZ

k,1 as a sort of “Cauchy point” [5], as used by trust-

region methods to ensure convergence. In particular, our general algorithm accepts any

iterate that is “better” than vZ

k,1. To be more precise, vk+1 may be defined as any point

satisfying

0 < (xk+1, zk+1), γL ≤ cCS(vk+1) ≤ γU, 0 ≤ cF(vk+1), and φ(vk+1; τ) ≤ φ(vZ

k,1; τ).

(2.14)

Note that our strategy is well-defined since vZ

k,1 satisfies (2.14), and that the condition on

cCS implies that

if lim
k→0

µ(vk) = 0 then lim
k→∞

xk · zk − µ(vk)e = 0. (2.15)

Obvious candidates that may accelerate convergence are vk,l(αk,l) for l > 1, but we explore

additional possibilities in Section 4. All the salient points of our algorithm are illustrated

in Figure 2.1. We now formally state the algorithm.
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Central path

bbb

b

b xk

xk+1

Boundary of permitted
neighbourhood of central path

Target
Boundary of feasible region

Idealised trajectory
xk(α)

Usable
approximation

xk,ℓ(α)

Figure 2.1: Perturbed trajectory of the central path.

Algorithm 2.1. The general algorithm.

Input v0 = (x0, y0, z0) such that (x0, z0) > 0.

Choose parameters τ > 0 and 0 < σmin ≤ σmax < 1.

Define 0 < γL < 1 < γU and ν ∈ (0, 1) so that γL ≤ cCS(v0) ≤ γU, and cF(v0) ≥ 0.

k ← 0

do

Calculate µ(vk) and choose σk ∈ [σmin, σmax].

Compute vZ

k,1 = vk,1(αk,1) from problem (2.13).

Compute any step vk+1 that satisfies (2.14).

k ← k + 1

end do

Global convergence is considered in the next section and is relatively straight forward

since Algorithm 2.1 is an extension of Zhang’s method [51]. However, the generality of our

algorithm provides us the freedom to consider additional steps that may accelerate local

and global convergence and is the topic of §4.
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3 Convergence results

In this section we give global convergence, local convergence, and complexity results. We

use results from Zhang [51] and Zhang and Zhang [52] since their algorithms are both

particular instances of our method. Our first result is that Algorithm 2.1 has (at least)

linear global convergence.

Theorem 3.1. If {vk}∞k=0 is the sequence of iterates generated by Algorithm 2.1, then

there exists a δ ∈ (0, 1) such that (xk, zk) > 0 and

φ(vk+1; τ) ≤ (1− δ)φ(vk; τ)

for all k ≥ 0. Thus, if v∗ is any limit point of the sequence of iterates, then it is a

minimizer of problem QP.

Proof. The method by Zhang [51, Alg.2] is equivalent to Algorithm 2.1 for the choice

τ = 1, γU = ∞, and vk+1 = vZ

k,1. However, one may verify that all the results in [51]

and [52] still hold for any τ ≥ 0 and γU > 1; the additional restriction cCS(α) ≤ γU

may change a constant contained in a bound on the minimum step length satisfying

γL ≤ cCS(α) ≤ γU (see [51, Lem.6.3] and [52, Lem.7.1–7.3]), and the τ ≥ 0 is simply

“carried along” in the proofs. Interestingly, this means that Zhang [51] could have used

the merit function φ(v) = xT z, which corresponds to τ = 0.

Zhang [51, Thm.7.1] proves that the merit function φ decreases linearly during each

iteration. However, his algorithm makes an assumption on the initial feasible point.

This mild assumption is removed by Billups and Ferris [2, Thm.2.8] since they prove

that Zhang’s results still hold for an arbitrary (strictly positive) starting point. From

the above observations and (2.14) we conclude that

φ(vk+1; τ) ≤ φ(vZ

k,1; τ) ≤ (1− δ)φ(vk; τ) for all k ≥ 0 and some δ ∈ (0, 1). (3.1)

It also follows from (2.14) and the fact that (x0, z0) > 0 that (xk, zk) > 0 for all k, which

in turn ensures that φ is bounded below. Thus, we deduce that limk→∞ φ(vk; τ) = 0 and

that Algorithm 2.1 is at least globally linearly convergent. It then follows immediately

that if v∗ = limk∈K vk for some subsequence K ⊆ N, then using (2.2) yields

lim
k∈K

r(vk) = r(v∗) = 0

so that v∗ is a solution to QP. 2

The following complexity result depends on the solution set

S∗ = {v ∈ R
2n+m : v ∈ F and x · z = 0} (3.2)
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and the related quantity

ρ∗ = min{‖v‖ : v ∈ S∗}. (3.3)

Theorem 3.2. Let {vk}∞k=0 be the sequence of iterates generated by Algorithm 2.1

and assume that (x0, z0) = ρe for some number ρ ≥ ρ∗/
√
n, that vZ

k,2 is computed

during each iteration, and that the next iterate is chosen as the trial point with the

smallest value of φ. It follows that for any t > 1, there exists a number Kt such that

‖r(vk)‖ ≤ 2−t‖r(v0)‖ for all k ≥ Kt = O(n3/2t).

Moreover, if v0 is strictly feasible, i.e., v0 ∈ F0, then Kt = O(n3/4t).

Proof. Our goal is to prove that

φ(vk; τ) ≤ 2−tφ(v0; τ) for all k ≥ Kt = O(n3/2t)

since this may be combined with the conditions in (2.14) to obtain the desired result. To

this end, recall that vZ

k,1 and vZ

k,2 are the steps used in [51, equation (3.1)] and [52, Alg.2],

respectively. Thus, it follows from the assumptions of this theorem, [51, Thm.7.1],

and [52, proof of Thm.7.1] that there exist positive constants δ1, δ2 ∈ (0, 1) such that

φ(vk+1; τ) ≤ min[φ(vZ

k,1; τ), φ(v
Z

k,2; τ)]

≤ min[(1− δ1)φ(vk; τ), (1− δ2)φ(vk; τ)] ≤ (1− δ2)φ(vk; τ).

This implies that

φ(vk; τ) ≤ (1− δ2)
kφ(v0, τ)

so that the desired result holds provided k ≥ −t
ln(1−δ2)

≥ − ln(2)t
ln(1−δ2)

. A Taylor expansion of

the logarithm yields

− ln(1− δ2) = δ2

∞
∑

j=0

1

j + 1
δj2 > δ2.

Therefore, the desired result holds for all k satisfying

k ≥ t

δ2
≥ −t

ln(1− δ2)
.

The theorem has been proved since δ2 = Ω(1/n3/2) (see [52, Thm.7.1]). For the case

v0 ∈ F0, the bound on δ2 becomes δ2 = Ω(1/n3/4) (see [52, Thm.8.2]). 2

Algorithm 2.1 keeps {σk}k≥0 uniformly bounded away from zero. However, it is rea-

sonable to use the update

σk = min
(

0.1, µ(vk)
q
)

for some q > 0. (3.4)
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The next theorem shows that this does not interfere with global convergence.

Theorem 3.3. If {vk}∞k=0 is the sequence of iterates generated by Algorithm 2.1 with

σk updated by (3.4), then

lim
k→∞
‖r(vk)‖ = lim

k→∞
φ(vk; τ) = 0.

Thus, if v∗ is any limit point of the sequence of iterates, then it is a minimizer of QP.

Proof. Suppose that there exists a number ε such that

{µ(vk)}k∈S ≥ ε > 0 for some subsequence S ⊆ N (3.5)

so that {σk}k∈S ≥ min(0.1, εq). As in Theorem 3.1, it follows from Zhang [51, Thm.7.1]

that there exists a δ > 0 such that for all k,

φ(vk; τ) ≤ φ(v0; τ)

k−1
∏

j=0,j∈S
(1− δ) ≤ φ(v0; τ)(1− δ)nk (3.6)

where nk = card{j ∈ S : j < k}, cardB denotes the cardinality of a generic set B,
and we have used the fact that φ(vk+1; τ) ≤ φ(vk; τ) for all k /∈ S. Since (xk, zk) > 0

implies that φ(vk; τ) is bounded from below, we deduce from (3.6) and limk→∞ nk =∞
that limk→∞ φ(vk; τ) = 0. Since this implies that limk→∞ µ(vk) = 0 we have reached

a contradiction to our assumption (3.5), and conclude that limk→∞ µ(vk) = 0. The

conditions given by (2.14) then imply that limk→∞ ‖r(vk)‖ = 0 and limk→∞ φ(vk; τ) = 0.

The optimality of any limit point v∗ follows exactly as in Theorem 3.1. 2

4 Residual trajectories and performance enhancing

steps

The main feature that determines the efficiency of our method is the choice of idealised

solution trajectory vk(α), which is completely determined by the choice of residual trajec-

tory tk(α) in (2.7). In this section we provide additional choices for tk(α) and describe how

they may be used to help accelerate convergence of out method on both nondegenerate

and degenerate problems.

4.1 Lustig-Marsten-Shanno-Zhang residual trajectories

This is the case mentioned in (2.9) in which the residual trajectory tk(α) is defined by

tPD

k (α) =(1− α)rPD(vk) and (4.1a)
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tCS

k (α) =(1− α)rCS(vk) + ασkµ(vk)e (4.1b)

for some σk ∈ (0, 1) [24,51]. The centering parameter σk is required to ensure that for small

α, the trajectory turns into the neighbourhood (2.4)–(2.5) and thus progress is possible.

The linearity of both rPD(v) and tPD

k (α) and (2.10)–(2.12) imply that

rPD
(

vk,ℓ(α)
)

=

(

Hxk,ℓ(α) + g − ATyk,ℓ − zk,ℓ
Axk,ℓ − b

)

= rPD(vk) + αt
PD[1]
k (0) = (1− α)rPD(vk)

(4.2)

and, therefore, if the residual trajectory (4.1a) is used and vk+1 = vk,ℓ(1), then rPD(vj) = 0

for all j > k and ℓ ≥ 1.

A method based solely on (4.1) is likely to experience difficulties when solving degen-

erate problems as §1.2 clearly shows. In these situations, a reasonable alternative is a

residual trajectory tk(α) defined by

tPD

k (α) =(1− α)2rPD(vk) and (4.3a)

tCS

k (α) =(1− α)2rCS(vk) + (2α− α2)σkµ(vk)e. (4.3b)

This is the same trajectory as (4.1) but with a different parameterization that is given by

α 7→ 1− (1 − α)2. This choice copes with the fact that the path vk based on the residual

trajectory (4.1) is not analytic as a solution is approached. (A Taylor series approximation

to the solution vk(α) of (2.7) using residual trajectory (4.3) may be interpreted as a Puiseux

(square root) series [38, p.98] approximation in the parameter 1 −
√
1− α for (2.7) using

(4.1).) In contrast to (4.1), if (4.3a) is used, then the quadratic nature of tPD

k (α) and

(2.10)–(2.12) imply that

rPD
(

vk,1(α)
)

= (1− 2α)rPD(vk) and rPD
(

vk,ℓ(α)
)

=
(

1− α2
)

rPD(vk) for ℓ ≥ 2. (4.4)

Thus if a linear approximation vk,1(α) is used and a full step is taken, i.e., α = 1, then

there will still be no improvement in the primal-dual infeasibility. However, if the update

vk+1 = vk,ℓ( 1

2
) or vk+1 = vk,ℓ(1) for ℓ ≥ 2 is ever used, then rPD(vj) = 0 for all j > k

provided the residual trajectory (4.3a) is used.

4.2 A mixed residual trajectory

For a mixed residual trajectory we use (4.1a) to define tPD

k (α) and (4.3b) to define tCS

k (α).

The resulting residual trajectory tk(α) and idealized trajectory vk(α) resolve the difficulties

caused by degeneracy by recognizing that the complications arise from the complementarity

slackness condition and not from the primal or dual feasibility.

4.3 Potra-Stoer-Sun-Zhao residual trajectories

The residual trajectories defined in §4.1 and §4.2 all define idealised solution trajectories

satisfying vk(0) = vk and xk(1) · zk(1) = σkµ(vk)e, i.e., starts at vk and leads towards a



Trajectory-following methods for large-scale degenerate convex QP 15

point lying “down” the central path. In this section we consider the residual trajectory

tk(α), where tPD

k (α) is given by (4.1a),

tCS

k (α) = (1− α)
(

rCS(vk) + ασkµ(vk)
[

µ(vk)e− rCS(vk)
]

)

, (4.5)

and σk ∈ (0, 1], which defines an idealised solution trajectory that aims for the solution.

This residual trajectory is again quadratic in α and by design initially leads into the

neighbourhood defined by (2.4)–(2.5) so that progress is always possible. This trajectory

with the choice σk = 1 is attributed to Stoer by Zhao and Sun [53], while the general σk

case is considered by Potra and Stoer [36].

As before, a re-parameterization of the residual function can be used to ensure that the

trajectory is analytic even for degenerate problems. The most obvious choice is to once

again use α 7→ 1− (1− α)2, which is equivalent to replacing (4.1a) by (4.3a) and (4.5) by

tCS

k (α) = (1− α)2
(

rCS(vk) + (2α− α2)σkµ(vk)
[

µ(vk)e− rCS(vk)
]

)

(4.6)

[36], which is quartic in α. However, the simpler

tCS

k (α) = (1− α)2
(

rCS(vk) + ασkµ(vk)
[

µ(vk)e− rCS(vk)
]

)

(4.7)

is also possible [53] and is only cubic in α.

We close this section with the following observation: to ensure primal and dual feasi-

bility are obtained when α = 1, a method based on (4.5), (4.6), or (4.7) must use at least

a 2nd, 4th, or 3rd degree Taylor approximation, respectively.

5 Implementation

In this section we describe the main features of our new GALAHAD [13] Fortran 2003 convex

quadratic programming package CQP. Further details, including a complete description of

all user control parameters, are provided in the package documentation provided as part

of GALAHAD.1

5.1 Preprocessing

CQP accepts problems of the form (1.1). In practice, variables and constraints are reordered

internally by the package so that those with (just) lower bounds occur before those that

are bounded from both sides which themselves occur before those that are (just) bounded

from above. This leads to more effective vector operations when (for example) checking

for feasibility since there is then no need to constantly re-check what sort of bounds a

given constraint has. Equality constraints may be mixed with the inequalities, and the

preprocessing phase implicitly separates them from the inequalities. Fixed variables and

1Available from http://galahad.rl.ac.uk/galahad-www/ . A Matlab interface is also provided.
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dependent equality constraints are also removed. In addition, slack variables c are intro-

duced for general inequality constraints. Thus at an internal level, CQP actually solves

problems of the form

CQP
I
: minimize

x,c
q(x) subject to AEx = cE, AIx− c = 0, xL ≤ x ≤ xU and cL ≤ c ≤ cU,

where only the first parts of xL and cL and the last parts of xU and cU are nonzero. The

KKT conditions for CQPI are that

Hx∗ + g = AETyE

∗ + AITyI

∗ + zL

∗ − zU

∗ and yI

∗ = yL

∗ − yU

∗
AEx∗ = cE and AIx∗ − c∗ = 0, and

(c∗ − cL) · yL

∗ = 0, (cU − c∗) · yU

∗ = 0, (x∗ − xL) · zL

∗ = 0 and (xU − x∗) · zU

∗ = 0

(5.1)

for primal variables xL ≤ x∗ ≤ xU, constraint values cL ≤ c∗ ≤ cU, Lagrange multipli-

ers yE

∗ , y
I

∗ and (yL

∗ , y
U

∗ ) ≥ 0, and dual variables (zL

∗ , z
U

∗ ) ≥ 0. In what follows, we write

v = (x, c, yE, yI, yL, yU, zL, zU), and use the obvious notation v∗, vk and vk,ℓ(α) for the so-

lution vector, the vector of iterates and the approximate solution trajectory, etc. Some

components of v, such as those components of zL

∗ for which x is not bounded below, are

identically zero; the package automatically recognises this and the relevant components

are not stored.

