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Abstract

We develop and analyze stochastic optimization algorithms for problems in which the ex-
pected loss is strongly convex, and the optimum is (approximately) sparse. Previous approaches
are able to exploit only one of these two structures, yielding an O(d/T) convergence rate for
strongly convex objectives in d dimensions, and an O(y/(slogd)/T') convergence rate when the
optimum is s-sparse. Our algorithm is based on successively solving a series of ¢;-regularized
optimization problems using Nesterov’s dual averaging algorithm. We establish that the error
of our solution after T iterations is at most O((slogd)/T), with natural extensions to approx-
imate sparsity. Our results apply to locally Lipschitz losses including the logistic, exponential,
hinge and least-squares losses. By recourse to statistical minimax results, we show that our
convergence rates are optimal up to multiplicative constant factors. The effectiveness of our
approach is also confirmed in numerical simulations, in which we compare to several baselines
on a least-squares regression problem.

1 Introduction

Stochastic optimization algorithms have many desirable features for large-scale machine learning,
and accordingly have been the focus of renewed and intensive study in the last several years (e.g.,
see the papers [20 [, [10, B0] and references therein). The empirical efficiency of these methods
is backed with strong theoretical guarantees, providing sharp bounds on their convergence rates.
These convergence rates are known to depend on the structure of the underlying objective function,
with faster rates being possible for objective functions that are smooth and/or (strongly) convex,
or optima that have desirable features such as sparsity. More precisely, for an objective function
that is strongly conver, stochastic gradient descent enjoys a convergence rate ranging from O(1/T),
when features vectors are extremely sparse, to O(d/T) when feature vectors are dense [111, 19, [12].
Such results are of significant interest, because the strong convexity condition is satisfied for many
common machine learning problems, including boosting, least squares regression, support vector
machines and generalized linear models, among other examples.

A complementary type of condition is that of sparsity, either exact or approximate, in the
optimal solution. Sparse models have proven useful in many application areas (see the overview
papers [7, [I8 ] and references therein for further background), and many optimization-based
statistical procedures seek to exploit such sparsity via fi-regularization. A significant feature of
optimization algorithms for sparse problems is their mild logarithmic scaling with the problem
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dimension [20} 27, 10, B0]. More precisely, it is known [20, 27] that when the optimal solution
f* has at most s non-zero entries, appropriate versions of the stochastic mirror descent algorithm
converge at a rate O(sy/(logd)/T). Srebro et al. [28] exploit the smoothness of many common
loss functions; in application to sparse linear regression, their analysis yields improved rates of the
form O(n+/(slogd)/T), where 7 is the noise variance. While the y/log d scaling of the error makes
these methods attractive in high dimensions, observe that the scaling with respect to the number of
iterations is relatively slow—mnamely, O(1/v/T) as opposed to the O(1/T) rate possible for strongly
convex problems.

Many optimization problems encountered in practice exhibit both features: the objective func-
tion is strongly convex, and the optimum is sparse, or more generally, well-approximated by a
sparse vector. This fact leads to the natural question: is it possible to design an algorithm for
stochastic optimization that enjoys the best features of both types of structure? More specifi-
cally, the algorithm should have a O(1/T) convergence rate, but simultaneously enjoy the mild
logarithmic dependence on dimension. The main contribution of this paper is to answer this ques-
tion in the affirmative, and in particular, to analyze a new algorithm that has convergence rate
O((slogd)/T) for a strongly convex problem with an s-sparse optimum in d dimensions. Moreover,
using information-theoretic techniques, we prove that this rate is unimprovable up to constant fac-
tors, meaning that no algorithm can converge at a substantially faster rate.

The algorithm proposed in this paper builds off recent work on multi-step methods for strongly
convex problems [14] [12] [T5], but involves some new ingredients that are essential to obtain optimal
rates for statistical problems with sparse optima. In particular, instead of performing updates on
the same objective, we form a sequence of objective functions by decreasing the amount of regu-
larization as the optimization algorithm proceeds. From a statistical viewpoint, this reduction is
quite natural: at the initial stages, the algorithm has seen only a few samples, and so should be
regularized more heavily, whereas at later stages when the effective sample size is much larger, the
regularization should be appropriately attenuated. Each step of our algorithm can be computed
efficiently with a closed form update rule in many common examples. In summary, the outcome of
our development is an optimal one-pass algorithm for many structured statistical problems in high
dimensions, and with computational complexity linear in the sample size. Numerical simulations
confirm our theoretical predictions regarding the convergence rate of the algorithm, and also es-
tablish its superiority compared to regularized dual averaging [30] and stochastic gradient descent
algorithms. They also confirm that a direct application of the multi-step method of Juditsky and
Nesterov [I4] is inferior to our algorithm, meaning that our gradual decrease of regularization is
quite critical. In order to keep our presentation focused, we restrict our attention to multi-step
variants of the dual averaging algorithm; however, it is worth noting that similar results can also
be achieved for mirror descent as well as Nesterov’s accelerated gradient methods [21I] by combin-
ing our results with recent work in the optimization literature [I5]. Although this paper focuses
exclusively on problems involving the recovery of a sparse vector, similar ideas can be extended
extend to other low-dimensional structures such as group-sparse vectors and low-rank matrices, as
discussed in the statistical context [18].



2 Problem set-up and algorithm description

Given a subset Q C R? and a random variable Z taking values in a space Z, we consider an
optimization problem of the form

0" € argmin E[L(0; Z)], (1)
0eQ

where £ : Q) x Z — R is a given loss function. As is standard in stochastic optimization, we do not
have direct access to the expected loss function L£(0) := E[L£(6; Z)], nor to its subgradients. Rather,
for a given a query point § € 2, we observe a stochastic subgradient, meaning a random vector
g(0) € RY such that E[g(#)] € 0L(6). We then seek to approach the optimum of the population
objective £ using a sequence of these stochastic subgradients.

The goal of this paper is to design algorithms that are suitable for solving the problem (1) when
the optimum 0* is sparse. In the simplest case, the optimum 6* might be ezactly s-sparse, meaning
that it has at most s non-zero entries. Our analysis is actually much more general than this exact
sparsity setting, in that we provide oracle inequalities that apply to arbitrary vectors, and also
guarantee fast rates for vectors that are approximately sparse. More precisely, for any given subset
S C{1,...,d} of cardinality |S| = s, we provide upper bounds on the optimization error that scale
linearly with s, and also involve the residual term [|0g.[|1 := >_;cqc |07[- For a general optimum
0*, the best bound is obtained by choosing the subset S appropriately so as to balance these two
contributions to the error.

2.1 Algorithm description

In order to solve a sparse version of the problem (II), our strategy is to consider a sequence of
regularized problems of the form

~ —

0y = argmin /2(0) where  3(6) i= £(6) + A6l (2)

Given a total number of iterations 7', our algorithm involves a sequence of Kp different epochs,
where the regularization parameter A > 0 and the constraint set ' C Q change from epoch to
epoch. More precisely, the epochs are specified by:

e a sequence of natural numbers {Tl}fi ", where T; specifies the length of the ith epoch and
YA T =T,

e a sequence of positive regularization weights {)\,}fiTl, and

e a sequence of positive radii {R;}% and d-dimensional vectors {y;}~%, which specify the
constraint set

QR;):={0€Q | |0 —yill, <Ri} (3)
that is used throughout the i** epoch.

We initialize the algorithm in the first epoch with y; = 0, and with any radius R; that is an
upper bound on [|#*||;. The norm || - ||, used in defining the constraint set Q(R;) is specified by



p= 21201;32, where the rationale for this particular choice will be provided momentarily.

At a high level, the goal of the i*® epoch is to perform the update y; — y;41, in such a way
that we are guaranteed that |y;41 — 6*[|7 < R?,, for each i = 1,2,.... We choose the radii so
as to decay geometrically as R? = RZ-2 /2, so that upon termination of the KtTh epoch, we have
lyry — 0*|I3 < R?/257. In order to perform the update y; — y;+1, we run T; rounds of the
stochastic dual averaging algorithm [22] on the regularized objective function

){3(9) +Xill0ll1}- (4)

min
0eQ(R;

When applied to this objective function in the i*" epoch, the dual averaging algorithm operates
on stochastic subgradients of the cost function £(0) + \;[|0]|1, and using a sequence of step sizes
{ozt}tT;'O, it generates two sequences of vectors {,ut}tT;'O and {Ht}tT;'O, initialized as x° = 0 and 0° = y;.
At iteration t = 0,1,...,T;, we let ¢’ be a stochastic subgradient of £ at #¢, and we let v be any
element of the subdifferential of the £1-norm || - |1 at #!. Consequently, the vector E[g'] + \;v/! is an
element of the sub-differential of £(6) + \;||0||1 at #°. The stochastic dual average update at time
t performs the mapping (uf, 6%) — (u!T', 6'+1) via the recursions

f = it gt A, and (ba)
g+l — : t+1y,t+1 g R, (0 5b
ong iy {0 0+ (), .

where the prox function v is specified below ([@). The pseudocode describing the overall procedure
is given in Algorithm [
In the stochastic dual averaging updates (fl), we use the prox function

1
2(p — 1)R?

2logd

—ull? -5
”0 yl”pa Where p 210gd— 1 (6)

¢yi,Ri (9) -
This particular choice of the prox-function and the specific value of p ensure that the function
is strongly convex with respect to the ¢;-norm; it has been used previously for sparse stochastic
optimization (see e.g. [20, 27,[9]). In most of our examples, we consider the parameter space {2 = R4
and owing to our choice of the prox-function and the feasible set in the update (5hl), we can compute
6!+ from p!t! in closed form. See Appendix [A] for further details.

It is worth noting that our update rule, in taking the subgradient of the ¢1-norm, is different from
previous approaches inspired by Nesterov’s composite minimization strategy [21], which compute
a prox-mapping involving the ¢;-norm [10, B0l ©]. Our results do extend in an obvious way to
computing such an exact composite prox-mapping. However, even when Q = R?, computing this
exact prox-mapping with the £, norm constraint in our update rule (Ghl) has a complexity O(d?),
which is prohibitive in high dimensions. In contrast, our update enjoys an O(d) complexity.

2.2 Conditions

Having defined our algorithm, we now discuss the conditions on the objective function £(0) = E[£(§; Z)]
and stochastic gradients that underlie our analysis. We begin with two conditions on the objective
function.



Algorithm 1 Regularization Annealed epoch Dual AveRaging (RADAR)

Require: Epoch length schedule {Tz}fiﬁ, initial radius Ry, step-size multiplier «, prox-function
1), initial prox-center yi, regularization parameters \;.
for Epoch ¢ =1,2,..., K7 do
Initialize p° = 0 and 6° = y;.
for Iteration t =0,1,...,7; — 1 do
Update (uf,0%) — (utt, 6071 according to rule () with step size o = a/V/t.

end for .
I3 t
Set y;41 = ZtT;le
Update R?, , = R?/2.
end for

Return yx, 1

Assumption 1 (Local Lipschitz condition). For each R > 0, there is a constant G = G(R) such
that

1£(6) — L(O)] <G 16— 0] (7)
for all 6,6 € Q such that [|§ — 6*||; < R and ||§ — 6*|; < R.

For instance, this condition holds whenever |VL(0)|s < G for all @ such that ||#||; < R. In the
sequel, we provide several examples of loss functions whose gradients are bounded in this /..-sense.