In view of (5.1), we note that now

rPD(v) =











Hx+ g −AETyE − AITyI − zL + zU

yI − yL + yU

AEx− cE

AIx− c











, rCS(v) =











(c− cL) · yL

(cU − c) · yU

(x− xL) · zL

(xU − x) · zU











and

µ(v) =
(c− cL)TyL + (cU − c)TyU + (x− xL)T zL + (xU − x)T zU

nI

,

where the total number of inequality constraints xL ≤ x ≤ xU and cL ≤ c ≤ cU is nI.

5.2 Dependent constraints

To detect dependent equality constraints, we use the GALAHAD module FDC. This offers

two alternatives especially geared towards large problems. The first [3] finds a sparse

symmetric indefinite factorization

(

αI AET

AE 0

)

= LBLT

using GALAHAD’s module SLS (see §5.5) and assesses rank deficiency from tiny eigenvalues

of the one-by-one and two-by-two diagonal blocks that make up B—a value α = 0.01 is
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used by default. The second, default, alternative is simply to perform a sparse unsymmetric

rectangular factorization

AE = LU or (by default) AET = LU

using threshold pivoting, and to identify tiny “diagonal” entries from the “lower triangular”

matrix L obtained [8]. We recognise that neither is as robust as, for example, a singular-

value decomposition or a rank-revealing QR factorization, but both have proved reliable

in our tests.

5.3 Getting started

Despite numerous attempts to provide a clever “starting” point v0, our current preferred

strategy is simply to set v0 a “large distance” from any of its lower and upper bounds l and

u. Simply, by default we set each component a distance min(ω, 1

2
(u − l)) from its nearest

bound with ω = 104 being our favourite choice. Our experience is that is often far easier

to come in “from arbitrary infinity”, than to move to the central path from an initial point

that tries too cleverly to predict which (and start near) bounds might be active.

5.4 Residual trajectories

CQP offers the linear and quadratic residual trajectories (4.1) and (4.3), the mixed residual

trajectory mentioned in §4.2, the Potra-Stoer-Sun-Zhao residual trajectories (4.1a)/(4.5)

and (4.3a)/(4.7) as well as a variant that switches from the former to the latter once µ(vk)

is smaller than 10−4.

5.5 Linear system solver

Having selected a residual trajectory, the next task is to compute the usable approximation

vk,ℓ(α) in (2.10) to the idealised trajectory. We offer the choice of using a single approxima-

tion for a specified ℓ, or that of using every vk,i(α) for i ≤ ℓ, since the coefficients for each

vk,i are trivially a subset of those for vk,ℓ. If we are not using the linear residual trajectory

(4.1), we will additionally have to compute vZ

k,1 as our guarantee of convergence.

At each iteration, we need to solve the analogs of the linear systems (2.11)–(2.12) for

CQPI to determine the coefficients of the expansions vk,ℓ(α) we will use. These are
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for generic right-hand sides r[i] and where once again Ck, C
L (etc.) are diagonal matrices

with entries ck and cL. Rather than solving (5.2) directly, we use the relationships

(Ck−CL)y
L[i]
k = r

CL[i]
k − Y L

k c
[i]
k , (CU−Ck)y

U[i]
k = r

CU[i]
k + Y U

k c
[i]
k ,

(Xk−XL)z
L[i]
k = r

XL[i]
k − ZL

kx
[i]
k and (XU−Xk)z

U[i]
k = r

XU[i]
k + ZU

k x
[i]
k

(5.3)

to eliminate y
L[i]
k , y

U[i]
k , z

L[i]
k and z

U[i]
k , which results in the symmetric, indefinite system



















H + (Xk−XL)−1ZL

k

+(XU−Xk)
−1ZU

k

0 AET AIT

0
(Ck−CL)−1Y L

k

+(CU−Ck)
−1Y U

k

0 −I

AE 0 0 0

AI −I 0 0





































x
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c
[i]
k

−yE[i]
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−yI[i]
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r
X[i]
k + (Xk−XL)−1r

XL[i]
k

−(XU−Xk)
−1r

XU[i]
k

r
Y[i]
k + (Ck−CL)−1r

CL[i]
k

−(CU−Ck)
−1r

CU[i]
k

r
E[i]
k

r
I[i]
k





















.

(5.4)

Once we have found x
[i]
k , c

[i]
k , y

E[i]
k and y

I[i]
k from (5.4), we trivially recover y

L[i]
k , y

U[i]
k z

L[i]
k and

z
U[i]
k from the diagonal systems (5.3).

CQP uses another GALAHAD module, SBLS, to solve symmetric block systems

(

G BT

B −E

)(

u

v

)

=

(

a

b

)

, (5.5)

for which G and E are symmetric, like (5.4). In fact, SBLS simply gathers the data G,

B, E, a and b to set up one of a number of possible relevant systems for solution by yet

another GALAHAD module, SLS. In particular, SBLS provides either a full-space approach,

in which (5.5) is simply solved by forming and factorizing

K =

(

G BT

B −E

)

,

a range-space approach in which factorizations ofG and the Schur complement E+BG−1BT

are used, or a null-space approach in which a non-singular sub-matrix of B is determined

and used to implicitly construct a basis matrix N for the null-space of B and ultimately

rests on needing to factorize the positive-definite matrixNTGN . The range-space approach

is currently limited to the case where G is a non-singular diagonal (but in principle could

be adapted for block diagonal G), while the null-space approach is restricted for simplicity

to the case where E = 0 (as is the case for (5.4)). Such ideas are well known [10, §5.4] and
their applicability generally depends on the relative ratio of the row and column dimension

of B; the range-space method is best when B has relatively few rows, the null space one

when the ratio is close to (but no greater than) one, and the full-space approach when

neither of these occurs. The default in CQP is to use the range-space approach whenever

G is non-singular and diagonal, and the full-space approach otherwise.

The module SLS called by SBLS provides a common interface to a number of freely-

available and commercial software sparse, symmetric direct solvers—currently these include
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MA27, MA57, MA77, MA86 and MA87 from HSL [19], PARDISO from the Pardiso Project [37]

and WSMP from the IBM alpha Works [17]. Options available include a variety of sparse

ordering and scalings, iterative refinement, partial, out-of-core and parallel solution, and

inertia determination and correction. Further efficiencies are possible when the matrix is

definite (such as would occur for the null- and range-space approaches of concern here).

5.6 Staying feasible

Armed with one or more search arcs vk,ℓ(α) from (2.10), it remains to find the stepsize

αk,ℓ that gives the solution to (2.13). We do this by first determining αL

k,ℓ as the largest

α ∈ (0, 1] for which

µ
(

vk,ℓ(α)
)

− ν‖rPD
(

vk,ℓ(α)
)

‖ ≥ 0 and (5.6a)

γLµ
(

vk,ℓ(α)
)

e ≤ rCS
(

vk,ℓ(α)
)

≤ γUµ
(

vk,ℓ(α)
)

e for all α ∈ [0, αL

k,ℓ] (5.6b)

and then using a simple backtracking Armijo line-search2 to find αk,ℓ as the first in the

sequence {2−iαL

k,ℓ}i≥0 for which

φ
(

vk,ℓ(α); τ
)

≤ φ
(

vk; τ
)

+ ηαφ[1]
(

vk; τ
)

for a given small η ∈ (0, 1) and as before the bracketed superscript denotes the first

derivative; default values ν = 10−5, γL = 10−5, γU = ∞, τ = 1 and η = 10−4 are used.

Since our aim is actually simply to satisfy (2.14), we first calculate vZ

k,1, and then for each

usable approximation vk,ℓ(α) we have chosen, we compute αk,ℓ and compare φ(v(αk,ℓ); τ)

with φ(vZ

k,1; τ). The smallest overall defines vk+1.

It is straightforward to show that

µ[1](vk) = eT tCS[1](0)/nI (5.7)

—this is by analogy with the special case of problem CQP for which (2.11) gives (compo-

nentwise) zk · x[1]
k + xk · z[1]k = tCS[1](0) from which (5.7) follows since for CQP µ[1](vk) =

eT (zk · x
[1]
k + xk · z

[1]
k )/n—and that

d‖rPD(vk,ℓ(α))‖
dα

∣

∣

∣

∣

α=0

=
rPDT (vk)t

PD[1](0)

‖rPD(vk)‖
(5.8)

when rPD(vk) 6= 0—the derivative for general α is simply

d‖rPD(vk,ℓ(α))‖
dα

=
rPDT (vk,ℓ(α))r

PD[1](vk,ℓ(α))

‖rPD(vk,ℓ(α))‖
=

rPDT (vk,ℓ(α))∇rPD(vk,ℓ(α))v
[1]
k,ℓ(α)

‖rPD(vk,ℓ(α))‖

which gives the required result since

∇rPD(vk,ℓ(0))v
[1]
k,ℓ(0) = ∇rPD(vk)v

[1]
k,ℓ(0) = ∇rPD(vk)v

[1]
k = tPD[1](0)

2When ℓ ≤ 2, the exact line minimizer of φ
(

vk,ℓ(α); τ
)

is found by calculus.
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because of (2.11). Thus

φ[1]
(

vk; τ
)

= eT tCS[1](0) + τδ(rPD(vk))
rPDT (vk)t

PD[1](0)

‖rPD(vk)‖
(5.9)

where δ(r) = 1 if r 6= 0 and 0 if r = 0.

Note that for the linear residual trajectory (4.1),

φ[1]
(

vk; τ
)

= −φ
(

vk; τ
)

+ nIσkµ(vk) and ‖rPD
(

vk,ℓ(α)
)

‖ = (1− α)‖rPD
(

vk
)

‖

because of (4.2) and (5.9), while for the quadratic residual trajectory (4.3),

φ[1]
(

vk; τ
)

=
−2φ

(

vk; τ
)

+2nIσkµ(vk)
and ‖rPD

(

vk,ℓ(α)
)

‖ =
{

(1− 2α)‖rPD
(

vk
)

‖ for ℓ = 1

(1− α)2‖rPD
(

vk
)

‖ for ℓ > 1

from (4.4) and (5.9).

The required inequality (5.6a) and the 2nI inequalities (5.6b) each require that we

find the smallest root of a scalar polynomial of degree 2ℓ in (0, 1] (if any). For ℓ = 1

and 2, it is easiest simply to enumerate the roots from stable versions of the well-known

formulae for quadratic and quartic equations. For larger ℓ, rather than enumerate roots,

we instead use Sturm’s theorem (via the Euclidean algorithm) to count the number of roots

in an iteratively-bisected interval until we find a bounding interval containing the single

desired root. Thereafter, a safeguarded Newton iteration is used to refine this root [9].

This has two essential advantages. Firstly, if (as is often the case) there is no root in

the initial interval, this is discovered very fast. Secondly, since as we wish to find the

smallest positive root of all the inequalities (5.6), for successive inequalities, we only need

investigate [0, αc], where αc is the current champion. Early detection of a small αc leads to

small subsequent intervals and thus efficiencies as in our first point. We take precautions

since the Euclidean algorithm is somewhat prone to break down; if we become aware of

large generated coefficients, we simply resort to a more expensive but robust method that

computes all the real roots [25]. All of this functionality is available as part of GALAHAD’s

ROOTS module.

An additional expense is the computation of the required polynomial coefficients for

µ
(

vk,ℓ(α)
)

and rCS
(

vk,ℓ(α)
)

. Generically each of these is obtained from the products of two

polynomials of order ℓ.

5.7 Parallelism

While many aspects of our algorithm (matrix-vector products, distances to bounds, resid-

uals) might be calculated in parallel, our experience with shared-memory systems like

OpenMP is simply that the start-up costs usually outweigh any benefits from parallel

execution—an optimizing compiler often appears to perform just as good a job as hand-

crafted parallelism. However, we have found it beneficial to offer parallel directives for

the matrix factorization/system solves and the polynomial root extraction. The former is
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provided naturally by the component solvers MA77, MA86, MA87, PARDISO and WSMP and is

generally very useful. Indeed our experience is that parallel factorization, at least on small

systems (say 4-16 processors as might occur on a modern PC), is so successful that other

less demanding sequential tasks become significant. In particular, we find that computing

linear system solutions (forward and backward substitution) now becomes an issue, simply

because this phase is limited by memory bandwidth [18]. The polynomial solution de-

scribed in §5.6 is essentially independent and thus simply and effectively embedded within

a parallel do loop. There is a small loss in efficiency since the best αc mentioned earlier is

now per-processor rather than global. We had hoped that the calculation of the polynomial

coefficients rCS
(

vk,ℓ(α)
)

would also benefit from parallelism, but in our experience start-up

costs again dominated.

5.8 Presolve and problem scaling

CQP is one of a number of quadratic programming solvers available with GALAHAD. Since

each has essentially the same interface, a common wrapper module QP is also provided that

adds further functionality. In particular QP provides a presolve/preprocessing phase that

aims to simplify a problem prior to solution using the GALAHAD module PRESOLVE [16],

and a variety of pre-scalings that try to equilibrate H , A and the problem bounds to try

to make the solution phase easier. Since these options were not enabled in our tests, we

provide no further details here.

5.9 Termination

We stop the algorithm as soon as

‖rI(vk)‖ ≤ max(εA, εR‖rI(v0)‖) for each of I ∈ {P, D, CS}

for given small εA, εR > 0, or when a maximum iteration limit is reached. We also check for

infeasibility by monitoring φ(vk; τ) and stop if stagnation over a given number of iterations

seems to have occcured.

6 Numerical experiments

Our tests involve the quadratic programming examples from the combined CUTEr [12] and

Maros and Meszaros [26] test sets—multiple instances of very similar nature have been

excluded. We considered 178 convex examples in all (see Table A.1 in Appendix A), of

which 51 are reported as degenerate. All experiments were performed on four cores of a

Dell Precision T340, single Core2 Quad Q9550 processor(2.83GHz, 1333MHz FSB, 12MB

L2 Cache) with 4GB RAM; CQP and its dependencies are in double precision and compiled

with gfortran 4.3 using fast (-O3) optimization and OpenMP enabled (-fopenmp).

We have compared variants of the codes using two different residual trajectories and for

each two different degrees of series approximation to the solution trajectory. We considered
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the linear and quadratic residual trajectories (4.1) and (4.3), For the former we tried the

first and second degree Taylor approximations recommended by Zhang [51] and Zhang and

Zhang [52]; we refer to these as variants T1 and T2. For the latter, we used approximations

of degrees two and four (P2 & P4); as we suggested in §4.1, a first-degree approximation

would not improve the primal-dual infeasibility for the unit steplength.

For our tests, we use default values for most control parameters. The exceptions are

that we choose the linear solver MA57 for SLS with one iterative refinement per solve, the

absolute and relative stopping tolerances are set to εA = εR = 10−5, at most 1000 iterations

are allowed and at most 20 iterations are permitted for which φ fails to decrease by 0.1

before the problem is declared primal or dual infeasible.

The complete results from these experiments are summarised in Tables A.2–A.5. To

make comparisons easier, we provide a graphical interpretation of this data using the

performance profiles of the factorization counts and run time in Figures 6.1 and 6.2; briefly,

given a set of test problems and a set of competing algorithms, the i-th performance profile

pi(ω) indicates the fraction of problems for which the i-th algorithm is within a factor ω

of the best for a given metric—see [6] for a formal definition of performance profiles and a

discussion of their properties. In Figures 6.3 and 6.4 we focus simply on the subset of 51

degenerate problems.
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Performance Profile: iterations − CUTEr convex QP test set (MA57)
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Figure 6.1: Performance profile for the numbers of iterations (factorizations) required to

solve the sample set of CUTEr problems using T1, T2, P2 and P4.

In Figure 6.1, we clearly see the advantage of using higher-order polynomial approx-

imations to the solution trajectories. More accurate approximations lead to fewer itera-

tions/factorizations. The curves T2 and P2 indicate a slight but not overwhelming advan-

tage of using the quadratic residual trajectory in comparison to the linear one. This trend
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Performance Profile: time − CUTEr convex QP test set (MA57)
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Figure 6.2: Performance profile for the time spent in solving the sample set of CUTEr

problems using T1, T2, P2 and P4.
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Figure 6.3: Performance profile for the numbers of iterations (factorizations) required to

solve the degenerate subset of 51 CUTEr problems using T1, T2, P2 and P4.

is more pronounced in Figure 6.3 in which we focus on the degenerate examples.

When it comes to run times, however, Figure 6.2 shows that this reduction in the

number of factorizations is counterbalanced by the need to solve additional systems and to

find roots of polynomial equations. In particular, recall that every method needs to find at
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Figure 6.4: Performance profile for the time spent in solving the degenerate subset of 51

CUTEr problems using T1, T2, P2 and P4.

least vZ

k,1, and for T1 this is all that is required. The cost in P4 clearly more than offsets

the gains in iterations. When we focus on the degenerate examples in Figure 6.4, the

advantage of using the quadratic residual trajectory is apparent, and here it is reasonable

to suggest that P2 performs best.

One of our stated aims was to show that it is possible to solve even degenerate examples

accurately. The solutions to most of our test problems are not known exactly, so we

illustrate how our methods work on a few (contrived) large examples, DEGDIAG, DEGTRID,

DEGTRID2 and DEGTRIDL, from the test set, for which the exact solution is available. We

again consider the T1, T2, P2 and P4 variants, but now set the absolute and relative

stopping tolerances to εA = εR = 10−12. In Table 6.1 we give the number of iterations

required, the time taken and the maximum error in x for each variant. As we see, the

T1 T2 P2 P4

name iter time error iter time error iter time error iter time error

DEGDIAG 28 2.37 4.4−5 20 2.80 3.8−5 15 2.33 9.7−8 12 3.54 3.8−17

DEGTRID 26 3.44 2.7−4 18 4.15 3.9−4 12 3.69 1.3−12 8 3.48 9.7−11

DEGTRID2 34 4.52 6.0−7 24 5.32 6.8−7 5 1.27 7.6−8 5 2.15 6.3−7

DEGTRIDL 193 29.03 6.0−6 80 18.84 1.3−6 11 2.94 3.3−9 7 3.18 1.5−10

Table 6.1: High accuracy solution

quadratic residual trajectory pays off both in terms of effort and of attained accuracy for

these examples.

We have experimented with the other residual trajectories mentioned in §5.4 with mixed

success. Although each proves to perform well (and sometimes exceptionally so) in some
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cases, none proves to be as reliable as the simple linear and quadratic ones we have focused

on here.

7 Conclusions and discussion

Relatively little is known about the existence of the central path when strict complemen-

tarity does not hold. For convex optimization problems and a decreasing sequence of

parameters {µk} converging to zero, minimizers of the log-barrier function, i.e., solutions

to (1.5), are known to converge to a constrained minimizer of QP [47]. For proper convex

objective functions and linear constraints, the existence and uniqueness of the central path

is established in [7] without requiring strict complementarity but assuming that the set of

constrained minimizers is nonempty and bounded. This path has the desirable property

that for any µ̄ > 0, the path parametrized over (0, µ̄] is compact and can be extended

continuously to a constrained minimizer of the original problem as µ → 0. When strict

complementarity fails, the central path seems to be best understood for convex quadratic

programming (more precisely for monotone and sufficient linear complementarity prob-

lems [42,43]). The key to the analysis is to re-parametrize the path using
√
µ in place of µ.

Whether similar results hold for more general problem classes such as nonconvex quadratic

optimization or nonlinear optimization, is still an open question; some clues appear in [27]

and [49], but again numerical experience is scarce. However, the non-quadratic extension

of Example 2 in §1.2 given by

minimize
x

1

p
xp subject to x ≥ 0

for fixed p ≥ 1, for which x(µ) = µ
1

p and z(µ) = µ
p−1

p , leaves no doubt as to the need for a

non-Taylor trajectory in some cases—of course there is no guarantee that a general non-

linear problem has (local or global) central path(s) without strong additional assumptions

such as strict complementarity or second-order sufficiency.

Example 2 in §1.2 is unfortunately typical in that it produces an approximate solution

with only a few digits of accuracy. Obtaining accurate solutions to degenerate convex

quadratic programs is important in its own right, but is also crucial in certain active-set-

based sequential quadratic programming methods for nonlinear optimization. For such

methods, Table 6.1 suggests that the P2 and P4 strategies as particularly attractive.

Variants on the path-following methods proposed here are possible. For instance, rather

than using Taylor Series approximations of idealised trajectories, one might instead fit a

Puiseux expansion of the form

a0 + a 1

2

µ
1

2 + a1µ+ a 3

2

µ
3

2 + a2µ
2 + · · ·

to a prescribed number of past iterates. Convergence of such a procedure is unclear, but

it may also be effective in handling degenerate problems.

In this paper we have not considered the rate of local convergence. However, it is

reasonable to assume that the iterates will converge superlinearly provided (i) sufficiently
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high Taylor approximations to the idealized trajectories are utilised and (ii) a residual

trajectory defined by (4.1a) and (4.5) is used, or if (4.1a) and (4.1b) are used and σk > 0

is decreased to zero sufficiently fast. Indeed, in practice we routinely observe superlinear

convergence.

We now informally argue how results from Potra and Stoer [36] may be used to prove

fast local convergence for a slightly modified version of Algorithm 2.1. Assume that Algo-

rithm 2.1 is executed such that for all iterates suficiently large the target trajectory defined

by (4.1a) and (4.5) is used so that

tCS

k (α) = (1− α)µ(vk)

(

rCS(vk)

µ(vk)
+ ασk

[

µ(vk)e− rCS(vk)
]

)

. (7.10)

We also must slightly modify our algorithm so that during each iteration the ”wide”

neighborhood (2.4) is widened further, as described by [36, equations (3.3), (3.4), (3.11),

(3.40)]. Then, to apply the results of [36, Thm. 2.2] and deduce that all derivatives given

by (2.11) and (2.12) are bounded, we must show that the vector

rCS(vk)

µ(vk)
+ ασk

[

µ(vk)e− rCS(vk)
]

=

(

1

µ(vk)
− ασk

)

xk · zk + ασkµ(vk)e

used in (7.10) is contained within a compact subset of {x ∈ R
n : x > 0} for all α ∈ (0, 1]

and all k sufficiently large. This can easily be shown using (3.4), the definition of µ(vk), the

fact that limk→∞ µ(vk) = 0, (2.3), and (2.4). Since this is the key result used by Potra and

Stoer to obtain their results, we are not surprised that Algorithm 2.1 consistently exhibits

superlinear convergence.
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Appendix A

In Table A.1, we list the problems used in our tests. These include almost all of the

examples in the CUTEr [12] and Maros and Meszaros [26] test sets—multiple instances

of very similar nature have been excluded. For each example, the table gives the num-

ber of variables n and the number of general constraints m, and indicates whether there

are redundant equality constraints (R), degenerate general inequality constraints (C) and

degenerate simple bounds on the variables (B).

Table A.1: Problem statistics

name n m R C B name n m R C B

A0ENDNDL 45006 15002
√ √

DUAL1 85 1

A0ENINDL 45006 15002
√ √

DUAL2 96 1

A0ENSNDL 45006 15002
√ √

DUAL3 111 1

A0ESDNDL 45006 15002
√ √

DUAL4 75 1

A0ESINDL 45006 15002
√ √

DUALC1 9 215

A2ENDNDL 45006 15002
√ √

DUALC2 7 229

A2ENINDL 45006 15002
√ √

DUALC5 8 278

A2ENSNDL 45006 15002
√ √

DUALC8 8 503

A2ESDNDL 45006 15002
√ √

EXDATA 3000 3001

A2ESINDL 45006 15002
√ √

GENHS28 10 8

A5ENINDL 45006 15002
√ √

GOULDQP2 19999 9999
√

A5ENSNDL 45006 15002
√ √

GOULDQP3 19999 9999
√

A5ESDNDL 45006 15002
√ √

HS21 2 1

A5ESINDL 45006 15002
√ √

HS35 3 1

A5ESSNDL 45006 15002
√ √

HS35MOD 3 1

AUG2D 20200 10000
√

HS51 5 3
√

AUG2DC 20200 10000 HS52 5 3

AUG2DCQP 20200 10000 HS53 5 3

AUG2DQP 20200 10000
√

HS76 4 3

AUG3D 27543 8000
√

HS118 15 17

AUG3DC 27543 8000 HS268 5 5

AUG3DCQP 27543 8000 HUES-MOD 5000 2

AUG3DQP 27543 8000
√

HUESTIS 100 2

BOYD1 93261 18 KSIP 20 1001

BOYD2 93263 186531
√

LASER 1002 1000

CONT5-QP 40601 40200
√ √

LEUVEN1 1530 2220
√

CONT-050 2597 2401
√

LEUVEN2 1530 2329
√

CONT-100 10197 9801
√

LEUVEN7 360 946

CONT-101 10197 10098 LISWET1 2002 2000

CONT-200 40397 39601
√

LISWET2 2002 2000

CONT-201 40397 40198 LISWET3 2002 2000
√

CONT-300 90597 90298 LISWET4 2002 2000
√

CVXQP1 L 10000 5000 LISWET5 2002 2000
√

CVXQP1 M 1000 500 LISWET6 2002 2000
√

CVXQP1 S 100 50 LISWET7 2002 2000

CVXQP2 L 10000 2500 LISWET8 2002 2000
√

CVXQP2 M 1000 250 LISWET9 2002 2000

CVXQP2 S 100 25 LISWET10 2002 2000
√

CVXQP3 L 10000 7500 LISWET12 2002 2000

CVXQP3 M 1000 750 LOTSCHD 12 7

CVXQP3 S 100 75 MOSARQP1 2500 700

DEGDIAG 100001 0
√

MOSARQP2 2500 700

DEGENQP 50 125025
√

MPC1 2550 3833
√

DEGTRID 100001 0
√

MPC2 1530 2351
√

DEGTRID2 100001 0
√

MPC3 1530 2351
√

DEGTRIDL 100001 1
√

MPC4 1530 2351
√

DPKLO1 133 77 MPC5 1530 2351
√

DTOC3 4499 2998 MPC6 1530 2351
√ √
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Table A.1: Problem statistics (continued)

name n m R C B name n m R C B

MPC7 1530 2351
√ √

QPILOTNO 2172 975
√ √ √

MPC8 1530 2351
√ √

QPTEST 2 2

MPC9 1530 2351
√ √

QRECIPE 180 91
√

MPC10 1530 2351
√ √

QSC205 203 205
√ √

MPC11 1530 2351
√ √

QSCAGR25 500 471

MPC12 1530 2351
√

QSCAGR7 140 129

MPC13 1530 2351
√ √

QSCFXM1 457 330

MPC14 1530 2351
√

QSCFXM2 914 660

MPC15 1530 2351
√ √

QSCFXM3 1371 990

MPC16 1530 2351
√

QSCORPIO 358 388
√

POWELL20 10000 10000 QSCRS8 1169 490
√

PRIMAL1 325 85 QSCSD1 760 77

PRIMAL2 649 96 QSCSD6 1350 147
√

PRIMAL3 745 111 QSCSD8 2750 397
√

PRIMAL4 1489 75 QSCTAP1 480 300
√

PRIMALC1 230 9 QSCTAP2 1880 1090
√

PRIMALC2 231 7 QSCTAP3 2480 1480
√

PRIMALC5 287 8 QSEBA 1028 515
√

PRIMALC8 520 8 QSHARE1B 225 117

Q25FV47 1571 820
√

QSHARE2B 79 96

QADLITTL 97 56 QSHELL 1775 536
√

QAFIRO 32 27
√

QSHIP04L 2118 402
√

QPBAND 5 2
√

QSHIP04S 1458 402
√

QBANDM 472 305 QSHIP08L 4283 778
√

QBEACONF 262 173 QSHIP08S 2387 778
√

QBORE3D 315 233
√

QSHIP12L 5427 1151
√

QBRANDY 249 220
√ √

QSHIP12S 2763 1151
√

QCAPRI 353 271
√

QSIERRA 2036 1227
√

QE226 282 223
√

QSTAIR 467 356
√ √

QETAMACR 688 400
√

QSTANDAT 1075 359
√

QFFFFF80 854 524 S268 5 5

QFORPLAN 421 161
√

STADAT1 2001 3999

QGFRDXPN 1092 616 STADAT2 2001 3999
√

QGROW7 301 140 STADAT3 4001 7999

QGROW15 645 300 STCQP1 8193 4095
√

QGROW22 946 440
√

STCQP2 8193 4095
√

QISRAEL 142 174 TAME 2 1
√

QPCBLEND 83 74
√

UBH1 9009 6000
√ √

QPCBOEI1 384 351
√

VALUES 202 1
√ √

QPCBOEI2 143 166
√

YAO 2002 2000

QPCSTAIR 467 356 ZECEVIC2 2 2

In Tables A.2–A.5, we report the results of running CQP with the four arc approxi-

mations T1, T2, P2 and P4. Here we list the value of the objective function reached on

termination (f), the norms of the violations of the primal (‖rP‖) and dual (‖rD‖) feasibil-
ity measures and complementary slackness (‖rCS‖), the number of iterations/factorizations

performed (iter), the total time taken in seconds (time) and the exit status (status).

The exit status is zero if the required convergence tolerances have been reached, while

nonzero values indicate that ill-conditioning has prevented satisfactory convergence.