As mentioned, our goal is to obtain fast rates for objective functions that are (locally) strongly
convex. Accordingly, our next step is to provide a formal definition of this condition:

Assumption 2 (Local strong convexity (LSC)). The function £ :  — R satisfies an R-local form
of strong convexity (LSC) if there is a non-negative constant v = v(R) such that

L(0) > L(0) + (VL(0), § — 0) +%H9—é”§. (8)

for any 6,0 € Q with ||0]|; < R and ||0||; < R.

Some of our results concerning stochastic optimization for finite pools of examples are based upon a
further weakening of the local strong convexity condition, which will be referred to as local restricted
strong convexity (see equation (28))). Such conditions have been used before in both statistical and
optimization-theoretic analyses of sparse high-dimensional problems [2] 3] [5] [18§].

Our final condition concerns the mechanism that produces the stochastic subgradient g(6) of
the cost function £ at 6 € €. It is a tail condition on the error e() := g(0) — E[g(0)].

Assumption 3 (Sub-Gaussian stochastic gradients). For all 6 such that [|§ — 0*[|; < R, there is a
constant o = o(R) such that

E[exp([le(®)]%/0%)] < exp(1). 9)



Clearly, this condition holds whenever the error vector e(#) has bounded components. More gen-
erally, the bound holds with 02 = O(log d) whenever each component of the error vector has
sub-Gaussian tails

2.3 Some illustrative examples

In this section, we describe some examples that satisfy the previously stated conditions. These
examples also help to clarify how the parameters of interest can be computed or bounded in
different applied scenarios.

Example 1 (Classification under Lipschitz losses). In binary classification, the samples consist of
pairs z = (z,y) € R? x {—1,1}. The vector = represents a set of d features or covariates, used
to predict the class label y. One way in which to predict the label is via a linear classifier, which
makes classification decisions according to the rule x + sign((#, x)). The vector of weights § € R?
is estimated by minimizing an appropriately chosen loss function, of which many take the form
L(0;z) = ¢(y (0, x)) for a function ¢ : R — R;. Common choices include the hinge loss function

¢nin (@) := max{l — «, 0}, (10)
(1—a)+

which underlies the support vector machine, or the logistic loss function ¢, () = log(1 + exp(—a)).

Given a distribution P over Z, which can be either the population distribution or the empirical
distribution over a finite sample, a common strategy is to draw (z,y;) ~ P at iteration ¢, and use
the (stochastic) subgradient g = VL(0; (x4, y:)) = 2y:d (y:(0, ). We now illustrate how the
assumptions of Section are satisfied in this setting.

e Locally Lipschitz: In both of the above examples, the underlying function ¢ is actually
globally Lipschitz with parameter one. Thus, we have the bound

G < E[|¢'(y(0, )| 2lloc] < Efl2oo-

Often, the data satisfies the normalization ||z|l« < B, in which case we get G < B. More gen-
erally, we often have sub-Gaussian or sub-exponential tail conditions [6] on the marginal dis-
tribution of each coordinate of z, in which case the same condition holds with G = O(y/log d))
or G = O(log d) respectively.

e LSC: When the expectation () is under the population distribution, the above examples
satisfy the local strong convexity condition. Here we focus on the example of the logistic loss,
where ¥(a) = ¢! (o) = exp(a)/(1 + exp(a))? is its second derivative.

T Ylog
Considering the case of zero-mean covariates, and letting op,in(X) denote the minimum eigen-
value of the covariance matrix ¥ = E[zz”], a second-order Taylor series expansion yields

= ; $({0, z)) ) Y(BR)min(%)

o _ ~ Q)
£(0) — £(6) — (VE(6),0 - 0) = 22 s — a3 > 52

>

16— 813,

where 6 = af + (1 — a)f for some a € (0,1). Note that the lower bound (i) follows from
Holder’s inequality—that is, [(0,2)| < [|0]|1]|7||lc < RB. Putting together the pieces, we

'A zero mean random variable Z is sub-Gaussian with parameter v if E[e'?] < exp(y*t?/2) for all ¢ € R.



conclude that v > Y(BR)omin(X) in this example. When sampling from a finite pool, we
require an analogous condition, known as restricted strong convexity, to hold for the sample
version; see Section [B.1.3] for further details.

e Sub-Gaussian gradients: For covariates bounded in expectation E||z|/~ < B, this condi-
tion is also relatively straightforward to verify. A simple calculation identical to the verifica-
tion of the Lipschitz condition above yields that

le(®)llos = [IVL®; (2, y)) = VLO) oo < IVLO; (2,9))ll0 + IVLO)l|oo < 2B.

Thus, by setting 02 = (2B)?, we find that Eexp <%> < exp(1). If instead of a bound-

edness condition, we assume that elements of the vector o have sub-Gaussian tails, then
the condition will hold with 02 = O(logd), using standard results on sub-Gaussian maxima

(e.g., [6]).
We now turn to the problem of least-squares regression.

Example 2 (Least-squares regression). In the regression set-up, the samples are of the form
2z = (z,9) € R? x R, and the least-squares estimator is obtained by minimizing the quadratic loss
L(0;(x,y)) = (y — (#,7))?/2. To illustrate the conditions more clearly, let us suppose to start,
relaxing this condition momentarily, that our samples are generated according to a linear model

y = (z,0") +w, (11)

where w ~ A(0,7?) is observation noise, and the covariate vectors z are zero-mean with covariance
matrix ¥ = E[z2T]. Under this condition, we have

L) = E[L0;(r.y))] = 500756 -67) = 5[50 - 6)]3.

Consequently, the minimizer of £ is given by 6*, the true parameter in the linear model ([I]). We
now proceed to verify that our conditions from Section are satisfied for this model.

e Locally Lipschitz: For the quadratic loss, we no longer have a global Lipschitz condition;
instead, the local Lipschitz parameter G(R) depends on the radius R, and the covariance
matrix ¥ via the quantity p(3) := max; ¥;;. More specifically, we have

(a) (b)
G(R) < (1200 = )lleo < max[Sjil [0 = 07]1 < ()R,
where step (a) exploits Holder’s inequality, and inequality (b) follows since ¥ is a positive

semidefinite matrix.

e LSC: Again, let us consider the case when £ is defined via an expectation taken under the
population distribution. We then have

5 Fo gy IZ2O =03 omin(D)

£(0) — £(9) - (VE(9),6 - 0) 0 > Tent g gy,

so that 7 = opin(X) in this example.



e Sub-Gaussian gradients: Once again we assume that the design is bounded in ¢,,-norm,
that is ||z||cc < B. It can be shown that Assumption Bl is satisfied with

0?(R) = 24B*R? 4 36 B%1>.
See Section for details of this calculation.

In practice, the linear model assumption (I1J) is not likely to hold exactly, but the validity of our
three conditions can still be established under reasonable tail conditions on the covariate-response
pair. In particular, it can be shown that same local Lipschitz condition continues to hold with
G(R) = 2p(¥)R, and the RSC condition also remains unchanged. In order to establish the sub-
Gaussian condition (Assumption [3)), we need to make assumptions about the tail behavior of our
samples (x4, y;). It suffices to assume that the distribution of the vectors = and the conditional
distribution Y| X is also sub-Gaussian. Under these conditions, obtaining explicit bounds on o;
in terms of these sub-Gaussian parameters is analogous to our calculations above, and is omitted
here.

3 Main results and their consequences

We are now in a position to state the main results of this work, regarding the convergence properties
of Algorithm [l Below we present two sets of results. Our first result (Theorem [) applies to
problems for which the Lipschitz and sub-Gaussianity assumptions hold over the entire parameter
set ©, and the RSC assumption holds uniformly for all 0 satisfying ||0||; < Ri, where R; is the
initial radius. Examples include classification with globally Lipschitz losses, such as the hinge and
logistic losses discussed in Example [l Our second result (Theorem [2]) applies to least-squares
loss, which is not Lipschitz on R? and requires a somewhat more delicate treatment. Both our
results follow from a common machinery, and build off of standard convergence results for the dual
averaging algorithm [22] [30]. For stating our results, we will assume that Assumptions [Iland Bl hold
with constants G; := G(R;) and o; := o(R;) at epoch i. Given a constant w > 0 governing the
probability of error in our results, we also define wf = w? + 24log i at epoch i. Both the theorems
below are based on the choice of epoch lengths

82

v2R?

T, =« ((G? + 0?)logd + wio?) +logd| , (12)

where ¢q is a suitably chosen universal constant.

3.1 Optimal rates for Lipschitz losses

We begin with a setting quite standard in the optimization literature, in which the loss function
is globally Lipschitz and the noise in our stochastic gradients is uniformly sub-Gaussian. More
formally, we assume that there are constants (G, o) such that, independently of the choice of radius
R, Assumptions [l and B hold with G(R) = G and ¢(R) = 0. There are many common examples
in machine learning where these assumptions are met, some of which are outlined in Example [
We also use 7 to denote the strong convexity constant v(R;) in Assumption 2 R

For a total of T iterations in Algorithm [Il we state our results for the parameter 6 = Y(Kr+1)
where we recall that K7 is the total number of epochs completed in T iterations.



3.1.1 Main theorem and some remarks

Our main theorem provides an upper bound on the convergence rate on our algorithm as a function
of the iteration number 7', dimension d, strong convexity constant -, Lipschitz constant G, and
some additional terms involving the sparsity of the optimal solution #*. More precisely, for each
subset S C {1,2,...,d} of cardinality s, we define the quantity

2(0r. ) o 105
e“(0%;8) == —2—, (13)
s
where [[05c (1 = > ese 105 = X245 0] is the £1-norm of terms outside S. The behavior of this
quantity can be used to measure the degree of sparsity in the optimum #*. For instance, we have
€2(6*;8) = 0 if and only if #* is supported on S. Given a constant w > 0, we also define the
shorthand
V2RIT

$2((G? 4+ 02)log d + w?0?)

With this notation, we have the following result:

kr = log, ] log d. (14)

Theorem 1. Suppose the expected loss £ satisfies Assumptions [l [ with parameters G(R) = G,
~v and o(R) = o respectively, and we perform updates (B]) with epoch lengths ([I2]), and regulariza-
tion/steplength parameters

Rivy log d
2_ 2 2 252 t_ )
Ai_s\/l_}\/(G +o0?)logd+w;o?, and « _5RZ\/(G2+)\?+J2){ (15)
Then for any subset S C {1,...,d} of cardinality s and any T > 2y, there is a universal constant
co such that
~ " S RT *
B =18 < o | 37 (167 + ) logd + 022 wlog ) ) 4 20755)| (10

with probability at least 1 — 6 exp(—w?/12).

As with earlier work on multi-step methods for strongly convex objectives [14], [I5], the theorem
predicts an overall convergence rate of O(V%T); under our assumptions, this rate is known to be
the best possible [20]. Apart from this scaling, the other interesting factors in the bound are the
logarithmic scaling in the dimension d, and the trade-off between the two terms: the first of which
scales linearly in a chosen sparsity level s, and the second term e2(#*;S) represents a form of
approximation error. As a concrete instance, if the optimum 6* is actually supported on a subset
A C {1,2,...,d} of cardinality s = |A|, then choosing S = A in the bound (@) yields an overall
convergence rate of O(SISgTd).