Table A.2: Complete results for option T1

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

A0ENDNDL 7.73149327E-03 1.9E-12 1.0E-04 1.2E-05 17 0.83 0

A0ENINDL 7.73149454E-03 6.1E-13 1.0E-04 1.2E-05 17 0.83 0

A0ENSNDL 3.10489826E+04 9.0E-07 1.2E-04 9.1E+00 62 2.55 -7
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Table A.2: Complete results for option T1 (continued)

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

A0ESDNDL 7.73149129E-03 3.2E-13 1.0E-04 1.2E-05 17 0.83 0

A0ESINDL 7.73150040E-03 6.5E-13 1.0E-04 1.2E-05 17 0.83 0

A2ENDNDL 3.05029514E-02 2.8E-14 1.0E-04 3.0E-05 21 1.00 0

A2ENINDL 2.99220116E-02 1.3E-13 1.0E-04 3.0E-05 21 1.03 0

A2ENSNDL 8.90502503E+01 1.8E-09 1.0E-04 7.8E-02 84 38.55 -7

A2ESDNDL 3.05029628E-02 4.3E-13 1.0E-04 3.0E-05 21 1.00 0

A2ESINDL 2.99219996E-02 2.8E-14 1.0E-04 3.0E-05 21 1.00 0

A5ENINDL 2.04652048E-02 1.6E-13 1.0E-04 8.0E-06 22 1.04 0

A5ENSNDL 5.05767118E+03 5.1E-09 1.1E-04 1.6E+00 69 21.72 -7

A5ESDNDL 1.98718208E-02 3.6E-13 1.0E-04 8.0E-06 22 1.05 0

A5ESINDL 2.04652065E-02 5.2E-13 1.0E-04 8.0E-06 22 1.04 0

A5ESSNDL 4.72908332E+03 2.1E-09 1.1E-04 1.6E+00 69 23.36 -7

AUG2D 1.68741175E+06 1.1E-14 3.5E-04 1.9E-12 1 0.07 0

AUG2DC 1.81836807E+06 1.1E-14 3.5E-04 1.9E-12 1 0.07 0

AUG2DCQP 6.49813475E+06 2.6E-14 6.5E-04 3.1E-03 58 2.88 0

AUG2DQP 6.23701208E+06 2.8E-14 6.6E-04 6.6E-04 60 2.97 0

AUG3D 2.45614860E+04 2.6E-15 5.8E-05 1.4E-14 1 0.19 0

AUG3DC 2.76540711E+04 2.7E-15 5.6E-05 2.2E-14 1 0.19 0

AUG3DCQP 6.15603863E+04 1.7E-06 8.3E-05 5.4E-05 51 8.09 0

AUG3DQP 5.42290680E+04 3.6E-15 8.5E-05 2.5E-04 51 8.08 0

BOYD1 -6.17352196E+07 4.0E-02 3.4E-04 7.7E-05 112 22.57 0

BOYD2 2.12596877E+01 9.8E-02 5.9E-05 1.5E-05 91 79.43 0

CONT5-QP 1.44801729E-02 1.0E-11 9.6E-06 9.1E-06 19 9.58 0

CONT-050 -4.56349701E+00 3.1E-15 3.5E-05 1.5E-06 10 0.17 0

CONT1-10 -4.62392228E+00 2.9E-15 3.4E-05 4.2E-06 10 0.92 0

CONT-101 2.02045758E-01 5.3E-15 7.6E-05 9.6E-06 9 0.86 0

CONT1-20 -4.33578907E+00 2.9E-15 2.9E-05 3.7E-06 10 5.26 0

CONT-201 2.08647467E-01 6.2E-15 6.8E-05 3.1E-06 17 8.98 0

CONT-300 2.16539781E-01 2.0E-14 6.4E-05 2.7E-05 29 39.68 -7

CVXQP1 L 1.08704800E+08 1.4E-13 2.2E-05 9.9E-07 21 28.58 0

CVXQP1 M 1.08751157E+06 1.8E-15 2.4E-05 3.5E-03 15 0.24 0

CVXQP1 S 1.15907184E+04 8.9E-16 1.4E-05 1.4E-04 14 0.01 0

CVXQP2 L 8.18424583E+07 2.2E-12 5.1E-05 8.8E-04 17 7.69 0

CVXQP2 M 8.20155431E+05 1.8E-15 4.8E-05 1.1E-08 16 0.13 0

CVXQP2 S 8.12094050E+03 8.9E-16 3.5E-05 7.7E-04 16 0.01 0

CVXQP3 L 1.15711104E+08 2.8E-06 2.2E-02 3.5E+00 36 459.07 0

CVXQP3 M 1.36282874E+06 1.8E-15 1.3E-05 4.0E-07 21 0.58 0

CVXQP3 S 1.19434324E+04 3.4E-10 1.3E-05 1.2E-05 16 0.01 0

DEGDIAG 1.66670174E+04 0.0E+00 3.3E-16 1.3E-04 20 1.53 0

DEGENQP 5.69681246E-01 0.0E+00 3.0E-07 9.3E-06 7 3.78 0

DEGTRID -9.99994997E+04 0.0E+00 2.1E-07 5.6E-04 19 2.46 0

DEGTRID2 -9.99991120E+04 0.0E+00 2.9E-16 8.3E-06 22 2.85 0

DEGTRIDL 5.00438860E-01 1.8E-08 6.6E-07 8.8E-04 8 1.24 0

DPKLO1 3.70096218E-01 7.1E-15 3.6E-05 3.0E-16 1 0.00 0

DTOC3 2.35216400E+02 2.4E-15 1.6E-04 6.2E-14 1 0.02 0

DUAL1 3.50638467E-02 4.4E-16 1.0E-06 5.5E-06 16 0.01 0

DUAL2 3.37455550E-02 0.0E+00 3.8E-07 3.7E-06 14 0.01 0

DUAL3 1.35835540E-01 0.0E+00 4.5E-07 9.5E-06 13 0.01 0

DUAL4 7.46161454E-01 0.0E+00 3.3E-06 1.4E-05 12 0.01 0

DUALC1 6.15525169E+03 1.1E-16 5.2E-06 7.4E-08 28 0.02 0

DUALC2 3.55130639E+03 1.1E-16 6.8E-06 2.7E-07 18 0.02 0

DUALC5 4.27232570E+02 0.0E+00 5.3E-06 6.5E-07 19 0.02 0

DUALC8 1.83093613E+04 2.2E-16 9.4E-06 5.0E-06 27 0.05 0

EXDATA -1.41842670E+02 1.4E-13 1.0E-04 8.3E-06 36 12.51 0

GENHS28 9.27173694E-01 5.6E-16 3.1E-06 1.2E-16 1 0.00 0

GOULDQP2 1.59761801E-12 4.4E-16 2.3E-02 4.7E-07 3 0.22 0

GOULDQP3 6.37165504E-05 4.4E-16 2.3E-02 4.7E-07 3 0.29 0

HS21 -9.99599993E+01 0.0E+00 2.0E-05 6.7E-07 15 0.00 0

HS35 1.11123545E-01 0.0E+00 1.3E-05 1.2E-05 11 0.00 0

HS35MOD 2.50006324E-01 0.0E+00 1.5E-05 1.3E-05 12 0.00 0

HS51 8.50000000E+00 0.0E+00 4.0E+00 0.0E+00 0 0.00 0
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Table A.2: Complete results for option T1 (continued)

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

HS52 5.32664756E+00 4.4E-16 5.2E-06 1.5E-15 1 0.00 0

HS53 4.09302326E+00 1.1E-16 5.8E-06 7.1E-05 5 0.00 0

HS76 -4.68181804E+00 0.0E+00 2.1E-05 7.5E-08 15 0.00 0

HS118 6.64820457E+02 0.0E+00 7.7E-04 4.7E-07 21 0.00 0

HS268 2.39661531E-05 0.0E+00 4.0E-05 4.6E-05 21 0.00 0

HUES-MOD 3.48244898E+07 4.5E-12 9.5E-02 2.7E-04 17 0.11 0

HUESTIS 3.48298240E+09 9.1E-13 9.5E-02 8.9E-05 16 0.00 0

KSIP 5.75814904E-01 0.0E+00 4.0E-06 9.6E-06 161 0.96 0

LASER 2.40960136E+06 2.0E-07 3.5E-03 1.6E-04 14 0.07 0

LEUVEN1 -1.52429007E+07 3.3E-07 1.8E-02 4.2E-05 104 1.63 0

LEUVEN2 -1.41465394E+07 3.5E-07 1.8E-02 1.5E-04 114 1.63 0

LEUVEN7 6.94549717E+02 3.2E-07 4.1E-05 2.6E-03 31 0.38 0

LISWET1 7.22905545E+00 0.0E+00 1.1E-05 2.6E-03 19 0.12 0

LISWET2 5.00521666E+00 0.0E+00 1.0E-05 2.9E-03 19 0.13 0

LISWET3 4.99778856E+00 0.0E+00 1.0E-05 4.8E-06 35 0.23 0

LISWET4 4.99782946E+00 0.0E+00 1.0E-05 5.7E-06 47 0.32 0

LISWET5 4.99783366E+00 2.0E-06 2.7E-05 1.7E-06 35 0.23 0

LISWET6 4.99791792E+00 0.0E+00 1.1E-05 8.1E-06 42 0.28 0

LISWET7 9.98980786E+01 0.0E+00 6.4E-06 1.4E-03 19 0.12 0

LISWET8 1.43130575E+02 5.7E-09 1.1E-05 1.7E-08 36 0.24 0

LISWET9 3.92920181E+02 9.4E-07 9.5E-06 1.3E-05 43 0.28 0

LISWET10 9.89649573E+00 0.0E+00 1.3E-05 2.9E-06 33 0.22 0

LISWET12 3.47519198E+02 3.2E-08 1.2E-05 1.4E-04 31 0.20 0

LOTSCHD 2.39841591E+03 1.8E-14 2.7E-04 6.7E-05 12 0.01 0

MOSARQP1 -3.82140973E+03 0.0E+00 1.5E-05 4.2E-06 30 0.21 0

MOSARQP2 -5.05259076E+03 0.0E+00 1.1E-05 2.4E-04 25 0.17 0

MPC1 -2.32620447E+07 1.1E-12 1.8E-02 3.8E-04 40 1.25 0

MPC2 -1.50331477E+07 8.3E-08 1.6E-02 1.9E-05 42 0.61 0

MPC3 -1.50295469E+07 9.5E-09 1.6E-02 5.6E-06 41 0.61 0

MPC4 -1.50334607E+07 1.4E-07 1.6E-02 3.4E-05 43 0.62 0

MPC5 -1.50334851E+07 1.8E-07 1.6E-02 2.4E-05 43 0.63 0

MPC6 -1.50335373E+07 9.1E-13 1.6E-02 3.1E-06 54 0.78 0

MPC7 -1.50335567E+07 8.0E-13 1.6E-02 7.1E-06 52 0.76 0

MPC8 -1.50335771E+07 8.5E-13 1.6E-02 5.6E-06 46 0.67 0

MPC9 -1.50335693E+07 8.2E-13 1.6E-02 2.7E-06 46 0.67 0

MPC10 -1.50335538E+07 6.8E-13 1.6E-02 8.3E-06 47 0.70 0

MPC11 -1.50301194E+07 9.1E-13 1.6E-02 9.3E-06 53 0.78 0

MPC12 -1.50334620E+07 2.4E-07 1.6E-02 2.3E-05 48 0.70 0

MPC13 -1.50335763E+07 7.5E-13 1.6E-02 7.3E-06 49 0.72 0

MPC14 -1.50335392E+07 2.1E-07 1.6E-02 8.0E-06 48 0.71 0

MPC15 -1.50335863E+07 8.0E-13 1.6E-02 7.1E-06 47 0.78 0

MPC16 -1.50335836E+07 3.2E-07 1.1E-01 2.0E-04 47 0.69 0

POWELL20 5.20895828E+10 2.0E-08 7.5E-02 2.8E-06 90 2.69 0

PRIMAL1 -3.49386286E-02 0.0E+00 3.7E-07 6.0E-06 27 0.08 0

PRIMAL2 -3.37153965E-02 0.0E+00 3.6E-07 3.0E-06 26 0.09 0

PRIMAL3 -1.35705279E-01 0.0E+00 1.5E-06 5.2E-06 24 0.22 0

PRIMAL4 -7.46083214E-01 0.0E+00 8.4E-06 8.4E-06 22 0.11 0

PRIMALC1 -6.12365722E+03 0.0E+00 9.7E-02 5.4E-07 21 0.01 0

PRIMALC2 -3.55019864E+03 0.0E+00 4.7E-02 2.7E-07 23 0.01 0

PRIMALC5 -4.27232094E+02 0.0E+00 4.6E-03 8.5E-07 17 0.01 0

PRIMALC8 -1.73353223E+04 0.0E+00 2.6E-01 1.2E-07 20 0.02 0

Q25FV47 1.37444479E+07 1.7E-11 1.5E-02 1.4E-07 172 3.21 0

QADLITTL 4.80318859E+05 1.1E-13 3.9E-03 1.8E-05 31 0.01 0

QAFIRO -1.59077156E+00 1.0E-15 2.5E-04 5.5E-05 26 0.01 0

QPBAND -3.14328159E+00 0.0E+00 1.8E-05 4.9E-05 9 0.00 0

QBANDM 1.63523446E+04 1.9E-09 8.4E-03 4.8E-06 57 0.10 0

QBEACONF 1.64712874E+05 2.6E-11 2.8E-02 1.3E-03 29 0.04 0

QBORE3D 3.12591917E+03 1.5E-08 6.2E-02 2.5E-04 43 0.05 0

QBRANDY 2.83751565E+04 2.0E-12 3.5E-02 9.1E-05 57 0.07 0

QCAPRI 6.67933017E+07 3.5E-08 6.1E-02 6.4E-03 124 0.23 0

QE226 2.12657259E+02 2.6E-06 1.1E-03 6.7E-06 95 0.16 0
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Table A.2: Complete results for option T1 (continued)

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

QETAMACR 8.67603696E+04 1.6E-09 4.6E-04 4.1E-06 76 0.27 0

QFFFFF80 8.78090621E+05 7.3E-11 2.5E+00 6.3E-06 146 0.73 0

QFORPLAN 7.45663162E+09 9.3E-10 8.2E-02 6.5E-05 56 0.10 0

QGFRDXPN 1.00790586E+11 7.7E-08 7.0E-01 6.6E-06 86 0.23 0

QGROW7 -1.65631181E+07 6.3E-06 3.5E+00 6.4E-06 37 0.05 0

QGROW15 -3.82560279E+07 1.1E-10 3.6E+00 6.7E-06 40 0.11 0

QGROW22 -5.58998667E+07 2.0E-07 3.6E+00 9.1E-07 42 0.17 0

QISRAEL 2.53481531E+07 0.0E+00 2.2E-02 8.4E-06 131 0.15 0

QPCBLEND -7.83230941E-03 1.3E-18 2.1E-07 5.8E-06 42 0.02 0

QPCBOEI1 1.15039142E+07 4.2E-09 4.7E-03 1.3E-03 83 0.21 0

QPCBOEI2 8.17196355E+06 5.1E-12 8.8E-03 2.7E-04 65 0.07 0

QPCSTAIR 6.20439170E+06 3.6E-14 2.5E-03 2.3E-05 52 0.16 0

QPILOTNO 4.73232880E+06 2.0E-10 1.9E-01 4.2E-07 199 2.06 0

QPTEST 4.37187504E+00 0.0E+00 7.6E-06 4.1E-08 13 0.00 0

QRECIPE -2.66615999E+02 3.6E-15 4.5E+00 4.3E-06 60 0.04 0

QSC205 -5.78739140E-03 4.4E-16 2.4E-05 1.1E-05 53 0.04 0

QSCAGR25 2.01737938E+08 7.3E-12 2.3E-01 7.6E-07 40 0.07 0

QSCAGR7 2.68659505E+07 1.2E-12 3.9E-02 3.6E-04 36 0.02 0

QSCFXM1 1.68829367E+07 9.2E-06 1.6E-01 2.2E-05 145 0.28 0

QSCFXM2 2.77764417E+07 1.1E-11 1.6E-01 1.1E-05 188 0.77 0

QSCFXM3 3.08166697E+07 5.5E-12 1.6E-01 5.5E-06 215 1.31 0

QSCORPIO 1.88050955E+03 6.7E-16 2.7E-05 7.8E-09 48 0.06 0

QSCRS8 9.04573560E+02 5.3E-14 2.1E-03 4.1E-05 76 0.24 0

QSCSD1 8.66782266E+00 2.2E-16 5.3E-06 1.5E-04 20 0.03 0

QSCSD6 5.08082634E+01 4.7E-16 1.2E-05 6.6E-06 27 0.08 0

QSCSD8 9.40763621E+02 4.0E-06 2.2E-04 7.5E-05 28 0.17 0

QSCTAP1 1.41586115E+03 2.2E-16 1.0E-04 6.4E-06 93 0.16 0

QSCTAP2 1.73502688E+03 2.2E-16 1.0E-05 7.6E-06 103 0.68 0

QSCTAP3 1.43875546E+03 2.2E-16 1.0E-05 1.0E-05 105 0.95 0

QSEBA 8.14818490E+07 1.3E-12 7.3E-02 5.7E-05 72 0.21 0

QSHARE1B 7.88369052E+05 6.7E-11 1.4E+00 9.4E-05 89 0.07 0

QSHARE2B 1.17036918E+04 1.5E-12 6.0E-04 2.3E-05 58 0.03 0

QSHELL 1.57263684E+12 5.8E-11 2.8E+00 4.6E-04 73 0.29 0

QSHIP04L 2.42001555E+06 1.1E-06 8.0E-04 8.3E-03 43 0.19 0

QSHIP04S 2.42499368E+06 1.5E-07 8.0E-04 9.9E-04 45 0.14 0

QSHIP08L 2.37604062E+06 1.7E-08 4.0E-04 1.4E-04 50 1.13 0

QSHIP08S 2.38572886E+06 8.0E-09 4.0E-04 4.6E-03 44 0.37 0

QSHIP12L 3.01887658E+06 2.0E-10 9.2E-04 3.0E-05 49 1.70 0

QSHIP12S 3.05696226E+06 3.0E-09 9.2E-04 2.9E-03 44 0.44 0

QSIERRA 2.37504582E+07 4.1E-07 2.1E-02 7.6E-04 46 0.37 0

QSTAIR 7.98545276E+06 2.8E-14 2.5E-03 7.8E-05 56 0.15 0

QSTANDAT 6.41183910E+03 4.6E-08 9.8E-03 1.9E-06 77 0.21 0

S268 2.39661531E-05 0.0E+00 4.0E-05 4.6E-05 21 0.00 0

STADAT1 -2.85240734E+07 5.3E-06 5.3E-02 1.7E-05 34 0.44 0

STADAT2 -3.26236345E+01 0.0E+00 1.4E-04 1.4E-06 38 0.53 0

STADAT3 -3.57638251E+01 0.0E+00 1.4E-04 4.4E-05 74 2.07 0

STCQP1 3.67100485E+05 7.1E-15 2.0E-05 3.3E-04 14 3.44 0

STCQP2 3.71892759E+04 1.8E-15 2.2E-05 5.6E-04 14 3.39 0

TAME 0.00000000E+00 0.0E+00 5.0E-06 3.6E-07 6 0.00 0

UBH1 7.28739570E+01 1.9E-13 1.1E-02 5.0E-04 13 0.25 0

VALUES -1.39607735E+00 1.8E-16 3.3E-06 7.0E-06 21 0.02 0

YAO 1.97704616E+02 2.7E-08 4.8E-06 5.1E-08 22 0.15 0

ZECEVIC2 -4.12499887E+00 0.0E+00 1.8E-05 2.4E-06 13 0.00 0

Table A.3: Complete results for option T2

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

A0ENDNDL 2.57256768E-04 6.9E-13 1.0E-04 5.1E-08 13 0.98 0

A0ENINDL 2.57256517E-04 6.8E-14 1.0E-04 5.1E-08 13 0.96 0

A0ENSNDL 1.76112141E+02 7.7E-10 1.0E-04 1.2E-01 53 53.11 -16
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Table A.3: Complete results for option T2 (continued)

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

A0ESDNDL 2.57256748E-04 4.6E-13 1.0E-04 5.1E-08 13 0.95 0

A0ESINDL 2.57256468E-04 1.5E-13 1.0E-04 5.1E-08 13 0.95 0

A2ENDNDL 2.58321253E-02 5.7E-13 1.0E-04 2.5E-05 15 1.09 0

A2ENINDL 2.53317241E-02 1.5E-13 1.0E-04 2.5E-05 15 1.11 0

A2ENSNDL 1.08042806E+04 1.5E-07 1.1E-04 3.5E+00 59 3.77 -7

A2ESDNDL 2.58321344E-02 2.2E-13 1.0E-04 2.5E-05 15 1.17 0

A2ESINDL 2.53317139E-02 2.4E-13 1.0E-04 2.5E-05 15 1.09 0

A5ENINDL 9.86505861E-03 1.2E-13 1.0E-04 3.8E-06 16 1.16 0

A5ENSNDL 3.94635921E+02 6.3E-08 1.0E-04 1.6E-01 40 13.96 -16

A5ESDNDL 9.56850007E-03 1.4E-13 1.0E-04 3.8E-06 16 1.15 0

A5ESINDL 9.86505950E-03 1.4E-13 1.0E-04 3.8E-06 16 1.17 0

A5ESSNDL 7.35675125E+01 1.5E-10 1.0E-04 6.8E-02 68 66.79 -16

AUG2D 1.68741175E+06 1.1E-14 3.5E-04 1.9E-12 1 0.08 0

AUG2DC 1.81836807E+06 1.1E-14 3.5E-04 1.9E-12 1 0.08 0

AUG2DCQP 6.49813474E+06 2.8E-06 6.5E-04 1.8E-04 35 2.71 0

AUG2DQP 6.23701209E+06 2.1E-14 6.6E-04 8.0E-04 35 2.73 0

AUG3D 2.45614860E+04 2.6E-15 5.8E-05 1.4E-14 1 0.21 0

AUG3DC 2.76540711E+04 2.7E-15 5.6E-05 2.2E-14 1 0.20 0

AUG3DCQP 6.15603839E+04 2.8E-06 8.3E-05 7.0E-06 25 4.96 0

AUG3DQP 5.42290192E+04 3.6E-15 8.5E-05 8.5E-05 24 4.78 0

BOYD1 -6.17352196E+07 6.3E-03 3.4E-04 8.0E-05 53 16.45 0

BOYD2 2.12601307E+01 1.8E-02 5.9E-05 1.6E-05 52 70.21 0

CONT5-QP 1.25223924E-02 1.3E-11 9.4E-06 9.1E-06 17 10.97 0

CONT-050 -4.56349265E+00 2.7E-15 3.5E-05 1.6E-06 8 0.19 0

CONT1-10 -4.60198454E+00 3.3E-15 3.4E-05 1.0E-05 7 0.84 0

CONT-101 2.01605453E-01 5.3E-15 7.6E-05 9.0E-05 10 1.23 0

CONT1-20 -4.32019834E+00 2.9E-15 2.9E-05 6.5E-06 7 4.68 0

CONT-201 2.08385709E-01 6.8E-07 6.9E-05 1.1E-06 12 7.95 0

CONT-300 2.12203367E-01 7.1E-15 6.6E-05 1.1E-07 12 21.53 0

CVXQP1 L 1.08704800E+08 2.4E-12 2.2E-05 3.4E-06 13 18.10 0

CVXQP1 M 1.08751157E+06 1.5E-09 2.4E-05 1.0E-03 10 0.19 0

CVXQP1 S 1.15907184E+04 8.9E-16 1.4E-05 9.7E-06 9 0.01 0

CVXQP2 L 8.18424583E+07 1.8E-15 5.1E-05 2.2E-04 12 5.97 0

CVXQP2 M 8.20155431E+05 1.8E-15 4.8E-05 9.9E-08 10 0.11 0

CVXQP2 S 8.12094048E+03 1.8E-15 3.5E-05 2.0E-06 12 0.01 0

CVXQP3 L 1.15711104E+08 2.1E-07 1.2E-05 1.3E-01 11 55.89 0

CVXQP3 M 1.36282874E+06 1.8E-15 1.3E-05 9.8E-06 14 0.43 0

CVXQP3 S 1.19434322E+04 3.5E-11 1.3E-05 5.0E-08 11 0.01 0

DEGDIAG 1.66666244E+04 0.0E+00 3.3E-16 2.7E-05 15 2.01 0

DEGENQP 1.50281474E-01 0.0E+00 4.3E-07 3.3E-06 6 5.04 0

DEGTRID -9.99994993E+04 0.0E+00 4.0E-06 1.4E-03 13 3.06 0

DEGTRID2 -9.99992933E+04 0.0E+00 3.3E-16 4.2E-06 16 3.44 0

DEGTRIDL 5.00172150E-01 1.5E-07 9.7E-08 3.4E-04 7 1.66 0

DPKLO1 3.70096218E-01 7.1E-15 3.6E-05 3.0E-16 1 0.00 0

DTOC3 2.35216400E+02 2.4E-15 1.6E-04 6.2E-14 1 0.02 0

DUAL1 3.50500401E-02 0.0E+00 1.1E-06 4.1E-06 12 0.01 0

DUAL2 3.37357361E-02 4.4E-16 4.0E-06 1.0E-06 11 0.01 0

DUAL3 1.35779410E-01 6.7E-16 4.3E-07 3.1E-06 10 0.02 0

DUAL4 7.46091324E-01 2.2E-16 4.2E-07 1.5E-06 10 0.01 0

DUALC1 6.15525169E+03 1.1E-16 5.6E-06 1.5E-06 26 0.03 0

DUALC2 3.55130639E+03 1.1E-16 5.1E-06 1.5E-06 18 0.02 0

DUALC5 4.27232568E+02 0.0E+00 4.3E-06 3.3E-08 16 0.03 0

DUALC8 1.83093612E+04 2.2E-16 5.0E-06 1.5E-07 21 0.05 0

EXDATA -1.41843058E+02 1.1E-14 1.0E-04 2.6E-06 20 7.62 0

GENHS28 9.27173694E-01 5.6E-16 3.1E-06 1.2E-16 1 0.00 0

GOULDQP2 1.59760833E-12 4.4E-16 2.3E-02 4.7E-07 3 0.34 0

GOULDQP3 6.37116173E-05 4.4E-16 2.3E-02 4.7E-07 3 0.41 0

HS21 -9.99599994E+01 0.0E+00 2.0E-05 6.2E-07 12 0.00 0

HS35 1.11111820E-01 0.0E+00 1.3E-05 7.1E-07 9 0.00 0

HS35MOD 2.50003510E-01 0.0E+00 1.5E-05 7.0E-06 10 0.00 0

HS51 8.50000000E+00 0.0E+00 4.0E+00 0.0E+00 0 0.00 0
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Table A.3: Complete results for option T2 (continued)

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

HS52 5.32664756E+00 4.4E-16 5.2E-06 1.5E-15 1 0.00 0

HS53 4.09302326E+00 1.1E-16 6.6E-06 1.2E-05 5 0.00 0

HS76 -4.68181549E+00 0.0E+00 2.1E-05 1.3E-06 11 0.00 0

HS118 6.64820582E+02 0.0E+00 7.7E-04 1.3E-05 13 0.00 0

HS268 2.13802232E-05 0.0E+00 4.0E-05 4.1E-05 13 0.00 0

HUES-MOD 3.48244898E+07 1.0E-11 9.5E-02 2.8E-04 12 0.14 0

HUESTIS 3.48298240E+09 6.8E-13 9.5E-02 6.5E-06 12 0.01 0

KSIP 5.75824520E-01 0.0E+00 4.0E-06 9.1E-06 50 0.43 0

LASER 2.40960136E+06 1.9E-07 3.5E-03 2.7E-04 9 0.07 0

LEUVEN1 -1.52429007E+07 9.3E-10 1.8E-02 6.6E-06 70 1.37 0

LEUVEN2 -1.41465394E+07 3.5E-07 1.8E-02 9.3E-05 90 1.71 0

LEUVEN7 6.94547162E+02 0.0E+00 4.1E-05 2.9E-05 24 0.36 0

LISWET1 7.22928903E+00 0.0E+00 1.1E-05 2.0E-03 13 0.14 0

LISWET2 5.00619101E+00 0.0E+00 1.1E-05 2.4E-03 13 0.13 0

LISWET3 4.99780105E+00 0.0E+00 1.0E-05 6.2E-06 25 0.26 0

LISWET4 4.99785265E+00 0.0E+00 1.0E-05 9.9E-06 27 0.28 0

LISWET5 4.99785221E+00 0.0E+00 2.7E-05 5.4E-06 25 0.26 0

LISWET6 4.99792268E+00 0.0E+00 1.1E-05 6.7E-06 27 0.28 0

LISWET7 9.99127782E+01 0.0E+00 6.5E-06 5.5E-03 13 0.13 0

LISWET8 1.43130575E+02 2.4E-07 1.1E-05 7.3E-09 30 0.32 0

LISWET9 3.92920162E+02 5.3E-08 9.5E-06 9.5E-08 31 0.32 0

LISWET10 9.89651570E+00 0.0E+00 1.3E-05 6.4E-06 25 0.27 0

LISWET12 3.47519044E+02 2.1E-06 1.2E-05 3.4E-05 19 0.19 0

LOTSCHD 2.39841586E+03 3.9E-14 2.7E-04 9.0E-06 9 0.01 0

MOSARQP1 -3.82140972E+03 0.0E+00 1.5E-05 4.3E-06 20 0.21 0

MOSARQP2 -5.05259142E+03 0.0E+00 1.1E-05 1.2E-04 17 0.19 0

MPC1 -2.32620447E+07 1.6E-12 1.8E-02 1.6E-06 29 1.23 0

MPC2 -1.50331477E+07 1.1E-12 1.6E-02 6.4E-05 26 0.51 0

MPC3 -1.50295469E+07 9.1E-13 1.6E-02 8.2E-05 27 0.51 0

MPC4 -1.50334607E+07 1.0E-12 1.6E-02 1.6E-06 29 0.58 0

MPC5 -1.50334851E+07 5.6E-08 1.6E-02 7.9E-06 29 0.56 0

MPC6 -1.50335373E+07 3.2E-07 1.6E-02 3.3E-06 30 0.59 0

MPC7 -1.50335567E+07 7.7E-13 1.6E-02 3.4E-06 31 0.60 0

MPC8 -1.50335771E+07 3.5E-07 1.6E-02 5.0E-06 26 0.50 0

MPC9 -1.50335693E+07 1.0E-12 1.6E-02 1.8E-06 27 0.53 0

MPC10 -1.50335538E+07 1.3E-12 1.6E-02 1.5E-06 28 0.54 0

MPC11 -1.50301194E+07 6.8E-13 1.6E-02 5.8E-06 32 0.66 0

MPC12 -1.50334620E+07 2.8E-07 5.8E-02 1.2E-05 29 0.59 0

MPC13 -1.50335763E+07 8.2E-13 1.6E-02 3.5E-07 31 0.59 0

MPC14 -1.50335392E+07 1.0E-12 2.0E-02 3.9E-06 29 0.58 0

MPC15 -1.50335863E+07 9.2E-08 1.6E-02 1.8E-06 27 0.53 0

MPC16 -1.50335836E+07 3.3E-07 1.1E-01 1.1E-04 26 0.51 0

POWELL20 5.20895826E+10 2.2E-08 7.5E-02 1.4E-01 71 3.57 0

PRIMAL1 -3.48581404E-02 0.0E+00 3.7E-07 8.2E-06 19 0.06 0

PRIMAL2 -3.36657779E-02 0.0E+00 3.6E-07 6.4E-06 18 0.08 0

PRIMAL3 -1.35717681E-01 0.0E+00 1.5E-06 3.3E-06 18 0.19 0

PRIMAL4 -7.46085415E-01 0.0E+00 8.4E-06 6.2E-06 17 0.11 0

PRIMALC1 -6.12365684E+03 0.0E+00 9.7E-02 1.7E-06 17 0.02 0

PRIMALC2 -3.55019769E+03 0.0E+00 4.7E-02 4.2E-06 17 0.02 0

PRIMALC5 -4.27230845E+02 0.0E+00 4.6E-03 4.9E-06 12 0.01 0

PRIMALC8 -1.73353222E+04 0.0E+00 2.6E-01 2.3E-07 15 0.03 0

Q25FV47 1.37444479E+07 1.8E-10 1.5E-02 2.7E-07 103 2.20 0

QADLITTL 4.80318859E+05 2.3E-13 3.9E-03 3.4E-06 21 0.01 0

QAFIRO -1.59077758E+00 2.5E-15 2.5E-04 1.8E-05 16 0.01 0

QPBAND -3.14333203E+00 0.0E+00 2.0E-05 6.6E-07 8 0.00 0

QBANDM 1.63523446E+04 2.5E-11 8.4E-03 1.9E-06 33 0.08 0

QBEACONF 1.64712873E+05 8.8E-11 2.8E-02 9.7E-04 17 0.03 0

QBORE3D 3.12591940E+03 1.6E-07 6.2E-02 3.2E-05 27 0.05 0

QBRANDY 2.83751565E+04 2.9E-12 3.5E-02 4.7E-05 38 0.06 0

QCAPRI 6.67933017E+07 2.1E-08 6.1E-02 5.6E-02 113 0.31 0

QE226 2.12657259E+02 4.1E-12 1.1E-03 2.7E-06 63 0.15 0
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Table A.3: Complete results for option T2 (continued)