It is worthwhile comparing the convergence rate in Theorem [ to alternative methods. A
standard approach to minimizing the objective ([Il) would be to perform stochastic gradient descent
directly on the objective, instead of considering our sequence of regularized problems (2)). Under
the assumptions of Theorem [I] the expected loss is strongly convex with respect to the f2-norm, so
that stochastic gradient descent (SGD) would converge at a rate O((G*+02)/(¥*T)), for constants
G and o chosen to satisfy the bounds

IVE@)2 <G, and E|exp (le(0)]3/5%)] < exp(1). (17)



Under the assumptions of Example [, we find that it suffices to choose G? = Bd and similarly
for o, so that SGD would converge at rate O(,YQLT). This generic guarantee scales linearly in the
problem dimension d, and fails to exploit any sparsity inherent to the problem. The key difference
between this naive application of stochastic gradient descent and our approach is that since we
minimize a regularized objective (2l), our iterates tend to be (approximately) sparse. As a result,
we have a form of local strong convexity not only in fo-norm but also with respect to £1-norm,;
this is a key observation in exploiting sparsity and strong convexity at the same time. Another
standard approach is to perform mirror descent or dual averaging, using the same prox-function as
Algorithm [ but without breaking it up into epochs. As mentioned in the introduction, this vanilla
single-step method fails to exploit the strong convexity of our problem and obtains the inferior
convergence rate O(s /logd/T).

A different proposal, closer in spirit to our approach, is to minimize a similar regularized ob-
jective (), but with a fixed value of \ instead of the decreasing schedule of \; used in Theorem [II

In fact, it can be obtained as a simple consequence of our proofs that setting A = o+/log d/T leads

to an overall convergence rate of O (%2 81%gd>, a result analogous to the guarantee of Theorem [II

Indeed, this procedure can be understood as applying the algorithm of Juditsky and Nesterov [14]
to the problem (), but where the bounds are obtained using the additional technical machinery
introduced in this paper. However, with this fixed setting of A, the initial epochs tend to be much
longer than required for reducing the error by a factor of one half. Indeed, our setting of A is based
on minimizing the upper bound at each epoch, and leads to substantially improved performance
in our numerical simulations as well. The benefits of slowly decreasing the regularization in the
context of deterministic optimization were also noted in the recent work of Xiao and Zhang [31].

It is instructive to further simplify the the bounds by making further assumptions, allowing us
to quantify these terms concretely. We do in the following sections.

3.1.2 Some illustrative corollaries

We start with a corollary for the setting where the optimum 6* is supported on a subset S of
cardinality s, where s is a sparsity index between 1 and d. For these corollaries, so as to facilitate
comparison with minimax lower bounds, we use § = w?/(log d) as the parameter in specifying the
high-probability guarantees. Under these conditions, we recall our earlier notation xp (I4]) further
simplifies to
YV RIT

s2log d(G? 4 02(1 4 0))
Within this setup, we have the following corollary of Theorem [I1

Kkt = logy [ ] log d.

Corollary 1. Under the conditions of Theorem [1|, assume further that 0* takes non-zero values
only on a subset S C {1,...,d} of size s. Then for all T > 2k, there is a universal constant cy
such that

(18)

o~ 2 2 9
15r — 0°|2 < o [{G +0%(1+6)} slogd  so Kor ]

1
2 T ~2T o8 log d
with probability at least 1 — 6 exp(—dlogd/12).

The corollary follows directly from Theorem [Il by noting that £2(6*; S) = 0 under our assump-
tions. It is useful to note that the results on recovery for generalized linear models presented here

10



match (up to O(loglog T factors) those that have been developed in the statistics literature [I8],29],
which are optimal under the assumptions on the design vectors.

Theorem [l also applies to the case when the optimum 6* is not exactly sparse, but only approx-
imately so. Such notions of approximate sparsity can be formalized by enforcing a certain decay
rate on the magnitudes, when ordered from smallest to largest. Here we consider the notion of
l4-“ball” sparsity: given a parameter ¢ € (0, 1] and a radius Ry, consider the set of all vectors such
that

d
By(R,) = {9 erR? | S 1910 < Rq}. (19)
j=1
For ¢ = 1, this set reduces to an ¢1-ball, whereas for ¢ € (0, 1), it is a non-convex but star-shaped
set contained within the £1-ball. With these assumptions, our earlier notation xp further simplifies
to
2 2T —q

it ( g > log d.
RZ \log d(G? + 02(1 +6))

The following corollary captures the convergence of our updates for such problems.

kT = logs

Corollary 2. Under the conditions of Theorem [, suppose moreover that 8* € By(R,) for some
q € (0,1]. Then there is a universal constant cy such that for all T > 2kp, we have

{{G2 +a2(1+6)}logd}1_q/2 . <a_2>1‘q/2 R, o T
VT T (1 +0)logd)i2 Slogd |
(20)

167 = 07113 < ¢o Ry

with probability at least 1 — 6 exp(—dlogd/12).

Note that as ¢ ranges over the interval [0, 1], reflecting the degree of sparsity, the convergence
rate ranges from O(1/T) for ¢ = 0 corresponding to exact sparsity, to O(1/y/T) for ¢ = 1. This is a
rather interesting trade-off, showing in a precise sense how convergence rates vary quantitatively as
a function of the underlying sparsity. While it might seem like the worsening of rates as ¢ increases
towards one defeats our original goal of obtaining fast rates by leveraging strong convexity of our
problem, this phenomenon is unavoidable due to existing lower bounds. More specifically, the
results on recovery for generalized linear models presented here exactly match those that have been
developed in the statistics literature [I8[29], which are optimal under our assumptions on the design
vectors. The reason for this phenomenon is that our goal of obtaining logarithmic dependence with
the dimension d requires strong convexity of the objective with respect to ¢;-norm, while our LSC
assumption only guarantees strong convexity with respect to the fs-norm. For a sparse optimum
0*, the local strong convexity assumption also translates into the desired ¢;-strong convexity, but
the constant deteriorates as ¢ increases from zero to one.

3.1.3 Stochastic optimization over finite pools

A common setting for the application of stochastic optimization methods in machine learning is

when one has a finite pool of examples, say {z1,...,2,}, and the goal is to compute
1 n
o* i {— N L(6: 2 } 21
€ argmin | — 2 L(0; 2;) (21)
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In this setting, a stochastic gradient ¢g(#) can be obtained by drawing a sample z; at random with
replacement from the pool {z1,..., 2z, }, and returning the gradient V.L(0; z;), which is unbiased as
an estimate of the gradient of the sample average (21]).

In many applications, the dimension d is substantially larger than the sample size n, in which
case the sample loss defined above can never be strongly convex. However, it can be shown [23], [I§]
that under suitable a condition, the sample objective (2I]) does satisfy a suitably restricted form of
the LSC condition formalized in Assumption [2, one that is valid even when d > n. As a result, the
generalized form of Theorem [I] we provide in Section does apply to this setting as well and we
can obtain the following corollary. We will present this result only for settings where 0* is exactly
sparse, the extension to approximate sparsity is identical to the above discussion for obtaining
Corollary 2 from Corollary [l Moreover, we also specialize to the logistic loss

L(0; (z,y)) := log(1 + exp(—y(0, 2))), (22)

which suffices to illustrate the main aspects of the result. We also introduce the shorthand
Y(a) = exp(a)/(1 + exp(a))?, corresponding to the second derivative of the logistic function. Be-
fore stating the corollary, we state a condition on the design that is needed to ensure the RSC
condition. The condition is stated on the design matrix X € R"* with :E;f as its i*" row.

Assumption 4 (Sub-Gaussian design). The design matrix X is sub-Gaussian with parameters
(3,m3) if

(a) Each row z; € R? is sampled independently from a zero-mean distribution with covariance
>, and

(b) For any unit-norm vector u € R, the random variable (u, ;) is sub-Gaussian with parameter
1z, meaning that Elexp(t{u, z;))] < exp(t?n?/2) for all ¢ € R.
In this setup, our definition of kp (I4]) is modified to

o2 (S)W?(2BR)R3T

min

s2B2%(5 + 46) log d

kT = logy log d.

We can now state a convergence result for this setup.

Corollary 3 (Logistic regression for finite pools). Consider the finite-pool loss ([21), based on n i.i.d.
samples from a sub-Gaussian design with parameters (3,12). Suppose further that Assumptions [l
and [3 are satisfied and the optimum 6* of the problem (21)) is s-sparse. Then there are universal
constants (co, c1,¢a,c3) such that for all T > 2k and n > c3 Ul‘?gd max(a2. (X),n), we have

?mn(z) min
~ Co slogd 1 9 so? KT
Or — 072 < { BX(1+6 1 (23
100 =072 < 5=y —F \rEEry (P 0 3+ T S PEBR)T P logd 2
with probability at least 1 — 2 exp(—cinmin(o?, (3)/nl, 1)) — 6exp(—dlogd/12).
Once again we observe optimal dependence on the quantities s, logd, T and afmn(z) in our

convergence rate. For the purposes of optimization, a dependence on the strong convexity of the
loss through 1/?(2BR;) also seems unavoidable. Indeed, the lower bound of Agarwal et al. [I] for
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the complexity of stochastic convex optimization with strongly convex objectives implies that such
a scaling is necessary for any stochastic first-order method. While the result in their Theorem 2 is
stated in terms of L(07) — Z(AH*) and posits a 1/7 scaling, it can be easily extended to also imply
a 1/4* scaling for the error [|6T") — 6*||3. Finally, we observe that the bound only holds once the
number of samples n in the objective (2I]) is large enough. This arises since the sample objective
is not strongly convex by itself, but does satisfy a restricted version of the LSC condition once the
sample size is large enough. These ideas are further clarified in the proof of the corollary that we
present in Section

3.2 Optimal rates for least squares regression

In this section, we specialize to the case of least squares regression described previously in Exam-
ple 2l For ease of presentation, we further assume that the linear model assumption (1) holds.
Since the least-squares cost function is not Lipschitz over the entire set ), we need the general
local setting of our assumptions. For brevity, we introduce the shorthand notation G; = G(2R;)
and 0; = 0(2R;), and note that all of these parameters now depend on the epoch i.

The following theorem characterizes the convergence rate of Algorithm [ for least-squares regres-
sion, when applied to independently and identically distributed (i.i.d.) samples generated from the
linear model (1)) with B-bounded covariates (i.e., ||z||~ < B with probability one), and additive
Gaussian noise with variance 7%. For this example, we (re)define

v RIT
2n2B?(w? 4 logd) |

B S2B4+’}’2
2

Ky i= (w? + log d) log, . (24)

In stating the result, we make use of the shorthand

KT Y
s2B* + 42)(w? + log d)

§r = log (

Theorem 2. Consider the updates (Bl) with epoch lengths (I2)) and regularization/stepsize param-
eters

Rivy logd

2 _ fu 2 4 42 2,2 t _5R.

A —s\/i\/(Gi+0i)logd+wiai and « _5RZ\/(G22+)\22+0'Z-2)t‘ (25)
Then there is a universal constant ¢y such that for any 7' > 2x7 and for any subset S of {1,...,d}

of cardinality s, we have

22

17 — 0|3 < 2002) [3” <w2+10gd—|—£T>+62(9*;5)}

min(
with probability at least 1 — 6 exp(—w?/12).

Once again, if we focus only on the scaling with iteration number T, the above theorem
gives an overall convergence rate of O(1/T). The dominant term in the above bound scales as

@) <092.E§22) Sl%gd>. In a stochastic optimization setting where each stochastic gradient is based on
drawinﬁng one fresh sample from the underlying distribution, the number of iterations 1" also corre-

sponds to the number of samples seen. In such a scenario, the above iteration complexity bound
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is unimprovable in general due to matching sample complexity lower bounds for the sparse linear
regression problem [24]. This optimality is further clarified in the corollaries that we present below
for the exact and approximately sparse cases. The corollaries are analogous to our earlier result in
Corollaries [l and [2] for the case of Lipschitz losses.

Corollary 4. Under the conditions of Theorem [, we have the following guarantees.

(a) Ezact sparsity: Suppose that 0 is supported on a subset of cardinality s. Then there is a
universal constant cy such that for all T > 2kp, we have

~ logd n°B? sn?B?
Or — 0|2 <o 28T T2 (1 14 — 26
” ’ H2 = T Uglin(g)( " ) e Taglin(g) §T ( )

with probability at least 1 — 6 exp(—dlogd/12).

(b) Weak sparsity: Suppose 8* € By(R,) for some q € (0,1]. Then there is a universal constant
co such that for all T > 2k, we have

2132 1-q/2
=071 < e By { s B (27)

with probability at least 1 — 6 exp(—dlogd/12).

Part (a) of the corollary follows from observing that £2(6*;S) = 0 in the result of Theorem [2]
under our assumptions here. Part (b) involves setting S based on the assumption 6* € B,(R,),
analogous to the proof of Corollary Bl

A corollary analogous to Corollary [ can also be obtained from Theorem This involves
replacing the use of the RSC assumption for the sample-averaged objective as before, and we leave
such a development to the reader.

3.3 A modified method with constant epoch lengths

Algorithm [ as described is efficient and simple to implement. However, the convergence results
are based on epoch lengths T; set in an appropriate “doubling” manner. In practice, this setting
might be difficult to achieve, since it is not immediately clear how to set the epoch lengths T;
unless all of the problem parameters are provided. Juditsky and Nesterov [I4] address this issue
by proposing an algorithm that uses fixed epoch lengths, and is also additionally robust to the
knowledge of problem parameters such as the strong convexity and Lipschitz constant. In this
section, we discuss how a similar approach with fixed epoch lengths also works in our set-up. At a
coarse level, if we have a total budget of T" iterations, then this version of our algorithm allows us
to set the epoch lengths to O(log T'), and guarantees convergence rates that are O((logT")/T), so
at most a log factor worse than our earlier results. We note that unlike past work, our objective
function changes at each epoch, which leads to certain new technical difficulties.

For ease of presentation in stating a fixed-epoch length result, we assume 7 = 0 and 7 = ~
throughout this section. We further restrict ourselves to the setting of Theorem [0 with G; = G
and o; = o, with the extension to least-squares case analogous to that for obtain Theorem 2

14



Theorem 3. Suppose the expected loss satisfies Assumptions [} Bl with parameters G; = G, v and
o; = o respectively. Recalling the setting of k¢ [I4], suppose we run Algorithm [] for a total of T
iterations with epoch length 7; = T'log d/kr, and with parameter settings (I3]). Assuming that the
above setting ensures that T; = O(log d), for any subset S C {1,...,d} of cardinality at most s,

~ 2 2 1 2 1 1 9 1
ueT_e*Hg:@(S (G? + 0?)logd + (w? + log(rr/ log d))o ogd>

T KT
with probability at least 1 — 3exp(w?/12).

The theorem shows that up to logarithmic factors in 7', not setting the epoch lengths optimally
is not critical which is an important practical concern. We note that a similar result can also be
proved for the case of least-squares regression.

4 Proofs of main results

We now turn to the proofs of our main results, which are all based on a proposition that characterizes
the convergence rate of the updates updates (Bl within each epoch. Proving this intermediate
result requires combining the standard analysis of the dual averaging algorithm with the statistical
properties of the minimizer of the epoch objective f; at each epoch. We then build on this basic
convergence result using an iterative argument in order to establish our main Theorems [I] and 21

4.1 Set-up and a general result

In our proofs, we use a weaker form of the local strong convexity (LSC) condition, known as locally
restricted strong convexity, or local RSC. This weakened condition allows us to adapt our proofs to
finite pool optimization (Corollary B]) in a seamless way, and also to establish slightly more general
versions of our main results:

Assumption 2’ (Locally restricted strong convexity) The function £ :  — R satisfies a R-local
form of restricted strong convexity (RSC) if there are non-negative constants (v, 7) such that

~ —_ —_ ~ ’)/ ~ ~
L(0) = L(9) +(VL(®), 0 =) + 16 — 013 — 16 —4II%. (28)
for any 0,0 € Q with |0, < R and ||0]|; < R.

Note that this condition reduces to the standard form of local strong convexity in Assumption 2l
when 7 = 0. The key weakening here is the presence of the additional tolerance term—namely, the
quantity —7]|6 — 8||?. Due to this term, the lower bound (28) provides a nontrivial constraint only
for pairs of vectors 6,0 such that 2]|§ — (|3 > (|6 — 0]|3. Since the ratio of the ¢; and ¢ norms is a
measure of sparsity, the local RSC condition thus enforces local strong convexity only in directions
that are relatively sparse. As a concrete example, if the difference 6 — 0 is s-sparse, then we have
16 — 6|3 < 5|6 — 6])3, so that the condition (28] guarantees that

L) - £6) + (VE©), 8- )} 2 5 {v— 257} |0 ~ 013, (20)
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a non-trivial statement whenever v > 2s7.
With this intuition, for applications of the condition ([28) with 7 # 0, we introduce the effective
RSC constant
5 =~ — 16sT, (30)

where we have introduced the factor of 16 for later theoretical convenience. In addition, we use a
slightly generalized definition of the approximation-error term £2(6*;S), namely

* |12
€20, 8,7) = @ <1 + S;) ) (31)
which reduces to £2(6*; S) when 7 = 0. So as to simplify notation, we use f;(0) := L£(6) + \;||0]1
to denote the objective at epoch 7. Following standard notation in the optimization literature,
we also require a quantity A, such that Ay > (6) for all ||#]; < 1; in our case, the choice of
prox-function (@) ensures that A, = elog d suffices. We also recall our notation w? = w? + 24logi.

We now state and prove a slightly generalized form of Theorem [ that allows for 7 > 0. It is
based on the epoch lengths

2.2

A
® L (Ap(G? + 02) + wio?) + 7%”] : (32)

7= |3
Z 7R 7

where ¢; is a universal constant. The more general form of Theorem [ also involves the quantity

FER2T ] ~vlogd

12s2((G? 4+ 02) Ay + w?0?) 5 (33)

Kk = log, [

It applies to the dual averaging updates (Bl with the epoch lengths ([B32]) and regularization /stepsize
parameters

Ay

a2 = B
(G + N2 +o2)t

osVT

\/Aw(GY2 +02) +w?0?, and o = 5Ri\/ (34)

Theorem 4. Suppose the expected loss £ satisfies Assumptions [ 2’ and [ with parameters
G(R) =G, (v,7), and o(R) = o respectively, and that we run Algorithm [I with parameter set-
tings ([34]) and epoch lengths ([B2)). Then there is universal constant ¢y such that for any 7' > 2k,
for any integer s € [1,d] such that v — 16s7 > 0, and for any subset S C {1,...,d} of cardinality
s, we have

S’Yz

oz~ 61 < o | 22

(G2 logd + o2 (log d+ w? + log /{T)) + %62(9*; S, 7). (35)

with probability at least 1 — 6 exp(—w?/12).

In order to prove this theorem, we require some intermediate results on the convergence rates within
each epoch. We state these results here, deferring their proofs to the appendices, before returning
to prove Theorem [Il and its corollaries.
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4.2 Convergence within a single epoch

This intermediate result applies to iterates generated using the dual averaging updates (Bl) for T;
rounds with parameters (34), where G = G;, and the error bound is stated in terms of the averaged
parameter at the i, epoch, namely the vector 0(T;) := T% tTél ot

Proposition 1. Suppose L satisfies Assumptions [, 2' and [3 with parameters G;, (v,7) and o;
respectively, and assume that ||0* — y;l|, < R;. Suppose we apply the updates (B) with stepsizes
based on equation ([B4)). Then there exists a universal constant ¢ > 0 such that for any radius
R? > 4ve*(0%; S, 7) /7, any integer s € [1,d] such that v — 16s7 > 0, and any subset S C {1,...,d}

of cardinality at most s, we have

= -~ 2A¢(G2 + 0'-2) in'iRi Aw
. VY — £.(0.) < . i i VO i
FO(T)) — £.(B) < 30R; 2 + SO s0m [ and (36a)
i i R2A
180T — 0*|2 < c% [;\% ( Ap(G2 +02) + WZ) SAA L 2s, T)] C(36h)

where both bounds are valid with probability at least 1 — 3exp(—w?/12) for any w; < 9y/ITog T;.

On one hand, inequality ([BGal) is a relatively direct consequence of known convergence results
about stochastic dual averaging [22]. On the other hand, the bound (B6bh)—which plays a central
role in the our proofs—requires some additional statistical properties of the optimal solution at each
epoch i. See Appendix [Bl for further details on these properties, and the proof of Proposition [

Before moving on, we note that the bounds in Proposition [0l can be simplified further based on
the parameter settings in equations ([B2]) and ([B4]). Substituting these choices in our bounds yields
the inequalities

N 22
Fi0(T) — fi(s) < c R;—z and (37a)
167) = 6°IF < e | RE + 2 (6% 5,7)| (37h)

In addition to this proposition, we need to state two more technical lemmas, the first of which
bounds the error A; := 6; — 6*.

Lemma 1. At epoch i, assume that ||6* — y;||, < R;. Then the error A; = B; — 0% satisfies the
bounds

~ 4 i || 0% 4710%. 1|2
~ 8 Ail|0%elly + 470% |12 .
B — el S%%M\/a I ul7 05D e . (38b)

For future reference, it is convenient to note that the bound (B8L) implies that
. o 9 " TS X
16" =0l < =i+ 8[|0se 11 E 6[|05 1, (39)
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where we have made use of the elementary inequalities va + b < \/a + Vb and 2vab < a + b, valid
for all non-negative a, b.

Our next lemma provides a simplified version of the RSC condition that holds under conditions
of Proposition [l The lemma is stated in terms of the error

A(T) = 6(T;) — b; (40)
between the average 0(T}) := T% ZtT;l 0% over trials 1 through 7; in epoch i, and the epoch optimum 52

Lemma 2. Under conditions of Proposition [[] and with parameter settings ([32) and (34]), we have

DO [ 2

IA@)IE < £6T)) ~ 5@+ er (TR 22657
with probability at least 1 — 3exp(—w?/12).

4.3 Proof of Theorem [4]

We are now equipped to prove Theorem[dl The proof will be broken down into cases, corresponding
to whether T is “too large” or not. We recall that K7 is the total number of epochs performed
after T steps in Algorithm [l

We first consider iterations for which the bound

4
Ry, > %s £2(6*; S, 7) (41)

is satisfied. We then provide an additional lemma which allow us to control the iterates for epochs
i after which the squared R? violates the bound (ZIJ).