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

QETAMACR 8.67603696E+04 1.3E-09 4.6E-04 2.2E-06 53 0.24 0

QFFFFF80 8.78090621E+05 1.2E-10 2.5E+00 1.1E-06 96 0.64 0

QFORPLAN 7.45663162E+09 9.5E-10 8.2E-02 8.7E-04 38 0.10 0

QGFRDXPN 1.00790586E+11 8.2E-12 7.0E-01 4.9E-06 62 0.27 0

QGROW7 -1.65631181E+07 1.2E-10 3.5E+00 9.4E-06 23 0.04 0

QGROW15 -3.82560279E+07 1.5E-10 3.6E+00 2.4E-06 24 0.10 0

QGROW22 -5.58998667E+07 1.2E-10 3.6E+00 8.1E-06 26 0.15 0

QISRAEL 2.53481531E+07 0.0E+00 2.2E-02 2.8E-07 90 0.15 0

QPCBLEND -7.82843941E-03 3.5E-18 2.1E-07 5.2E-06 26 0.02 0

QPCBOEI1 1.15039142E+07 1.2E-09 4.7E-03 4.1E-04 61 0.22 0

QPCBOEI2 8.17196355E+06 2.5E-11 8.8E-03 1.0E-04 48 0.07 0

QPCSTAIR 6.20439170E+06 2.8E-14 2.5E-03 8.5E-06 34 0.13 0

QPILOTNO 4.73232880E+06 3.1E-06 1.9E-01 6.9E-05 127 1.84 0

QPTEST 4.37187711E+00 0.0E+00 7.7E-06 2.1E-06 10 0.00 0

QRECIPE -2.66615998E+02 3.6E-15 7.5E-01 8.4E-06 42 0.04 0

QSC205 -5.78571097E-03 8.9E-16 2.5E-05 1.1E-05 28 0.04 0

QSCAGR25 2.01737938E+08 4.4E-12 2.3E-01 7.9E-08 23 0.06 0

QSCAGR7 2.68659505E+07 1.3E-10 3.9E-02 1.0E-04 23 0.02 0

QSCFXM1 1.68829367E+07 7.3E-12 1.6E-01 1.5E-05 98 0.27 0

QSCFXM2 2.77764417E+07 1.9E-12 1.6E-01 3.9E-06 131 0.77 0

QSCFXM3 3.08166697E+07 6.2E-09 1.6E-01 1.8E-06 138 1.20 0

QSCORPIO 1.88050956E+03 1.7E-12 2.7E-05 1.1E-07 29 0.06 0

QSCRS8 9.04573515E+02 9.4E-14 2.1E-03 9.4E-06 49 0.24 0

QSCSD1 8.66672764E+00 4.5E-08 5.5E-06 6.2E-07 15 0.04 0

QSCSD6 5.08082668E+01 6.7E-16 1.2E-05 3.1E-06 20 0.09 0

QSCSD8 9.40763586E+02 3.6E-15 2.2E-04 1.0E-06 20 0.18 0

QSCTAP1 1.41586118E+03 2.2E-16 1.0E-04 6.3E-06 54 0.15 0

QSCTAP2 1.73502708E+03 2.2E-16 1.0E-05 7.4E-06 55 0.55 0

QSCTAP3 1.43875526E+03 2.2E-16 1.0E-05 5.8E-06 57 0.75 0

QSEBA 8.14818490E+07 4.3E-12 7.3E-02 1.9E-07 58 0.26 0

QSHARE1B 7.88369053E+05 7.4E-11 1.4E+00 9.5E-05 59 0.07 0

QSHARE2B 1.17036917E+04 3.6E-15 6.0E-04 4.7E-06 41 0.03 0

QSHELL 1.57263684E+12 1.2E-10 2.8E+00 9.3E-04 54 0.34 0

QSHIP04L 2.42001553E+06 4.9E-11 8.0E-04 9.2E-07 18 0.13 0

QSHIP04S 2.42499367E+06 3.1E-10 8.0E-04 3.2E-06 19 0.09 0

QSHIP08L 2.37604062E+06 4.4E-07 4.0E-04 3.3E-03 24 0.67 0

QSHIP08S 2.38572885E+06 4.4E-10 4.0E-04 4.8E-04 26 0.31 0

QSHIP12L 3.01887658E+06 3.5E-09 9.2E-04 2.6E-05 25 1.12 0

QSHIP12S 3.05696225E+06 2.2E-10 9.2E-04 1.8E-03 27 0.39 0

QSIERRA 2.37504582E+07 5.0E-08 2.1E-02 3.1E-04 34 0.44 0

QSTAIR 7.98545276E+06 2.8E-14 2.5E-03 3.6E-05 36 0.13 0

QSTANDAT 6.41183937E+03 6.2E-08 9.8E-03 4.1E-06 53 0.23 0

S268 2.13802232E-05 0.0E+00 4.0E-05 4.1E-05 13 0.00 0

STADAT1 -2.85240734E+07 3.3E-06 5.3E-02 2.4E-05 31 0.63 0

STADAT2 -3.26236702E+01 0.0E+00 1.4E-04 1.1E-06 29 0.60 0

STADAT3 -3.57669313E+01 0.0E+00 1.4E-04 1.4E-05 66 4.43 0

STCQP1 3.67100485E+05 7.1E-15 2.0E-05 6.5E-05 9 2.53 0

STCQP2 3.71892743E+04 3.6E-15 2.1E-05 5.1E-05 10 2.63 0

TAME 0.00000000E+00 0.0E+00 5.0E-06 3.6E-07 6 0.01 0

UBH1 7.28904158E+01 2.0E-13 1.1E-02 1.2E-04 9 0.27 0

VALUES -1.39569337E+00 4.4E-16 3.4E-06 9.8E-06 14 0.02 0

YAO 1.97707087E+02 0.0E+00 4.8E-06 3.4E-03 14 0.15 0

ZECEVIC2 -4.12499990E+00 0.0E+00 1.8E-05 1.0E-07 9 0.00 0

Table A.4: Complete results for option P2

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

A0ENDNDL 2.50979312E-04 8.6E-13 1.0E-04 5.0E-08 18 1.35 0

A0ENINDL 3.22303928E-02 7.4E-06 1.0E-04 6.7E-06 13 1.04 0

A0ENSNDL 1.35441207E-03 1.8E-06 1.0E-04 5.6E-07 37 4.29 0
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Table A.4: Complete results for option P2 (continued)

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

A0ESDNDL 1.07195492E-02 2.2E-13 1.0E-04 2.2E-06 16 1.22 0

A0ESINDL 7.82082274E-03 2.8E-14 1.0E-04 1.6E-06 16 1.25 0

A2ENDNDL 3.56522130E-03 2.6E-13 1.0E-04 8.9E-07 18 1.35 0

A2ENINDL 3.04595791E-02 1.4E-13 1.0E-04 7.6E-06 12 0.97 0

A2ENSNDL 3.18027910E-02 2.2E-10 1.0E-04 7.4E-05 18 1.40 0

A2ESDNDL 3.21523756E-02 1.6E-13 1.0E-04 8.0E-06 16 1.22 0

A2ESINDL 1.26605190E-04 1.3E-13 1.0E-04 2.7E-08 16 1.21 0

A5ENINDL 6.00399064E-04 3.1E-13 1.0E-04 1.7E-07 13 1.02 0

A5ENSNDL 8.69969917E+01 1.7E-08 1.0E-04 3.5E-02 17 1.28 -17

A5ESDNDL 6.96469051E-03 1.9E-13 1.0E-04 2.8E-06 16 1.23 0

A5ESINDL 2.45572954E-02 1.7E-13 1.0E-04 1.1E-05 13 1.05 0

A5ESSNDL 8.69979589E+01 5.5E-08 1.0E-04 3.5E-02 17 1.29 -17

AUG2D 1.68741175E+06 1.1E-14 3.5E-04 1.9E-12 1 0.09 0

AUG2DC 1.81836807E+06 1.1E-14 3.5E-04 1.9E-12 1 0.09 0

AUG2DCQP 6.49813474E+06 2.1E-14 6.5E-04 3.7E-06 32 2.74 0

AUG2DQP 6.23701203E+06 4.9E-12 6.6E-04 4.5E-07 30 2.51 0

AUG3D 2.45614860E+04 2.6E-15 5.8E-05 1.4E-14 1 0.25 0

AUG3DC 2.76540711E+04 2.7E-15 5.6E-05 2.2E-14 1 0.25 0

AUG3DCQP 6.15603838E+04 1.1E-12 8.3E-05 1.3E-06 20 4.71 0

AUG3DQP 5.42289966E+04 1.2E-06 8.5E-05 6.1E-07 24 5.12 0

BOYD1 -6.17352196E+07 3.6E-02 3.4E-04 7.4E-05 49 17.31 0

BOYD2 2.12595755E+01 4.9E-02 5.9E-05 6.8E-04 82 121.33 0

CONT5-QP 1.24805284E-02 1.2E-11 9.1E-06 6.6E-06 17 12.42 0

CONT-050 -4.56351005E+00 3.1E-15 3.5E-05 1.6E-08 9 0.21 0

CONT1-10 -4.63394405E+00 3.4E-14 3.5E-05 1.5E-06 8 1.03 0

CONT-101 2.01573825E-01 7.1E-15 7.6E-05 6.8E-05 8 1.14 0

CONT1-20 -4.34928258E+00 1.8E-13 2.8E-05 8.5E-06 7 5.30 0

CONT-201 2.08385948E-01 7.1E-15 6.9E-05 2.1E-07 12 8.91 0

CONT-300 2.12203396E-01 7.1E-15 6.6E-05 7.0E-07 12 23.71 0

CVXQP1 L 1.08704800E+08 3.6E-15 2.2E-05 6.0E-06 14 20.59 0

CVXQP1 M 1.08751157E+06 1.1E-14 2.4E-05 1.8E-07 12 0.24 0

CVXQP1 S 1.15907184E+04 8.9E-16 1.4E-05 8.5E-06 9 0.01 0

CVXQP2 L 8.18424583E+07 1.8E-15 5.1E-05 6.3E-07 14 7.60 0

CVXQP2 M 8.20155431E+05 1.8E-15 4.8E-05 2.4E-06 11 0.14 0

CVXQP2 S 8.12094049E+03 1.8E-15 3.5E-05 3.0E-07 10 0.01 0

CVXQP3 L 1.15711104E+08 7.6E-07 1.9E-03 4.5E-01 34 574.78 -7

CVXQP3 M 1.36282874E+06 8.9E-16 1.3E-05 1.5E-07 14 0.44 0

CVXQP3 S 1.19434322E+04 8.3E-13 1.3E-05 1.2E-06 9 0.01 0

DEGDIAG 1.66665838E+04 0.0E+00 4.4E-16 9.4E-07 8 1.24 0

DEGENQP 1.94943266E-08 0.0E+00 6.8E-08 7.8E-09 9 7.68 0

DEGTRID -9.99995000E+04 0.0E+00 1.8E-06 7.1E-09 9 2.99 0

DEGTRID2 -9.99994772E+04 0.0E+00 7.2E-12 2.8E-06 4 1.03 0

DEGTRIDL 4.99999808E-01 1.7E-07 2.6E-06 1.7E-07 7 1.85 0

DPKLO1 3.70096218E-01 7.1E-15 3.6E-05 3.0E-16 1 0.00 0

DTOC3 2.35216400E+02 2.4E-15 1.6E-04 6.2E-14 1 0.02 0

DUAL1 3.50166686E-02 4.4E-16 1.1E-06 2.9E-06 12 0.01 0

DUAL2 3.37351177E-02 2.2E-16 4.6E-07 9.0E-07 10 0.01 0

DUAL3 1.35760991E-01 4.4E-16 1.1E-06 4.5E-06 9 0.02 0

DUAL4 7.46097663E-01 2.2E-16 7.3E-07 2.6E-06 11 0.02 0

DUALC1 6.15525169E+03 0.0E+00 5.0E-06 2.3E-07 25 0.03 0

DUALC2 3.55130639E+03 0.0E+00 4.6E-06 2.2E-06 18 0.02 0

DUALC5 4.27232568E+02 1.1E-16 4.4E-06 1.2E-07 15 0.03 0

DUALC8 1.83093612E+04 0.0E+00 6.2E-06 2.8E-06 22 0.06 0

EXDATA -1.41843155E+02 3.0E-14 1.0E-04 3.0E-06 17 6.87 0

GENHS28 9.27173694E-01 5.6E-16 3.1E-06 1.2E-16 1 0.00 0

GOULDQP2 1.59762769E-12 4.4E-16 1.9E-02 7.5E-07 2 0.25 0

GOULDQP3 6.36961049E-05 4.4E-16 2.3E-02 4.7E-07 3 0.42 0

HS21 -9.99599998E+01 0.0E+00 2.0E-05 2.9E-07 10 0.00 0

HS35 1.11118240E-01 0.0E+00 1.3E-05 7.3E-06 8 0.00 0

HS35MOD 2.50000013E-01 0.0E+00 1.5E-05 2.5E-06 8 0.00 0

HS51 8.50000000E+00 0.0E+00 4.0E+00 0.0E+00 0 0.00 0
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Table A.4: Complete results for option P2 (continued)