4.3.1 Proof assuming inequality (4] holds

Our first step is to ensure that the bound [|60* — y;[|, < R; holds at each epoch 7, so that Proposition[I]
can be applied in a recursive manner. We prove this intermediate claim by induction on the epoch
index. By construction, this bound holds at the first epoch. Assume that it holds for epoch i.
Recall that the epoch length setting in Theorem Ml is of the form

32'72
TR}

A
T, =C [ (Ap(G? + 0?) + wio?) + u] ,
5
where C' > 1 is a constant that we are free to choose. Upon substituting this setting of 7; in the
inequality (36D, the simplified bound (B7h)) further yields
19(T3) — 672 < < <R2 + L2 g )> Qe
) T T = 3 —_ 30, T ~ B
' IRV RN ve o
where step (i) follows due to our assumption R? > 4vyse%(0%;S,7) /5. Thus, by choosing C suffi-
ciently large, we may ensure that ||0(T;) — 6|7 < R?/2:= R?, ;. Consequently, if §* is feasible at
epoch i, it stays feasible at epoch i 4+ 1, and so by induction, we are guaranteed the feasibility of
0* throughout the run of the algorithm by induction.
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As a result, Lemma 2] applies, and we find that

o | 2|

IAT)E < FT) — fi(B) +er @R% 12078, T>)

with probability at least 1—3 exp(—w?/12). Appealing to the simplified form ([B7al) of Proposition [
we can further obtain the inequality

YR 2 132272 Y 52 2/ n*
A(T: < ¢t L 4 . .
2H ( 1)”2 C ~ —+ 7 <,_sz + se (6 75:7’))

Recalling that v =% + 16s7, the above bound further simplifies to

DO [ 2

_ -
INGOIEE: <% T sre2(0%; 8, T)> . (42)

We have now bounded A(TZ) =0(T;) — é\i, and Lemma [ provides a bound on A; = 5, — 0%,

so that the error A*(T;) = 0(T;) — 0* can be controlled using triangle inequality. In particular,
combining inequality (B8al) with the bound ([42)), we find that

R2 2(p*. § A2 X |0%. 0%, 2
1A* (T2 < ¢ {_z pTO58T) | N Aillelh £ 7] Hl] |
S Y ¥ o

2 =||o*
Since 2|0 |1 < % + M by Cauchy-Schwartz inequality, we can further simplify the above
bound to obtain

HA*(TZ)H% <ec [& + TSE (9_757T) + ‘9_)‘21 + ||95’CH1 <1 + TTS>:| ]
s 5 5 s

Substituting our choice of \; and T; from equations (34]) and (32)) respectively yields the final bound
R?
@< e | s (147 )]

a bound that holds probability at least 1 — 3exp(—w?/12). Recalling that R? = R3270=1 we see
that the error after 7 epochs is at most

R22-(=1)

IA*(T)]3 < e .

+ 62(9*; S, 7) <1 + %)

Since v =7 + 16s7, some algebra then leads to

R~

|A* (Tl < e |

2(p*. g 7 b
+e2(0%; S, )7], (43)

with probability at least 1 — 3 Z;zl exp(—wjz. /12). Recalling our setting w? = w? + 24log i, we can
apply the union bound and simplify the error probability as

i i i
Z exp(—w?/lZ) = Z exp(—(w? + 241log j)/12) = exp(—w?/12) Z -
j=1 j=1

=17

19



As a result, we can upper bound the net probability of our bounds failing after the K7 epochs
performed by Algorithm [ as

Kr 00 o)
1
Z3exp(—wj2-/l2 Z exp(— 2-/12) < 3exp(—w?/12) Z — < 3%exp(—w2/12),

where the last step follows summing the infinite series. Finally noting that 72/6 < 2 gives us the
stated probability of 1 — 6exp(—w?/12) with which our bounds hold. In order to complete the
proof of the theorem, we need to convert the error bound (@3] from its dependence on the number
of epochs K7 to the number of iterations 7. This requires us to obtain K7 in terms of T', which
we do next. Letting T'(K) be the number of iterations needed to complete K epochs, we start by
computing an upper bound g(K) on T(K) based on our epoch length setting (32]). Then inverting
the bound allows us to deduce the lower bound Kr > ¢~ (7T), which allows us to obtain error
bounds in terms of T'.

K 522 A
T(K) =) Ti=) ¢ [,Y— (Ay(G* + 0”) + (w* + 24log i)o )+Tﬂ

1
5292 ~A
=c | S55 (Ap(G* + 07) + (w* + 24log K)o 22’ 1y wK

A
° L (Ap(G? + 02) + (W + 241og K)o?) 2K + %K}

=g(K)
where the last inequality sums the geometric progression. Inverting the above inequality to obtain
g~ (T, along with some straightforward algebra completes the proof.
4.3.2 Case 2: Extension to arbitrary Kr

As we observed in the previous section, when the bound (Il holds, we can ensure that 6* stays
feasible at each epoch, thereby allowing us to use the error bounds from Proposition [l However,
once T becomes large enough, the bound (I]) will no longer hold, so that the the feasibility of 6*
for subsequent epochs can no longer be guaranteed. In this section, we deal with this remaining
set of iterations. In particular, let us define the critical epoch number

4~
Kj=argmax{k>1 | R} > Tse 2(0%:8,7)}, (44)
bl
beyond which the bound (4Il) no longer holds. By the definition of K7., we are guaranteed that
(@) (ii

4y ¥ 1)
R%{; > 735(0 ST) 2R2;+1 :R2;/2,

where inequality (i) follows since K7 is the largest epoch for which the bound (1) holds, and step
(ii) follows from our setting R?, , = R?/2.
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Now our earlier argument applies to all epochs £ < K7, and it guarantees that after K. epochs,
we have

R%{*
mnrww%§c<sT+ﬁ@%&ﬂ%)3c¥W%&ﬂ%, (450)
*|2 2 S 20px. s
”yK;—9H1§c<R ;4_?6 (9,5,T)>§67. (45b)
K
with probability at least 1 —3 (Y %) exp(—w?/12).
i=1

Our approach for the remaining epochs k& > K7 is to show that even though ¢* may no longer
be feasible, the error of the algorithm cannot get significantly worse than that at epoch K7. In
order to do so, we need an additional lemma.

Lemma 3. Suppose that Assumptions [l 2’ and [3 are satisfied with parameters G;, (v, 7) and o;
respectively at epochs i = 0,1,2,.... Assume that at some epoch k, the prox center y; satisfies the
bound ||yx — 0*||2 < ¢1 Ri/+/s, and that for all epochs j > k, the epoch lengths satisfy the bounds

Ay (G? + 02) + w?o? A
Z—g d}( J ]) J J < @, and =¥ < ¢o.
g T; 2 T;
R}

Then for all epochs j > k, we have the error bound ||y; — 0*[|3 < c3 —£ with probability at least
1—=3%7 . exp(—w?/12).

See Appendix [C] for the proof of this lemma.

Equipped with this lemma, the remainder of the proof is straightforward. Specifically, inequal-
ity (dbal) ensures that for all epochs j > K7, we have

R2. @ R2.
%—1—62(9*;5,7)%) < c KT,

HW@—ﬂw%§c< :

with probability at least 1 — 3 (Zfiﬁ %2) exp(—w?/12). Here step (i) follows from our definition of
K7%. Now we apply Lemma [3 to conclude that if K7 > K7, then

2

*

RK
*_0*2< T < 120*5
e \b_c<7;>_676(,,ﬂ

with probability at least 1—3 ( ZZILTI Z%) exp(—w?/12). Finally, observing that the overall probability
of our bounds failing is at most 6 exp(—w?/12) as before, we see that the statement of Theorem H
holds in this case as well, thereby completing the proof.

4.4 Proofs of Corollaries [2] and

In this section, we will establish the corollaries of Theorem Il We start with Corollary 2] before
moving on to Corollary Bl the latter needing our more general statement of Theorem [l
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4.4.1 Proof of Corollary

The corollary follows from Theorem [1 by making a particular choice of S based on our assumption
0* € B,(R,). Specifically, given a parameter ¢ > 0, define

Sp] = and S,i={j € {1,....d} | 07| > |6;] for all i ¢ S,},

to be the set of R4~ ? indices corresponding to the largest coefficients of 6* in absolute value. Given
this definition, some straightforward algebra yields that [0} < ¢ for all i ¢ S, which further yields
Hogéul < ¢'79R,. (For instance, see Negahban et al. [I8] for more detail on these calculations.)
With these choices, the error bound of Theorem [l simplifies to

~ —qR R2902—2q
_pr12 < J¥ q (2 2 2 2 q _
167 — 0% < of (G o) logd o) S }

(G2+02)log d+w2o2

=T ; substituting this choice and

This upper bound is minimized by setting ¢* := \/
performing some algebra yields the claim of the corollary.

4.4.2 Proof of Corollary 3]

In order to prove this result, we must first demonstrate that the RSC condition holds. For notational
simplicity, we introduce the shorthand

Ln(0):= Zﬁ(@; (25,95)) = Zlog [1+ exp(yi(0, x;))].
i=1

i=1
Performing a Taylor series expansion of 8 around 6 yields

£0(6) = £4(6) — (VL0),8 - 6) = >~ vlas) w0~ 6%
1=1

where ¢(t) = % is the second derivative of the logistic function, and a; := (af+(1—a)0, z;y;)
for some « € [0, 1].

Under the assumptions of Corollary B we further know that |a;| < 2BR;, and hence that
¥(a;) > 1(2BRy). Consequently, in order to establish the local RSC condition (28], it suffices

to lower bound the quantity

LSS 0— 62 = Lixo— )2
2D, 0= = JIX0 - )l

where X € R"*? is the design matrix, with the vector x? as its i row. Quantities of this form
have been studied in random matrix theory and sparse statistical recovery. We state a specific

result that holds under our conditions, and provide a proof in Appendix

Lemma 4. Under the conditions of Corollary [B there are universal constants ¢, ¢y such that we

have

X3 min (2 log d 4

| ;)“2 57 2( )”U”% —c Oi; max {amin(Z), Umzlx(g) } (B1E: for all v € RY
with probability at least 1 — 2exp(—cinmin(c?;, (X)/n2,1)),
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Consequently, the local RSC (28]) condition holds with

min by 2B ! .
N = g ( )¢( Rl) and T=¢ Ogd max O'min(z)v 77750 :
n O'min(z)

2
Substituting these values in the general statement in Theorem Hl completes the proof of the corollary.

4.5 Proof of Theorem

The main difference from the proof of Theorem [ is that here we obtain improving bounds on the
Lipschitz and sub-Gaussian constants at each epoch. Recalling that [|#® — 6*||; < 2R; at epoch
i, a little calculation shows that G; < 2||3||o R;, where |2/ is the elementwise o, norm of .
Since Y is positive-semidefinite, we can further conclude that ||X]/c < p(3). Assuming further that
|z]|oo < B, we see that p(X) < B. We further have the bound

9" 1% = 11 (§e, 6°) — yo)ell3
< 2[[{we, 0 — 07) a3, + 2|z
< 8BR? + 2B*w}.
Since w; ~ N(0,7?), it is easy to check that

2
E[exp(wf/ag)} <exp(l), where og=eny/ ] < 3n,
e J—

so that Assumption [3is satisfied with o2 = ¢ [B4RZ2 + B2n2], for a universal constant c¢. Plugging
these quantities into our earlier bound from Proposition [l on the epoch length, we observe that
with probability at least 1 — 3exp(—w?/12) the number of iterations needed at epoch 4 is at most

2 ’ylogd}

522
TR

2,232, 2 2,2
<c [8;7271%27(%2 +logd) + %(34 + 1) (w? —I—logd)] .

We can now mimic our earlier argument to obtain the total number of iterations across all epochs.

(B4RZ-2 + 772B2) (w,2 +logd) +

TZ§C|:

4.6 Proof of Theorem

The proof relies on an additional technical lemma in addition to our earlier development. In order
to prove the theorem, we observe that the key argument in the convergence analysis of Section @l
was the ability to reduce the error to the optimum 6* by a multiplicative factor after every epoch.
However, with a fixed epoch length T}, it may not be possible to continue reducing the error once
the number of epochs becomes large enough. This is analogous to the difficulty we encountered in
the proof of Theorem M and will again be addressed using Lemma Bl We start by deducing the
epoch number £* such that we successfully halve the error at each epoch up to k*. We will then
use other arguments to demonstrate that the error does not increase much for epochs k£ > k*, and
this requires some delicate treatment of our changing objective functions. Specifically, given a fixed
epoch length Ty = O(log d), we define

. : Ry~ To .
B = L9241 < & for all epochs j < i 5. 46
sup {z < - (G? " ajz)logd—kcu?%z or all epochs 7 <1 (46)
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We start with a simple lemma, showing that Algorithm [l run with fixed epoch lengths Ty has
the desired behavior for the first k* epochs.

Lemma 5. Suppose that Ty = O(log d) and define k* based on equation (46]). Then we have
lye — 0*|1 < R, and |jye — Oxlh < R, forall 1 <k <k*+1

with probabilty at least 1 — 3kexp(—w?/12). Under the same conditions, there is a universal
constant ¢ such that

By

Vs

The key challenge in proving the theorem is understanding the behavior of the method after
the first £* epochs. Since the algorithm cannot guarantee that the error to #* will be halved for
epochs beyond k*, we can no longer guarantee that 6* will even be feasible at the later epochs.
However, this is exactly the same problem that arose in the proof of Theorem [l Specifically, we
can use Lemma Bl in order to control the error after the first k* epochs.

In order to check the condition on epoch lengths in Lemma B we begin by observing that by
the definition ({6l of k*, we know that

llye — 0%|2 < ¢ and [y — Okll2 < c% for all 2 < k < k* + 1.

CEWM% A/ DR Sy NPIES B UeSY (47)
Yy TO 2

Since we assume that the constants Gi, o are decreasing in k, the inequality also holds for all
k > k* 4+ 1, so that Lemma [3] applies in our setup here. We further observe that the setting of the
epoch lengths in Theorem [3] ensures that the total number of epochs we perform is

ko = log | 117 T
0 s \[ (G2 +0?)logd+ w202 )~

Now we have one of two possibilities. Either kg < k* or kg > k*. In the first case, Lemma
ensures the error bound ||yg, — 6*[|3 < CR%O /s applies. In the second case, we appeal to Lemma [3]
and obtain an error bound of ¢ R}, /s. The proof is completed by substituting our choices of ky and
k* in these bounds.

5 Simulations

In this section, we present the results of various numerical simulations that illustrate different
aspects of our theoretical convergence results. We focus on least-squares regression, described in
more detail in Example @l Specifically, we generate samples (z,y;) with each coordinate of z;
distributed as Unif[—B, B] and y; = (6%, z;) + w;. We pick 6* to be sparse vector with s = [log d]
non-zero co-ordinates, and w; ~ N(0,7?) where 2 = 0.5. Given an iterate 6!, we generate a
stochastic gradient of the expected loss () at (z,y:). For the ¢1-norm, we pick the sign vector of
0!, with 0 for any component that is zero, a member of the ¢;-sub-differential.

Our first set of results evaluate Algorithm [I] against other stochastic optimization baselines,
where all algorithms are given complete knowledge of problem parameters. In this first set of
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simulations, we terminate epoch i once [|y;41 — 6%2 < |ly; — 62 /2, which ensures that 6* remains
feasible throughout, and tests the performance of Algorithm [Ilin the most favorable scenario. We
compare the algorithm against two baselines. The first baseline is the regularized dual averaging
(RDA) algorithm [30], applied to the regularized objective [l with A = 4ny/logd/T, which is

the statistically optimal regularization parameter with 1" samples. We use the same prox-function

P(0) = 2'8;!’2)1), so that the theory [30] for RDA predicts a convergence rate of O(sy/logd/T).

Our second baseline is the stochastic gradient (SGD) algorithm, a method that exploits the strong
convexity but not the sparsity of the problem (I). Since the squared loss is not uniformly Lipschitz,
we impose an additional constraint [|f]|; < Ry, without which the algorithm does not converge. The
results of this comparison are shown in Figure [l where we present the error ||% — 0*||2 averaged
over 5 random trials. We observe that RADAR comprehensively outperforms both the baselines,
confirming the predictions of our theory.

Error vs. iterations Error vs. iterations
6 ‘ —TRADAR 6 ‘ ‘ —TRADAR
-=SGD -=SGD
-=-RDA ---RDA
5t 3 5F b
O0 0.5 1 1.5 2 O0 0.5 1 1.5 2
Iterations X 104 Iterations X 104
d = 20000 d = 40000

Figure 1. A comparison of RADAR with the RDA and SGD algorithms for d = 20000 (left) and
d = 40000 (right). We plot [|§" — 6*||3 averaged over 5 random trials versus the number of iterations.

Our second set of results provides comparisons to algorithms that are tailored to exploit sparsity.
Our first baseline here is the approach that we described in our remarks following Theorem [Il In
this approach, we use the same multi-step strategy as Algorithm [ but keep A fixed. We refer
to this as Epoch Dual Averaging (henceforth EDA), and again employ A\ = 4n+/(logd)/T with
this strategy. To maintain a fair comparison with the RADAR algorithm, our epochs are again
terminated by halving of the squared /,-error measured relative to 8*. Finally, we also evaluate the
version of our algorithm with constant epoch lengths, as analyzed in Theorem [ using epochs of
length log(7'), and henceforth referred to as RADAR-CONST. As shown in Figure 2] the RADAR-
CONST has relatively large error during the initial epochs, before converging quite rapidly, a
phenomenon consistent with our theoryE Even though the RADAR-CONST method does not use

2To clarify, the epoch lengths in RADAR-CONST are set large enough to guarantee that we can attain an overall
error bound of O(1/T), meaning that the initial epochs for RADAR-CONST are much longer than for RADAR.
Thus, after roughly 500 iterations, RADAR-CONST has done only 2 epochs and operates with a crude constraint set
Q(R1/4). During epoch i, the step size scales proportionally to R;/v/t, where t is the iteration number within the
epoch; hence, when R; is large, the relatively large initial steps in an epoch can take us to a bad solution even when
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the knowledge of 6* to set epochs, all three methods exhibit the same eventual convergence rates,
with RADAR (set with optimal epoch lengths) performing the best. Although RADAR-CONST
is very slow in initial iterations, its convergence rate remains competitive with EDA (even though
EDA does exploit knowledge of 6*), but is worse than RADAR as expected.

Overall, our experiments demonstrate that RADAR and RADAR-CONST have practical per-
formance consistent with our theoretical predictions. Although optimal epoch length setting is not
too critical for our approach, better data-dependent empirical rules for determining epoch lengths

remains an interesting question for future research. The relatively poorer performance of EDA
demonstrates the importance of our decreasing regularization schedule.

Error vs. iterations

Error vs. iterations
5 ‘ - [—RADAR 5 ‘ - [—RADAR
==FEDA -=EDA
---RADAR-CONST ---RADAR-CONST
4 — - ’. 4 4
N:N 3 n ‘ ]
S %
‘ ‘l
= “
=2 b 1
\
1r \ 1
Ctean e
) “Asq.-._.-‘.-‘--:.;-.‘q..-..-..-u-.o.-.-.—-—--
O0 0.5 1 1.5 2 O0 0.5 1 1.5 2
Iterations X 104 Iterations X 104
d = 20000 d = 40000

Figure 2. A comparison of RADAR with EDA and RADAR-CONST for d = 20000 (left) and
d = 40000 (right). We plot ||6* — 6*||3 averaged over 5 random trials versus the number of iterations.

6 Discussion

In this paper, we presented an algorithm that is able to take advantage of the strong convexity
and sparsity conditions that are satsified by many common problems in machine learning. Our
algorithm is simple and efficient to implement, and for a d-dimensional objective with an s-sparse
optima, it achieves the minimax-optimal convergence rate O(slogd/T). We also demonstrate
optimal convergence rates for problems that have weakly sparse optima, with implications for
problems such as sparse linear regression and sparse logistic regression. While we focus our attention
exclusively on sparse vector recovery due to space constraints, the ideas naturally extend to other
structures such as group sparse vectors and low-rank matrices [I8]. It would be interest to study
similar developments for other algorithms such as mirror descent or Nesterov’s accelerated gradient

methods, leading to multi-step variants of those methods with optimal convergence rates in our
setting.

we start with a good solution ;. As R, decreases further with more epochs, this effect is mitigated and the error of
RADAR-CONST does rapidly decrease like our theory predicts.

26



Acknowledgements

The work of all three authors was partially supported by ONR MURI grant N00014-11-1-0688
to MJW. In addition, AA was partially supported by a Google Fellowship, and SN was partially
supported by the Yahoo KSC award.

A Closed-form updates

In this appendix, we derive a closed form expression for the update (Bh) when ©Q = R? Re-
calling our definition of the prox-function (@), the constraint #*71 € Q(R;) can be rewritten as
Yy, r;(0) < 2(p —1). We now form the Lagrangian at iteration ¢+ 1

o't <Iut+l7 9> + ¢yi,Ri(9) + £(¢yi,Ri(9) - 2(p - 1))7

where £ > 0 is the Lagrangian parameter. The first-order optimality condition for the Lagrangian
allows us to conclude that o/ !t 4+ Vb, g (071)(1 + £) = 0, so that the iterate at time ¢ + 1 is
given by
Attt
1+¢ ) ’

where ¢ 5. (1) denotes the Fenchel conjugate [I3]. Recalling the form of our prox-function, we
have

0t+1 — VQ’Z)Zi,Ri <_

(p — R

Y (6) = 0~ il and v ) = (e )+

1
2(p—1)
where ¢ = p/(p — 1) is the conjugate exponent to p. This is a straightforward consequence of the

Fenchel duality of £, norms (e.g., see Example 6.0.2 [13]).
We can now take the gradient of the dual function to obtain the following closed form expression

R¥(p—1)a't
(1+¢)

The value of £ can now be obtained by backsubstitution in the constraint § € Q(R;). Doing so and
performing some algebra yields

g+l — yi + t+1’(q—l) ”1H§H)-

I sign(u™)||p

¢ :=max {0, (p — Vo' |u* ) R — 1},

where |ptt1|(@=1) refers to taking the absolute values and exponents elementwise and ¢ = p/(p — 1)
is the conjugate exponent to p.

B Proofs for convergence within a single epoch

In this appendix, we prove various results on convergence behavior within a single epoch, including
Lemmas [Ml and 2l as well as Proposition [
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B.1 Proof of Lemma [
By the optimality of é\i, we have
L(0;) + Nill0: ]l < Z(6%) + Nil|o* 1. (48)

From the local RSC assumption (28], for any vector 6 feasible during epoch ¢, we have the lower
bound

r~N* rlN* * fy * *
L(0) = L(O7) + (VL(07),0 = 07) + 0 = 07[13 — 7|6 — 077

QR * Y * *
> L(O) + 510 = 0715 = 7110 — 07, (49)

~

where step (i) follows since §* minimizes £(6). Applying inequality @) with § = §; and combining
with the initial bound (@8] yields

L(8:) + NillBills < £8) — $16; = 6°13 + 718 = 0°[1F + Alo” -
Using the definition 8* = 52 + A; and triangle inequality, we can further simplify to obtain
NillBills < X"l = S 16" = Bl3 + 1 = 013 < AslBilly + Al Adlly = A3 + Tl A,
Rearranging the terms above yields
%I!Aillg < NillA N+ TIAT < 2vEA 1 Adll2 + 20105 11 + 8T Al + 87|65 3.
Some elementary algebra then yields that e := ||A;||2 satisfies the quadratic inequality
S {y— 1657} — {2vNTe — {2005l + 87053} <0,
which then implies the fs-error bound (38al).