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

HS52 5.32664756E+00 4.4E-16 5.2E-06 1.5E-15 1 0.00 0

HS53 4.09302326E+00 0.0E+00 7.6E-06 1.3E-05 5 0.00 0

HS76 -4.68181302E+00 0.0E+00 2.1E-05 6.7E-06 12 0.00 0

HS118 6.64820464E+02 0.0E+00 7.7E-04 1.0E-06 28 0.01 0

HS268 2.54640327E-07 0.0E+00 4.0E-05 7.0E-07 12 0.00 0

HUES-MOD 3.48244898E+07 7.5E-12 9.5E-02 1.9E-06 14 0.17 0

HUESTIS 3.48298240E+09 6.8E-13 9.5E-02 5.8E-06 11 0.01 0

KSIP 5.75915128E-01 0.0E+00 4.0E-06 1.0E-05 20 0.18 0

LASER 2.40960136E+06 0.0E+00 3.5E-03 3.4E-08 12 0.09 0

LEUVEN1 -1.52429007E+07 2.0E-11 1.8E-02 4.4E-06 61 1.26 0

LEUVEN2 -1.41465394E+07 4.4E-12 1.8E-02 4.8E-06 82 1.61 0

LEUVEN7 6.94547118E+02 0.0E+00 4.1E-05 2.2E-06 23 0.36 0

LISWET1 7.22187787E+00 1.0E-06 1.1E-05 6.3E-07 12 0.13 0

LISWET2 5.00162314E+00 0.0E+00 1.0E-05 1.0E-05 14 0.16 0

LISWET3 4.99853568E+00 0.0E+00 1.0E-05 8.8E-06 17 0.19 0

LISWET4 4.99823444E+00 0.0E+00 1.0E-05 9.6E-06 20 0.22 0

LISWET5 4.99852330E+00 0.0E+00 2.7E-05 7.5E-06 23 0.25 0

LISWET6 4.99889016E+00 0.0E+00 1.1E-05 9.5E-06 16 0.18 0

LISWET7 9.98951652E+01 7.3E-09 6.4E-06 4.0E-09 14 0.15 0

LISWET8 1.43130488E+02 1.2E-11 1.1E-05 8.2E-06 17 0.19 0

LISWET9 3.92919947E+02 1.4E-11 9.5E-06 4.7E-06 18 0.20 0

LISWET10 9.89875297E+00 1.5E-11 1.3E-05 4.7E-06 21 0.23 0

LISWET12 3.47518973E+02 9.7E-13 1.2E-05 9.7E-06 17 0.19 0

LOTSCHD 2.39841585E+03 1.8E-14 2.7E-04 2.5E-06 10 0.01 0

MOSARQP1 -3.82140933E+03 0.0E+00 1.5E-05 6.3E-06 13 0.15 0

MOSARQP2 -5.05259194E+03 0.0E+00 1.1E-05 6.0E-06 12 0.14 0

MPC1 -2.32620447E+07 1.8E-12 1.8E-02 1.2E-06 28 1.17 0

MPC2 -1.50331477E+07 8.5E-12 1.6E-02 7.3E-06 25 0.51 0

MPC3 -1.50295469E+07 2.0E-12 1.6E-02 5.3E-06 24 0.49 0

MPC4 -1.50334607E+07 9.0E-12 1.6E-02 6.3E-06 23 0.47 0

MPC5 -1.50334851E+07 7.7E-12 1.6E-02 4.1E-06 24 0.49 0

MPC6 -1.50335373E+07 3.5E-11 1.6E-02 1.3E-05 22 0.45 0

MPC7 -1.50335567E+07 4.6E-11 2.4E-01 1.6E-05 22 0.46 0

MPC8 -1.50335771E+07 1.7E-11 1.0E-01 7.5E-06 23 0.47 0

MPC9 -1.50335693E+07 1.4E-11 6.6E-02 7.8E-06 22 0.45 0

MPC10 -1.50335538E+07 3.8E-11 1.6E-01 8.4E-06 22 0.46 0

MPC11 -1.50301194E+07 3.9E-12 1.8E-01 1.7E-06 24 0.49 0

MPC12 -1.50334620E+07 1.1E-11 1.6E-02 3.8E-06 26 0.53 0

MPC13 -1.50335763E+07 1.9E-11 1.6E-02 7.1E-06 22 0.45 0

MPC14 -1.50335392E+07 1.4E-11 2.6E-01 2.7E-06 22 0.45 0

MPC15 -1.50335863E+07 3.5E-11 8.7E-01 8.2E-06 20 0.41 0

MPC16 -1.50335836E+07 2.8E-12 3.0E-02 4.4E-07 23 0.48 0

POWELL20 5.20895826E+10 1.8E-08 7.5E-02 1.1E-01 76 3.79 0

PRIMAL1 -3.49843664E-02 0.0E+00 3.5E-07 2.8E-06 12 0.04 0

PRIMAL2 -3.37253066E-02 0.0E+00 3.6E-07 1.4E-06 10 0.05 0

PRIMAL3 -1.35745904E-01 0.0E+00 1.5E-06 1.0E-06 12 0.14 0

PRIMAL4 -7.46083095E-01 0.0E+00 8.4E-06 5.5E-06 10 0.07 0

PRIMALC1 -6.12365709E+03 0.0E+00 9.7E-02 6.2E-07 17 0.02 0

PRIMALC2 -3.55019632E+03 0.0E+00 4.7E-02 1.2E-05 18 0.02 0

PRIMALC5 -4.27230409E+02 0.0E+00 4.6E-03 6.0E-05 11 0.01 0

PRIMALC8 -1.73353213E+04 0.0E+00 2.6E-01 2.6E-06 12 0.03 0

Q25FV47 1.37444479E+07 6.5E-11 1.5E-02 1.3E-06 97 2.19 0

QADLITTL 4.80318859E+05 4.5E-13 3.9E-03 3.8E-05 20 0.02 0

QAFIRO -1.59075547E+00 8.6E-11 2.6E-04 6.8E-05 18 0.01 0

QPBAND -3.14333333E+00 0.0E+00 2.0E-05 7.1E-09 9 0.00 0

QBANDM 1.63523447E+04 1.5E-09 8.4E-03 3.5E-07 29 0.08 0

QBEACONF 1.64712872E+05 1.3E-11 2.8E-02 1.9E-09 16 0.03 0

QBORE3D 3.12591907E+03 1.1E-08 6.2E-02 2.9E-06 30 0.06 0

QBRANDY 2.83751565E+04 1.0E-09 3.5E-02 3.8E-06 35 0.06 0

QCAPRI 6.67933017E+07 1.6E-08 6.1E-02 5.9E-02 101 0.30 0

QE226 2.12657259E+02 2.4E-11 1.1E-03 7.4E-07 61 0.16 0
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Table A.4: Complete results for option P2 (continued)

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

QETAMACR 8.67603698E+04 9.1E-08 4.6E-04 1.3E-05 46 0.22 0

QFFFFF80 8.78090621E+05 8.4E-08 2.5E+00 4.5E-03 91 0.63 0

QFORPLAN 7.45663162E+09 4.2E-12 8.2E-02 1.8E-06 40 0.11 0

QGFRDXPN 1.00790586E+11 1.4E-10 7.0E-01 9.3E-05 61 0.28 0

QGROW7 -1.65631181E+07 1.0E-10 3.5E+00 8.8E-06 21 0.05 0

QGROW15 -3.82560279E+07 1.2E-10 3.6E+00 3.9E-06 23 0.10 0

QGROW22 -5.58998667E+07 1.7E-10 3.6E+00 1.0E-05 24 0.15 0

QISRAEL 2.53481531E+07 4.9E-06 2.2E-02 2.3E-06 94 0.16 0

QPCBLEND -7.67226324E-03 2.9E-12 2.1E-07 1.3E-05 24 0.02 0

QPCBOEI1 1.15039142E+07 2.7E-12 4.7E-03 5.6E-06 61 0.23 0

QPCBOEI2 8.17196355E+06 1.6E-13 8.8E-03 7.9E-08 46 0.07 0

QPCSTAIR 6.20439170E+06 5.0E-11 2.5E-03 1.6E-06 28 0.12 0

QPILOTNO 4.73232880E+06 2.9E-06 1.9E-01 6.4E-05 123 1.79 0

QPTEST 4.37187524E+00 0.0E+00 7.6E-06 2.4E-07 9 0.00 0

QRECIPE -2.66615999E+02 1.1E-11 2.0E-04 8.3E-07 32 0.03 0

QSC205 -5.81338558E-03 8.4E-13 5.7E-06 1.6E-06 22 0.03 0

QSCAGR25 2.01737938E+08 7.3E-12 2.3E-01 1.3E-06 21 0.06 0

QSCAGR7 2.68659505E+07 9.1E-13 3.9E-02 1.2E-06 20 0.02 0

QSCFXM1 1.68829367E+07 3.6E-12 1.6E-01 8.5E-07 94 0.28 0

QSCFXM2 2.77764417E+07 2.2E-12 1.6E-01 8.5E-07 113 0.69 0

QSCFXM3 3.08166697E+07 4.5E-11 1.6E-01 1.4E-05 130 1.19 0

QSCORPIO 1.88050956E+03 5.0E-11 2.7E-05 1.1E-07 26 0.06 0

QSCRS8 9.04573530E+02 4.7E-09 2.1E-03 1.3E-06 47 0.24 0

QSCSD1 8.66763570E+00 3.0E-16 5.3E-06 6.3E-06 12 0.03 0

QSCSD6 5.08082922E+01 6.5E-16 1.2E-05 1.2E-06 17 0.08 0

QSCSD8 9.40763831E+02 5.6E-15 2.2E-04 3.1E-06 20 0.19 0

QSCTAP1 1.41586116E+03 3.1E-12 1.0E-04 1.7E-06 42 0.12 0

QSCTAP2 1.73502701E+03 1.0E-07 1.0E-05 3.4E-06 44 0.48 0

QSCTAP3 1.43875545E+03 1.3E-08 1.0E-05 3.0E-05 43 0.61 0

QSEBA 8.14818490E+07 1.1E-07 7.3E-02 4.1E-03 58 0.28 0

QSHARE1B 7.88369055E+05 1.2E-10 1.4E+00 1.3E-05 54 0.07 0

QSHARE2B 1.17036918E+04 1.8E-12 6.0E-04 4.5E-06 41 0.04 0

QSHELL 1.57263684E+12 1.2E-10 2.8E+00 9.3E-04 55 0.35 0

QSHIP04L 2.42001554E+06 2.8E-08 8.0E-04 1.4E-04 21 0.16 0

QSHIP04S 2.42499367E+06 2.5E-12 8.0E-04 4.5E-08 21 0.11 0

QSHIP08L 2.37604062E+06 2.7E-11 4.0E-04 8.1E-07 23 0.66 0

QSHIP08S 2.38572885E+06 5.4E-11 1.5E-09 7.6E-05 20 0.25 0

QSHIP12L 3.01887658E+06 1.3E-11 9.2E-04 1.2E-06 25 1.12 0

QSHIP12S 3.05696225E+06 2.1E-13 9.2E-04 2.8E-06 23 0.35 0

QSIERRA 2.37504582E+07 4.0E-10 2.1E-02 2.4E-06 50 0.67 0

QSTAIR 7.98545276E+06 1.7E-10 2.5E-03 8.3E-06 35 0.13 0

QSTANDAT 6.41183901E+03 6.8E-10 9.8E-03 1.9E-06 53 0.25 0

S268 2.54640327E-07 0.0E+00 4.0E-05 7.0E-07 12 0.00 0

STADAT1 -2.85240734E+07 4.6E-08 5.3E-02 1.1E-05 52 1.01 0

STADAT2 -3.26235465E+01 0.0E+00 1.4E-04 4.5E-06 23 0.49 0

STADAT3 -3.57663988E+01 0.0E+00 1.4E-04 1.0E-05 71 3.91 0

STCQP1 3.67100485E+05 1.8E-15 2.0E-05 8.3E-07 11 2.99 0

STCQP2 3.71892743E+04 2.2E-16 2.0E-05 7.5E-07 12 3.30 0

TAME 0.00000000E+00 0.0E+00 5.0E-06 3.6E-12 2 0.01 0

UBH1 7.29027563E+01 4.8E-13 1.1E-02 3.9E-07 11 0.34 0

VALUES -1.39628875E+00 2.9E-16 3.3E-06 3.0E-06 12 0.02 0

YAO 1.97704553E+02 4.2E-13 4.8E-06 5.6E-08 16 0.18 0

ZECEVIC2 -4.12499396E+00 0.0E+00 1.7E-05 1.0E-05 11 0.00 0

Table A.5: Complete results for option P4

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

A0ENDNDL 4.49324603E-02 2.3E-13 1.0E-04 9.2E-06 15 1.88 0

A0ENINDL 2.08629733E-02 5.2E-13 1.0E-04 4.2E-06 12 1.54 0

A0ENSNDL 1.23623697E-02 3.5E-11 1.0E-04 1.7E-05 20 3.14 0
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Table A.5: Complete results for option P4 (continued)