In order to establish the £1-error bound (B8Dh]), we require an auxiliary lemma that allows us to
translate between the {9 and ¢;-norms:

Lemma 6. For any pair of vectors 6,0 € Q, suppose that 101 < ||0]|1 + € for some € > 0. Then
for any set A C {1,2,...,d}, the vector A := 6§ — 0 satisfies the inequality

[Aelly <[[Aalls +2[|0ac]1 + €. (50)
Proof. Since A and A€ are disjoint, the bound assumed in the lemma statement can be written
164l + 10acll < 164l + [[6a¢]l1 + . (51)
Since 6 = A + 6 by definition, triangle inequality implies that
16alli = (104l = [|Aalli and  [|fac]li > [[Aac]lr = [|6ac]1-
Substituting into the bound (&Il), we obtain
[Aaelly = [10ac]l + 10alls = 1Al < 10alls + 10acll + e,

and rearranging terms completes the proof. O
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In particular, applying Lemma [6] to the pair § = 51, and 6 = 6* with the tolerance ¢ = 0 and
the subset A = S, we find that the error vector A; := 6; — 0* satisfies the bounds

[(Ad)sellr < [[(Ad)sll1 + 2[|0sel1- (52)
Consequently, we have
1Al = [(A)sl + [[(Ad)sellr < 2[(Ai)sllt +20105e[lr < 2v/s][(Ai)sll2 + 2[5 |1, (53)

where the final step uses the fact that (A;)g is an s-vector.

B.2 Proof of Proposition [I: Inequality (3Gal)

We are now equipped to prove Proposition [Tl beginning with the first bound (B6al). Introducing
the convenient shorthand e! = g — VL(6'), our assumptions guarantee that there are constants G;

and o; such that Eexp (”e ”°°) < exp(1l), and

IL(8) — L(0)| < Gi]|0 — 0|, for all 6,8 satisfying ||6 — yil|1 < R;. (54)

Our starting point is a known result for the convergence of the stochastic dual averaging algorithm.
Recalling the definition 0(T") = thl 0! /T, and letting g* = g* + \;v* be the stochastic subgradient
at iteration ¢, we have

T

_ ~ 1 Oét_l ~t 112 1 d
. _£(0.) < — - -
FO) = 509 < g 5= ST e+ i ) = 7 D200 (55)

’ﬂl’*

where 7, is the strong convexity coefficient of the prox-function with respect to the /o, norm, equal
to 1/(eR?) in our case. This bound follows directly from the analysis of Nesterov [22] and Xiao [30];
the specific form (B5)) given here corresponds to Lemma 2 of Duchi et al. []].

Now observe that since g = VL(0') + \;v! + e, triangle inequality yields the upper bound

(i)
1915 < 2(IVLO") + A'll3 + llefll5) < 4GF + 427 + 2le'|[3

where inequality (i) uses the Lipschitz condition in Assumption[I] and the Lipschitz property of the
¢1-norm. From this point, further simplifying the error bound (B4)) requires controlling the random

terms
T

T
Yoo and Y (e 0" —6y) (56)
t=1

t=1
Accordingly, we state an auxiliary lemma that provide tail bounds appropriate for this purpose.

Lemma 7. Under the sub-Gaussian tail condition (Assumption []):

a) With step sizes o = a/\/t, we have
(a)

T
Zat_lﬂetHgo < 2020VT + o?war/2log T (57)

t=1

with probability at least 1 — 2exp(—w?/12) for all w < 9y/Tog T
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(b) We have S°1 (e, 0; — 0') < wR;o;\/T with probability at least 1 — 2 exp(—w?/12).

See Appendix[B.Hlfor the proof of this result. We now use it to control the terms in equation (G]).
Starting with the first term, we observe from Lemmal[7 (a) that for 7' > 1, we are guaranteed that

T

T
DTG % < Y0l THAGE + 407 20t )
t=1 t=1

T
<AG+A)D a4 2070(2VT + wiy/log T)

t=1
< 8(G? + \)aVT + 2262aVT,

with probability at least 1 — 2exp(—wi2 /12). Here the last step uses the inequality 9log T < VT
valid for all T > 1, as well as the assumption w; < 94/logT". Thus, we have established an upper
bound on the gradient terms with an effective Lipschitz constant

T
> oG < 220VT(GE + A + 07). (58)

t=1

Part (b) of Lemma [7] directly controls the second random quantity.
We now plug in the results of these lemmas into our earlier error bound (B5]), which yields, with
probability at least 1 — 3 exp(—w?/12), the upper bound

220 A w;oi R;
G? + X2 +02) + o 4 2000
/T NV VT

A w;o; Ry
104/G2 + 02 + A2, [ =L 4 2700
YT VT

Here the second inequality uses the setting o = 5\/ Ay /(G2 + A2 + 02). We also note that under

£(0(D)) — fi(6;) <

IN

our assumption that ¢ is 1-strongly convex with respect to || - [|1, we have that v, = 1/(eR?) at
epoch ¢. Thus with probability at least 1 — 3exp(—wi2 /12), we have the error bound

g 0, Ay (G} + o7 + N7 ioi R
FO(T) — 110 < s0myy[ALCEE AN iR

VT
A¢(G2 + 02) Aw w;o; R;
< 30R; | UL +30RA | + N (59)

thus completing the first bound in Proposition [l

B.3 Proof of Lemma

The main idea of this proof is to first convert the error bound (59]) from function values into ¢; and
{o-norm bounds by exploiting the (approximate) sparsity of 6*. We will then use these bounds to
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simplify the RSC condition. Since the error bound (£9) for the minimizer 8;, it also holds for any
other feasible vector. In particular, applying it to 8*, we obtain the bound

ST — £48 < 3OR [ Ay G2+a +3OR\/7 wm | (60)

Our next step is to lower bound the left-hand side of this inequality. We have

fi(0(T)) = £i(07) = L(O(T)) + MillO(T))llx — £(67) = Xsl|6"
E( }+>\|!9( DIl = £(07) = Aill6™ 1y
A{IO(T) I = 116711}

where inequality (i) follows since #* minimizes £. Combining with the bound (60) yields

) 30R |A G2+a / W;H
16(T) [ < [16%[11 + o + 30R; (61)

At this point we recall the shorthand notations A*(7;) = 6(T;) — 6* and A( D) = 0(T)) — 6;. In
order to bring the above bound on ||0(T})||1 closer to the statement of the lemma, we can appeal
to Lemmal[@l Indeed an application of the lemma in conjunction with the inequality (GI) results in
the bound

30R; |Ay(G? +02) wm i
|AX(T)se |l < [|A*(T3)s]h + \/t am,/ o+ A0 (62)

Our next step is to convert the above cone bound on A*(7;) into a similar result for A(T}). In
order to do so, we observe that A*(T;) — A( i) = 6; — 0", and hence

—
V=
=

16; = 6%1l = IAS(T3) = As(To)ll + A% (T3) = Ase(Ti)h
> {|AS(T)Ih — 1As(T)n} = {I1A5(T)Ih — 1Ase(T)1 },
and hence R N I
[Ase(To)llr = [[As(Ti)llr < [[Ase(To)llr = [[AS(T)lx + [16: — 071

Consequently, Lemma [I] provides the final piece to complete the proof. Combining inequality (B39))
obtained from Lemma [I] with our earlier bound (62]) yields

9s\; . 7' 30R A G2+0 wZJZ i
IA@)sels < NATslh+22 -m<6+s ,/¢ +mR,/¢

Consequently, a further use of the inequality |A(T})s|l1 < v/s||A(T;)|2 allows us to conclude that
there is a universal constant ¢ such that
2)\2 R2
Allf < 8s||Allz + ¢ .
1818 < s8I + e (S +

(3

ST

R2A
(Ay(G? + 0?) + wio?) + sz + |05 |3 (1 + ;)) (63)
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with probability at least 1 — 3exp(—w?/12). Substituting the settings (34) and B2) of )\; and T;
respectively into the above bound yields

AT < 8s| A3 c<R£+ss?<o*;s,T>), (64)

where we recall the notation £2(6%; 9, 7) = ||93c||1 (1+ ST)
In order to complete the proof, we now 1nvoke the RSC assumption applied to the function f;.
Specifically, since 6; minimizes f;, the RSC condition implies that

—HA( D13 < FiO(T) — fi(6:) + I AT

Combining the above inequality with the bound (64]) yields

NGO >>—fi<9>+f[ss\m< >|rz+c(R”+ss <9*ST>>].

Rearranging terms and recalling the notation 7 = v — 16s7 completes the proof.

B.4 Proof of Proposition [I Inequality (36h)

Equipped with Lemma[2] we are now ready to prove the second part of Proposition[Il In particular,
using the inequality (G3]) in the proof of Lemma [2 we observe that with probability at least
1 — 3exp(—w?/12), we have
R . 2)\2 R2
Al < 8s||A3+ ¢ +
[A[]Y < 8s[|Aflz =t

2

2A
(Ap(G? + 0?) + wio?) + Ridy + s2(6*; S, T)>

T;

16 _ ~ ~ 2/\2 R2
< SO - 5O + 1B e (S =

R?A
(Ay(G? + 07) +wiol) + sz + se%(0%; S,T)) .

Here the second inequality uses the local RSC condition (28]), and the fact that f; minimizes f;.

From hereonwards, all our inequalities hold with probability at least 1 — 3 exp(—w?/12), so that
we no longer state it explicitly. Rearranging terms and recalling the definition ([B0) of 7, we obtain
that

16s ~ 2\ R? R2A .
TIAIR < 22 (1O ~ 10+ (5 + s (As(GE + )+ wio?) + T2 4 se2(0735,7)).

Combining the above bound with our earlier inequality ([B9) yields 2”3”% < @y + $y, where

16sR;
P = —— <4\/A (G? +02) +4)/A +wi0i> , and (65a)
VT v v

s2X2  R? R2A
By i=c [ 5t + i (Ap(GF +0?) + wio?) + =2 + s 9*;S,T> 65b
: < = F g (Al ) )+ (6% 9,7) (65b)
242 2
By the Cauchy-Schwartz inequality, we have —SR%)‘Z' % < 2—Ts;‘i + 23%“1&7 and hence

W68 (4 fag(@ + o) 2N R,
< . . . . .
N <4 Ay(G; +02)+wzaz> +128< St (66)
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Noting that ®; and ®- involve multiple terms, some increasing and others decreasing in \;, we
optimize the choice of \;, in particular by setting

A2 — R
S

(3

2+ 02 +wio?. (67)
Using this setting and combining the upper bound %Hﬁ”% < @1 + &y with the form (G5D) of @
and the upper bound (G0l on ®;, we find that

sR;
WT;

Combining the above inequality with the error bound ([39) for @ and triangle inequality leads to

N R?A
1818 < 02 | e (Vau@E ot + o) + B s s (63)

%

-~ 16252)\?
1A*13 < 2| A2 + 216" — 6,12 < 2| A2 + % +ese2(0%:8,7)

~ 2)2
<2|A|? + %c <87; + 52078, T)> ,

where the second inequality follows since v > 7. Substituting the setting (G7) of \; yields an upper
bound identical to our earlier bound (68)) with different constants.