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

A0ESDNDL 3.26568757E-02 4.8E-13 1.0E-04 6.6E-06 15 1.88 0

A0ESINDL 3.54858802E-04 3.6E-13 1.0E-04 7.1E-08 15 1.91 0

A2ENDNDL 1.04602061E-03 2.8E-14 1.0E-04 2.4E-07 16 2.00 0

A2ENINDL 1.75321988E-02 1.7E-13 1.0E-04 3.8E-06 11 1.42 0

A2ENSNDL 8.87020266E+02 4.6E-08 1.0E-04 3.4E-01 20 2.37 -17

A2ESDNDL 2.04723926E-02 1.9E-13 1.0E-04 4.7E-06 15 1.91 0

A2ESINDL 4.06945633E-04 4.4E-13 1.0E-04 9.8E-08 14 1.77 0

A5ENINDL 4.91573717E-03 2.5E-13 1.0E-04 1.4E-06 11 1.42 0

A5ENSNDL 1.79519502E+03 8.4E-08 1.0E-04 5.6E-01 13 1.58 -17

A5ESDNDL 5.33643877E-04 9.2E-14 1.0E-04 1.6E-07 15 1.86 0

A5ESINDL 3.78603976E-05 2.8E-13 1.0E-04 1.4E-08 13 1.65 0

A5ESSNDL 1.79512521E+03 8.4E-08 1.0E-04 5.6E-01 13 1.58 -17

AUG2D 1.68741175E+06 1.1E-14 3.5E-04 1.9E-12 1 0.11 0

AUG2DC 1.81836807E+06 1.1E-14 3.5E-04 1.9E-12 1 0.11 0

AUG2DCQP 6.49813474E+06 2.1E-14 6.5E-04 2.1E-07 27 3.78 0

AUG2DQP 6.23701203E+06 2.1E-14 6.6E-04 1.8E-06 18 2.56 0

AUG3D 2.45614860E+04 2.6E-15 5.8E-05 1.4E-14 1 0.25 0

AUG3DC 2.76540711E+04 2.7E-15 5.6E-05 2.2E-14 1 0.25 0

AUG3DCQP 6.15603855E+04 2.9E-12 8.3E-05 8.5E-06 21 6.23 0

AUG3DQP 5.42290022E+04 4.9E-15 8.5E-05 6.0E-06 21 6.21 0

BOYD1 -6.17352196E+07 9.9E-02 3.4E-04 7.9E-05 37 21.86 0

BOYD2 2.12593069E+01 4.3E-01 5.9E-05 5.7E-04 89 215.08 0

CONT5-QP 1.33857169E-02 9.1E-12 9.9E-06 7.2E-06 12 11.84 0

CONT-050 -4.56348122E+00 2.7E-15 3.5E-05 3.9E-06 8 0.29 0

CONT1-10 -4.63960622E+00 3.3E-15 3.5E-05 6.6E-07 8 1.49 0

CONT-101 2.01497939E-01 5.3E-15 7.6E-05 1.3E-07 6 1.15 0

CONT1-20 -4.32603170E+00 3.3E-15 2.7E-05 1.2E-05 6 6.17 0

CONT-201 2.08387168E-01 5.3E-15 6.9E-05 1.9E-06 12 12.30 0

CONT-300 2.12202975E-01 2.0E-08 6.6E-05 6.6E-08 11 29.14 0

CVXQP1 L 1.08704800E+08 1.8E-15 2.3E-05 1.4E-04 10 14.75 0

CVXQP1 M 1.08751157E+06 1.8E-15 2.4E-05 3.1E-06 10 0.25 0

CVXQP1 S 1.15907181E+04 8.9E-16 1.3E-05 7.2E-07 8 0.02 0

CVXQP2 L 8.18424583E+07 1.7E-13 5.1E-05 2.5E-07 11 6.60 0

CVXQP2 M 8.20155431E+05 1.8E-15 4.8E-05 3.4E-07 8 0.13 0

CVXQP2 S 8.12094059E+03 8.9E-16 3.5E-05 2.1E-06 8 0.01 0

CVXQP3 L 1.15711104E+08 1.0E-08 5.7E-04 6.7E-03 9 54.02 0

CVXQP3 M 1.36282874E+06 1.8E-15 1.4E-05 6.7E-06 12 0.44 0

CVXQP3 S 1.19434325E+04 1.8E-14 1.3E-05 7.3E-05 7 0.02 0

DEGDIAG 1.66666038E+04 0.0E+00 7.5E-16 3.7E-06 6 1.77 0

DEGENQP 5.21586633E-06 0.0E+00 4.4E-11 5.8E-08 9 13.05 0

DEGTRID -9.99995000E+04 0.0E+00 4.1E-06 1.4E-05 5 2.16 0

DEGTRID2 -9.99994855E+04 0.0E+00 4.6E-16 3.1E-07 4 1.73 0

DEGTRIDL 5.00000043E-01 5.0E-08 4.4E-16 1.1E-07 5 2.27 0

DPKLO1 3.70096218E-01 7.1E-15 3.6E-05 3.0E-16 1 0.00 0

DTOC3 2.35216400E+02 2.4E-15 1.6E-04 6.2E-14 1 0.02 0

DUAL1 3.50249857E-02 3.3E-16 3.5E-06 5.2E-06 12 0.03 0

DUAL2 3.37341282E-02 2.2E-16 5.2E-07 8.7E-07 12 0.03 0

DUAL3 1.35761629E-01 3.3E-16 6.6E-07 1.3E-06 11 0.04 0

DUAL4 7.46102235E-01 4.4E-16 2.8E-06 3.3E-06 10 0.02 0

DUALC1 6.15525170E+03 1.2E-14 2.0E-02 8.6E-06 21 0.05 0

DUALC2 3.55130639E+03 0.0E+00 4.7E-06 2.3E-06 15 0.03 0

DUALC5 4.27232584E+02 0.0E+00 1.4E-05 5.4E-06 15 0.04 0

DUALC8 1.83093612E+04 0.0E+00 3.4E-05 6.4E-08 21 0.09 0

EXDATA -1.41843154E+02 6.5E-15 1.0E-04 1.2E-06 14 6.49 0

GENHS28 9.27173694E-01 5.6E-16 3.1E-06 1.2E-16 1 0.00 0

GOULDQP2 1.59762769E-12 4.4E-16 1.9E-02 7.5E-07 2 0.41 0

GOULDQP3 6.36529730E-05 4.4E-16 2.3E-02 4.7E-07 3 0.69 0

HS21 -9.99599982E+01 0.0E+00 2.0E-05 1.9E-06 9 0.00 0

HS35 1.11112558E-01 0.0E+00 1.3E-05 1.4E-06 7 0.00 0

HS35MOD 2.50000480E-01 0.0E+00 1.5E-05 7.4E-06 8 0.00 0

HS51 8.50000000E+00 0.0E+00 4.0E+00 0.0E+00 0 0.00 0
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Table A.5: Complete results for option P4 (continued)

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

HS52 5.32664756E+00 4.4E-16 5.2E-06 1.5E-15 1 0.00 0

HS53 4.09302326E+00 0.0E+00 7.1E-06 5.7E-06 5 0.00 0

HS76 -4.68181053E+00 0.0E+00 2.1E-05 3.8E-06 12 0.00 0

HS118 6.64820480E+02 0.0E+00 7.7E-04 2.0E-06 16 0.01 0

HS268 2.89364834E-08 0.0E+00 4.0E-05 4.3E-07 8 0.00 0

HUES-MOD 3.48244898E+07 3.0E-12 9.5E-02 3.3E-06 10 0.24 0

HUESTIS 3.48298240E+09 9.1E-13 9.5E-02 7.8E-06 8 0.01 0

KSIP 5.75934313E-01 0.0E+00 4.0E-06 6.2E-06 13 0.17 0

LASER 2.40960136E+06 0.0E+00 3.5E-03 2.6E-07 9 0.12 0

LEUVEN1 -1.52429007E+07 2.0E-12 1.8E-02 1.1E-06 44 1.29 0

LEUVEN2 -1.41465394E+07 1.4E-11 1.8E-02 8.4E-06 68 1.96 0

LEUVEN7 6.94551749E+02 0.0E+00 4.1E-05 4.3E-05 17 0.36 0

LISWET1 7.22268107E+00 0.0E+00 1.1E-05 4.3E-06 9 0.18 0

LISWET2 4.99923505E+00 0.0E+00 1.0E-05 2.4E-06 12 0.23 0

LISWET3 4.99805096E+00 0.0E+00 1.0E-05 6.6E-06 18 0.35 0

LISWET4 5.00181799E+00 0.0E+00 1.0E-05 1.3E-04 12 0.23 0

LISWET5 4.99831751E+00 0.0E+00 2.7E-05 4.2E-06 13 0.25 0

LISWET6 4.99817008E+00 0.0E+00 1.1E-05 9.3E-06 15 0.29 0

LISWET7 9.98958409E+01 0.0E+00 6.4E-06 3.4E-07 10 0.20 0

LISWET8 1.43130084E+02 3.4E-11 1.1E-05 6.7E-06 13 0.26 0

LISWET9 3.92920022E+02 2.1E-11 9.5E-06 4.7E-06 19 0.36 0

LISWET10 9.89696558E+00 0.0E+00 1.3E-05 6.2E-06 13 0.26 0

LISWET12 3.47517773E+02 7.5E-11 1.2E-05 9.4E-06 16 0.31 0

LOTSCHD 2.39841584E+03 2.8E-14 2.7E-04 1.1E-08 8 0.01 0

MOSARQP1 -3.82140955E+03 0.0E+00 1.5E-05 5.5E-07 12 0.24 0

MOSARQP2 -5.05259194E+03 0.0E+00 1.1E-05 6.0E-06 11 0.22 0

MPC1 -2.32620447E+07 3.0E-12 1.8E-02 5.4E-06 21 1.10 0

MPC2 -1.50331477E+07 8.2E-12 1.6E-02 6.5E-06 19 0.57 0

MPC3 -1.50295469E+07 7.6E-12 1.6E-02 7.3E-06 19 0.57 0

MPC4 -1.50334607E+07 3.5E-12 1.6E-02 9.2E-07 19 0.58 0

MPC5 -1.50334851E+07 1.2E-12 1.6E-02 4.0E-07 19 0.57 0

MPC6 -1.50335373E+07 5.5E-12 8.0E-02 4.7E-06 18 0.54 0

MPC7 -1.50335567E+07 4.4E-12 8.6E-02 5.4E-06 18 0.54 0

MPC8 -1.50335771E+07 5.6E-12 7.3E-02 3.0E-06 18 0.55 0

MPC9 -1.50335693E+07 2.2E-12 2.0E-02 1.9E-06 18 0.54 0

MPC10 -1.50335538E+07 4.3E-12 4.5E-02 2.1E-06 18 0.54 0

MPC11 -1.50301194E+07 1.0E-12 1.6E-02 5.4E-07 21 0.63 0

MPC12 -1.50334620E+07 2.0E-11 3.7E-01 3.3E-05 18 0.54 0

MPC13 -1.50335763E+07 1.2E-11 5.6E-01 1.2E-05 18 0.55 0

MPC14 -1.50335392E+07 3.2E-07 2.6E-02 2.2E-06 23 0.76 0

MPC15 -1.50335863E+07 4.4E-12 3.0E-01 6.1E-06 17 0.51 0

MPC16 -1.50335836E+07 4.7E-12 3.1E-01 4.4E-06 17 0.51 0

POWELL20 5.20895828E+10 3.1E-09 7.5E-02 2.0E-02 54 4.94 0

PRIMAL1 -3.49155384E-02 0.0E+00 3.4E-07 9.6E-06 13 0.06 0

PRIMAL2 -3.36906375E-02 0.0E+00 3.6E-07 9.3E-06 9 0.06 0

PRIMAL3 -1.35574328E-01 0.0E+00 1.5E-06 4.0E-06 10 0.15 0

PRIMAL4 -7.45982226E-01 0.0E+00 8.4E-06 7.0E-06 7 0.07 0

PRIMALC1 -6.12365721E+03 0.0E+00 9.7E-02 1.4E-07 15 0.03 0

PRIMALC2 -3.55019786E+03 0.0E+00 4.7E-02 3.5E-06 14 0.02 0

PRIMALC5 -4.27231711E+02 0.0E+00 4.6E-03 1.8E-06 9 0.02 0

PRIMALC8 -1.73353222E+04 0.0E+00 2.6E-01 1.8E-07 11 0.04 0

Q25FV47 1.37444479E+07 9.7E-11 1.5E-02 2.2E-06 80 2.40 0

QADLITTL 4.80318859E+05 2.3E-13 3.9E-03 1.1E-06 16 0.02 0

QAFIRO -1.59076897E+00 7.1E-15 2.6E-04 9.8E-07 14 0.01 0

QPBAND -3.14333120E+00 0.0E+00 1.9E-05 1.1E-06 7 0.00 0

QBANDM 1.63523447E+04 6.3E-12 8.4E-03 5.0E-07 23 0.10 0

QBEACONF 1.64712873E+05 2.1E-09 2.8E-02 2.6E-05 12 0.04 0

QBORE3D 3.12591908E+03 1.7E-09 6.2E-02 1.2E-06 31 0.09 0

QBRANDY 2.83751565E+04 1.5E-10 3.5E-02 7.7E-08 29 0.08 0

QCAPRI 6.67933017E+07 2.7E-06 6.1E-02 4.0E+00 102 0.45 0

QE226 2.12657276E+02 1.5E-10 1.1E-03 4.5E-06 42 0.18 0
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Table A.5: Complete results for option P4 (continued)

name f ‖rP‖ ‖rD‖ ‖rCS‖ iter time status

QETAMACR 8.67603698E+04 8.0E-08 4.6E-04 1.2E-05 30 0.23 0

QFFFFF80 8.78090621E+05 2.6E-10 2.5E+00 4.5E-09 78 0.80 0

QFORPLAN 7.45663162E+09 9.3E-10 8.2E-02 4.1E-06 32 0.16 0

QGFRDXPN 1.00790586E+11 6.1E-08 7.0E-01 4.9E-06 61 0.51 0

QGROW7 -1.65631181E+07 1.5E-06 3.5E+00 1.7E-06 16 0.06 0

QGROW15 -3.82560279E+07 1.5E-07 3.6E+00 2.1E-07 19 0.14 0

QGROW22 -5.58998667E+07 1.5E-10 3.6E+00 8.4E-07 20 0.21 0

QISRAEL 2.53481531E+07 0.0E+00 2.2E-02 5.2E-06 68 0.19 0

QPCBLEND -7.72930911E-03 9.8E-13 2.1E-07 1.3E-05 14 0.02 0

QPCBOEI1 1.15039142E+07 4.4E-12 4.7E-03 5.2E-08 53 0.34 0

QPCBOEI2 8.17196355E+06 5.9E-13 8.8E-03 4.7E-07 41 0.11 0

QPCSTAIR 6.20439170E+06 4.9E-11 2.5E-03 3.4E-06 21 0.13 0

QPILOTNO 4.73232880E+06 2.7E-06 1.9E-01 6.0E-05 107 2.38 0

QPTEST 4.37188087E+00 0.0E+00 8.1E-06 9.7E-06 8 0.00 0

QRECIPE -2.66615998E+02 5.0E-15 2.0E-04 7.1E-07 27 0.05 0

QSC205 -5.80922678E-03 1.6E-12 9.8E-06 2.7E-06 18 0.05 0

QSCAGR25 2.01737938E+08 3.6E-12 2.3E-01 1.9E-06 18 0.09 0

QSCAGR7 2.68659505E+07 1.3E-12 3.9E-02 5.0E-08 17 0.03 0

QSCFXM1 1.68829367E+07 4.5E-13 1.6E-01 4.7E-08 79 0.39 0

QSCFXM2 2.77764417E+07 1.3E-11 1.6E-01 5.5E-06 95 0.95 0

QSCFXM3 3.08166697E+07 2.5E-08 1.6E-01 1.5E-05 105 1.56 0

QSCORPIO 1.88050956E+03 2.6E-13 2.7E-05 2.8E-08 18 0.07 0

QSCRS8 9.04573869E+02 3.4E-08 2.1E-03 4.1E-06 30 0.27 0

QSCSD1 8.66672101E+00 2.2E-16 5.4E-06 1.5E-06 11 0.05 0

QSCSD6 5.08096223E+01 7.5E-16 1.0E-05 9.2E-06 12 0.10 0

QSCSD8 9.40766150E+02 8.9E-15 2.2E-04 1.1E-05 11 0.19 0

QSCTAP1 1.41586124E+03 6.1E-12 1.0E-04 3.3E-06 31 0.15 0

QSCTAP2 1.73502678E+03 5.9E-13 1.0E-05 1.4E-06 35 0.64 0

QSCTAP3 1.43875523E+03 1.1E-12 1.0E-05 3.4E-06 34 0.83 0

QSEBA 8.14818490E+07 1.4E-10 7.3E-02 4.9E-06 61 0.53 0

QSHARE1B 7.88369055E+05 1.9E-10 1.4E+00 3.0E-06 49 0.10 0

QSHARE2B 1.17036918E+04 1.2E-12 6.0E-04 1.3E-05 32 0.05 0

QSHELL 1.57263684E+12 7.0E-11 2.8E+00 7.4E-05 46 0.52 0

QSHIP04L 2.42001554E+06 1.2E-10 8.0E-04 1.8E-05 21 0.28 0

QSHIP04S 2.42499367E+06 3.8E-11 8.0E-04 1.4E-06 21 0.20 0

QSHIP08L 2.37604062E+06 3.0E-11 4.0E-04 5.9E-06 21 0.86 0

QSHIP08S 2.38572885E+06 1.5E-12 4.0E-04 3.2E-07 20 0.39 0

QSHIP12L 3.01887658E+06 9.2E-12 9.2E-04 4.5E-06 20 1.24 0

QSHIP12S 3.05696225E+06 1.2E-10 9.2E-04 8.1E-06 22 0.52 0

QSIERRA 2.37504582E+07 1.3E-10 2.1E-02 1.6E-06 32 0.77 0

QSTAIR 7.98545276E+06 7.6E-10 2.5E-03 7.9E-06 26 0.15 0

QSTANDAT 6.41184788E+03 5.3E-09 9.8E-03 2.7E-05 46 0.40 0

S268 2.89364834E-08 0.0E+00 4.0E-05 4.3E-07 8 0.00 0

STADAT1 -2.85240734E+07 2.8E-09 5.3E-02 1.9E-05 41 1.53 0

STADAT2 -3.26236803E+01 0.0E+00 1.4E-04 4.8E-06 17 0.61 0

STADAT3 -3.57661290E+01 0.0E+00 1.4E-04 3.6E-06 49 5.47 0

STCQP1 3.67100485E+05 3.6E-15 2.0E-05 2.6E-05 8 2.66 0

STCQP2 3.71892743E+04 0.0E+00 2.0E-05 4.1E-07 9 2.98 0

TAME 0.00000000E+00 0.0E+00 5.0E-06 3.6E-12 2 0.01 0

UBH1 7.29026261E+01 1.8E-13 1.1E-02 3.9E-07 6 0.33 0

VALUES -1.39617379E+00 3.3E-16 3.3E-06 5.5E-06 10 0.02 0

YAO 1.97708823E+02 4.3E-07 4.8E-06 8.6E-06 11 0.22 0

ZECEVIC2 -4.12499993E+00 0.0E+00 1.8E-05 7.4E-08 10 0.00 0
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