Finally, in order to use (T;) as our next prox-center y;,1, we would also like to control the error
10(T;) — Z+1H1 Since A;+1 < A; by assumption, we obtain the same form of error bound (68]). We
want to run the epoch till all these error terms drop to RZ 1= RZ2 /2. Recalling our assumption
that ve2(0*; S, 7)/7 < R?/4, it suffices to set the epoch length T; to ensure that

sR;vy sR;y R2 ’yR Aw R?
\/ Ay (G? s < i
ey VA G +aD < 12 N P T L A TS

All the above conditions are met if we choose the epoch length

A
T, =C [ 472 (Ay(G? + 02) +wlo?) + 20|
R; 2
for a suitably large universal constant C', which completes the proof of the second part of the
proposition. The stated bound in function values follows from substituting the choice of A; in our
earlier bound (B9)) and some straightforward algebra.

B.5 Proof of Lemma [7]

It remains to prove Lemmal[7 a result used during the proof of Proposition[Il We do so by exploiting
some classical martingale tail bounds of the Azuma-Hoeffding type. The particular result given
here is due to Lan et al. [16]:

Lemma 8. Let zq,25,... be a sequence of i.i.d. random variables, let oy > 0, t = 1,2,... be a
sequence of deterministic numbers, and let ¢; = ¢;(z') be deterministic (measurable) functions of
2t = (21,29,...,2). Using F; to denote the o-field of 2, we have:
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(a) Suppose E[¢; | Fi—1] = 0 with probability one and Elexp(¢7/0?) | Fi—1] < exp(1) with
probability one for all ¢. Then

T

IP’[Z or > 5(2 0?)1/2} < exp(—62/3) for all 6 > 0. (69)

t=1 t=

[y

(b) Suppose that Elexp(|¢¢|/ot) | Fi—1] < exp(1) w.p. 1 for t. Letting o7 = (o4,...,07), we
have the bound

T .
E + 3
: [ o> o 5HUT”2] < exp(—6°/12) + exp ( M5>

p 407l
< exp(—62/12) + exp(—36/4). (70)

We now use this lemma to prove parts (a) and (b) of Lemma [7

B.5.1 Proof of part (a)

We start by showing that the conditions of Lemma [§] are satisfied. Indeed, by Assumption B we

have
a1t |2 o2
E exp (%) = Eexp <” U!°°> < exp(1).
(3 1

Consequently, in order to satisfy the condition of Lemma [(b), it suffices to set o, = afat_l.

Recalling our choice o = a/v/t, we find that

Plugging the above quantities in the statement of Lemma [§[(b) with 6 = w; yields

d 307y Y 1/t
]P’[Zat_lﬂetﬂgo > 20§aﬁ+wia?a\/2logT} < exp(—w?/12) +exp [ — wj

2
P oo

ViegT
< exp(—w?/12) 4 exp <—3 ;l)g wi>
< 2exp(—w;/12),

where the last inequality uses our assumption w; < 94/logT’, thus completing the proof.
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B.5.2 Proof of part (b)

We now turn to part (b) of Lemma [ By assumption, we have E[e’ | F;_1] = 0; moreover, the
random variable 6 is measurable with respect to F;_; and 6; is deterministic. Consequently, the
first condition of Lemma [§(a) is satisfied. For the second condition, we observe that by Holder’s
inequality and Assumption [3] we have

t gt _ p.)2 N2 |lat — 7.112
Eexp (M) . (ne 2,10 eznl)

4R?0? 4R20?
@ 4|13 Rz e |13
< Eexp <¢> = Eexp < °°> < exp(1).
4R20? o?

Here inequality (a) uses the facts that [|#" — y;||1 < R; and ||f; — ys]ly < R; by the definition of
our updates ([l), so that the conditions of Lemma [§(a) are satisfied with o, = 20, R;. Plugging this
setting in the result of the lemma and setting § = w/2 completes the proof.

C Proof of Lemma

The proof of this lemma is based on pair of auxiliary results, which we begin by stating.

Lemma 9. Suppose at some epoch k, we have the bound |lyx — 6*||1 < Ri. Then for all epochs
7 >k, we have
ly; — 0%[l1 < 8R.

Lemma 10. Under the conditions of Lemma [B] for any epoch i > k, we have

R2—2 i
filyiv1) — filys) < c ;;y 9= (i=k)/2, (71)

See Sections and for the proofs of these two lemmas, respectively.

C.1 Main argument

With these auxiliary results in hand, we now turn to the proof of Lemma Bl By the definition of
fi, we have

L(yi+1) — L(0%) = (Lyi1 — L(yi) + (L) — L(07))
= (filyirr) = filye)) + Xelllwills = llyirall) + (£(ys) — L£(07))
(i) R272
57
where step (i) follows from a combination of Lemma [I0] and triangle inequality along with the
feasibility of y;+1 at epoch i since ||y;ll1 — ||yix1ll1 < ||yi — vi+1li < R;. By applying the Cauchy-
Schwarz inequality to the second term in the bound above, we obtain
R2,2-(i=k)/252 =2 2
c k 2 /}/Rz S/\z

<ot h T T (B - 20))

R2*2—(k—k*)/2 _ o
< e (Z(w) - £(6)),

2= =R2 L N Ry + (L(yi) — L(07)),
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where the last inequality uses the setting (D)) of A\; and the setting ([B2) of T;. Recursing the
argument further yields

_ J R22-(i-k)/252

Lly;) —LE)<e Y

i=k+1 57
<e—=r 4 (L — L(6%)),
_C(ﬁ—l)sv (L(Yr+1) — L(07))

where the second inequality upper bounds the sum of the geometric progression. Recalling the
given conditions in the lemma, we obtain the upper bound

TR}
sy

L(yrps1) — L(0") < frlyrsr1) — fe(0F) + 20 Ry < ¢
R252
—5-

Our last step is to apply the RSC condition to this inequality. Since §* minimizes £(6), we have

Combining the two previous bounds yields L(y;) — L(6*) < ¢

R2~?
57y

Y * r ~(N* *
Dy = 018 < Blos) — £0%) + s —0°1 < ¢ | 2L 4 7

where the second inequality uses Lemma [0 Finally, we recall that 7 = v — 16s7, which allows

2_
us to further simplify the above upper bound to 3 |y; — 0*)3 < ¢ @, and observing that 7 < ~
completes the proof.

C.2 Proof of Lemma

The proof of this lemma is straightforward given the definition of our updates (B]). At any epoch
j > k, the prox center y; is feasible at epoch j — 1, so that
1y —yi—1lh < elly; —yj-1lh < eRjoy,
where we have used the fact that ||0|; < e[|@]|,, by our choice (@) of p. Consequently, by definition
of the updates (), we have
1y — 071l < llys = yi—allh + llyj— = 07|
<eRjr+ llyj-1 —yi-2lh + llyj—=2 — 071

By repeating this argument, we may unwind the error bound until we reach epoch k, thereby
obtaining the bound

j W I
lyj = 0%lh < D eRi+llye =01 < Y eRi+ Ry,

where inequality (i) follows by the lemma assumption.
Finally, we observe that the last term from epoch k is controlled by assumption in the lemma.
As a result, we can further obtain

[ee]
ly; = 0%[l < eRps1 > V2 7 + Ry,
=0

Summing the geometric progression and noting that e/(v/2 — 1) < 7 completes the proof.

36



C.3 Proof of Lemma

Note that at any epoch i, the prox-center y; is always feasible by construction. As a result,
equation (B9]) guarantees that

Ay(G? + 02) + wio; A
7 (2 w
ey — o) < . .
fl(yl-i-l) fl(yl) = CRZ \/Tz + )‘l ]vz
(,<') . Ay(G? + 02) 4+ wo; sA? N RAA (72)
- VT, Ry ST |’

with probability at least 1—3 exp(—w?/12), where step (i) uses the elementary inequality 2ab < a? + b2.
Recalling our setting ([B4)) of the regularization parameter \;, we find that

N [AG+od) +wto?  AuGE oD twio
% ) VT, |

Substituting this upper bound in our earlier inequality (72) yields

Ad,(G% —|—02-2) + wo; N RzﬁAw
VT; sT;

Ji(it1) — fi(yi) < cR;

Under the conditions of Lemma[3] the first term in the above inequality is at most 72 Ry /(2s7) for
any i > k. Further recalling the assumption that 7; = O(Ay), we see that for any ¢ > k

21
Ji(wiv1) — filyi) < cR; <72Rk/(237) + ’ysfz>

=2
o I (R (=1/29=(=1)/2 | p2o—(i-1)
s
20— (k—1)=2
. M@—(i—kw (k)
s
22
< BT o=k 2
— S’Y 9

which completes the proof.

D Proof of Lemma 4

Results of this flavor have been established in prior work (e.g., [25] [I7]). We provide a proof here
for completeness, building on the result of Loh and Wainwright [I7]. Following their notation, we
define the {o-“ball” of radius k, namely the set By(k) := {6 | 6; # 0 for at most k indices}, as well
as the set

K(k) = Bo(k) N Ba(1).
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We establish our claim by appealing to Lemma 12 of Loh and Wainwright, applying their result
with the settings

XTXx 2 (2
I'= — Y and the sparsity parameter k := ¢ n min Tmin ), 15,
n log d na

where ¢y is an appropriate universal constant chosen to ensure that £ > 1. Based on this result,
we see that it suffices to establish

XTX min (3
v < p—— Z) v‘ < 0—574() for all v € K(2k).

Under Assumption Ml on the sub-Gaussianity of the design matrix X, we can establish the
above condition by appealing to Lemma 15 of Loh and Wainwright [I7]. Specifically, we apply
their result with t = %%4(2) and with s = k as defined above. Then we can mimic the ar-
gument in the proof of Lemma 1 in the paper [I7] to conclude that with probability at least
1 —2exp(—cinmin(o2,; (X)/n%,1)) we have the bound

min

XTXx min (2 2
vT < p—— Z) U‘ < UT() <”U”% + ”?2’1> for all v € RY.

Substituting our setting of k£ and rearranging terms completes the proof.

E Proof of Lemma

The base case for the ¢;-error bound at k = 1 is true by our assumption that ||0*||; < R;. As a
result, the convergence analysis of Proposition [[l applies at the first epoch. Assuming that k* > 1,
our setting of k* ensures that

RlS\/Ad,(G%—FO'%)—FwO'i R2

<le—L = CR%.
v VTo 2

Since T = O(Ay) by assumption, the R?A, /Ty term can also be further upper bounded by cR3.

Hence, as long as R% > 2e2(0*; S, 7), we obtain the stated ¢1 error bound at the second epoch by
applying equation (B6L) from Proposition Il A similar calculation using equation yields

_ ~ _ —~ R2

210(1) = 2[5 < f2(6(T0)) — fo(B2) < e =2
Finally, we can obtain a similar bound up to constant factors on ||6(Tp) — 6*||3 as well by combining
with the fo-error bound of Lemma [ as before. Thus, we obtain our inductive claim for k = 2.
Assuming the inductive hypothesis for arbitrary ¢ < k*+1, the reasoning for obtaining the inductive
claim at i + 1 is exactly identical to the above arguments, completing the proof of the lemma.
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