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Abstract— A steady state analysis is developed for a wound 
rotor induction machine. In this paper the authors derive simple 
expressions for the mutual and coupling impedance in order to 
build impedance matrix. The analysis can be used in two ways 
when dealing with a symmetrical and asymmetrical rotor. The 
method is verified using an inverted-geometry wound motor; the 
analysis is then used to investigate an asymmetry fault on a 4 pole 
wound rotor. Experimental results (torque and current chara- 
cteristic) are compared with computer predictions for the machi- 
ne with both open-circuit and short-circuit faults. 

Keywords— impedance matrix; squrrial cage induction 
machine (SCIM); wound rotor indctuion machine (WRIM) 

I.  INTRODUCTION  

The wound rotor induction machine has enjoyed a 
renascence as the generator in many commercial wind turbines. 
It is used in a slip energy recovery manner so that it can 
generate both below and above the synchronous speed. In [1] 
and [2] many useful wound and cage rotor induction machine 
comparisons and explanations were put forward. However, 
there has been less work focused on wound rotor machine 
faults. The present paper is directed towards the development 
of a steady-state analysis of a wound rotor machine capable of 
including rotor asymmetry. Many papers in the past have stated 
methods for analyzing asymmetrical wound rotor machines 
based on simple positive and negative equivalent circuits for a 
machine with unbalanced impedance in the secondary circuit 
[3][4]. The analysis can be further extended to include 
additional rotor resistance and rotor voltages as would be found 
in a wound rotor softer starter (which is an old system) or a slip 
energy recovery scheme as found in the doubly-fed induction 
generator (DFIG) which is used in many wind turbine 
generators. 

In order to evaluate rotor symmetry or asymmetry, it is first 
necessary to calculate the currents flowing in the various stator 
and rotor windings. This can be done using the coupling 
impedance method. Machine analysis breaks down the airgap 
flux density into a harmonic series of travelling waves with 
different pole numbers rotating in either direction [5]. These 

are derived from the currents and the spatial positioning of the 
stator and rotor conductors, which can finally be expressed in 
the form of a harmonic Fourier series of surface current density 
distributions. This leads to an expression for the conductor 
density distribution in terms of a harmonic series and can be 
obtained using complex Fourier analysis to account for the 
magnitude and positioning of conductors on the stator and rotor 
surfaces. 

The harmonic conductor density method of analyzing 
machine windings has been used successfully in [5] and [6] to 
analyze cage induction machines with any number and 
distribution of bar and/or eccentricity faults. In [7] and [8], 
Williamson et al. used impedance matrices to detect the faults 
in cage rotor machines; however, the wound rotor machine 
works at a much higher slip than cage rotor machine, especially 
when used in a slip energy recovery scheme. The faults in these 
machines can vary greatly from their cage-rotor equivalent [9] 
and they are substantially higher. Here, the method was 
developed to include rotor coils groupings for wound rotor 
induction machine in the same way. The secondary part of 
wound rotor machines has a set of three-phase windings that 
are similar to those on the windings on the stator although the 
rotor slot number will vary and so will the rotor coil turn 
number. Thus, we can use the same method to find the rotor 
current and it will be more straightforward because the rotor 
loop currents do not share any common paths down bars. This 
method has several advantages, the main one being that any 
asymmetrical winding can be considered. In addition to this, 
the electric field in the airgap can be derived and the EMF 
induced into any winding calculated, leading to expressions for 
the coupling impedances between the various machine 
windings. These can be expressed in the form of an impedance 
matrix. The machine currents can be obtained from knowledge 
of the applied voltages when the matrix is solved. Thereafter it 
can be developed to incorporate eccentricity faults and also the 
condition monitoring of wound rotor machines, such as 
illustrated in [10] and [11]. The impedance matrix includes the 
impedances for the stator and rotor which are functions of the 
three-phase windings on the stator and rotor where 
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 (1) 

This assumes the rotor to be short circuited. 

When the rotor is symmetrical, that is before a fault occurs, 
there will be an MMF wave on the rotor rotating at slip 
frequency sfm in the rotor coordinates. If there is asymmetry, 
then there will be a backwards rotating MMF wave. It 
subsequently induces EMFs of frequency (1 - 2s)fm in the stator 
windings. For that reason, it is necessary to add other 
components in the impedance matrix in order to accommodate 
the (1 - 2s)fm current components. The voltage is assumed to be 
zero for this component. At some stage in the 3-phase supply 
there will be star point that will short the path and additional 
source impedance for the fm current can be added to the stator 
leakage impedance. The field which rotates forwards with 
respect to the rotor, and will be identified by the subscript f, 
will produce a field which rotates backwards with respect to 
the rotor when there is rotor asymmetry and will be identified 
by the subscript b. As the symmetry of the stator windings is 
maintained, the stator can be analyzed on a per phase basis. 

The voltage vector is partitioned into stator and rotor terms. 
Assume the rotor windings are short circuited (no external 
impedances). Superscript (n) relates to stator harmonic; and s, 
r1, r2, and r3 correspond to stator and rotor phase windings of 
the machine. 

fsI is the main input stator current and
bsI the  (1 - 

2s) times mains-frequency component.  

II. CURRENT DISTRIBUTION IN THE ROTOR OF  SQUIRREL 

CAGE AND WOUND ROTOR INDUCTION MACHINE 

When the rotor cage is symmetrical, the bar currents are of 
equal amplitude and the phase progression is fixed around the 
rotor periphery. The whole rotor cage current can then be 
represented by the current flowing in a single bar. It is clear 
that the rotor loop currents share common paths down bars. In 
Fig. 1(a), the number of current unknowns required to specify 
the rotor current distribution fully can be determined. If a cage 
has Nb bars, there will be 2Nb nodes and 3Nb branches. The 
currents [12] flow in loops comprising two adjacent rotor bars 
and the end-ring segments that join them, together with a 
circulating current Ie in one of the end rings if there is an end 
ring fault. 

However, wound rotor has a complete set of three-phase 
windings that are similar to the windings on the stator, and the 
ends of the three rotor wires are connected to slip rings on the 
rotor shaft. They are usually permanently star connected on the 
rotor, otherwise 6 slip rings would be required not just 3. Thus 
we can get a similar expression for the 3-phase winding in the 
rotor. It will be more straightforward because the rotor loops 
currents (I1, I2 and I3) do not share any common paths down 
bars, as shown in Fig. 1(b). 

 

               (a)                                                                    (b) 

Fig. 1. Current distribution in the cage and wound rotors. (a) Rotor cage, 
showing rotor-loop currents and the sharing common paths. (b) Wound Rotor, 
showing the three phase windings 

III. ANALYSIS OF IMPEDANCE MATRIX 

 The analysis will display the behavior of the wound rotor 
induction machine with balanced and unbalanced rotor 
windings. The following assumptions are made in this 
approach to determine coupling and mutual impedances for 
rotor and stator, assuming to simplify the analysis: 

 Slotting effects are ignored so that the flux crosses the air-
gap radially. 

 The effect of saturation is ignored. 
 

A. Fourier Analysis of the Machine-Winding 

When a balanced three-phase voltage source supplies the 
stator winding, it produces a series of MMF harmonic 
distributions. The MMF distributions can be found by 
resolving the stator phase conductors into complex Fourier 
conductor density distribution. The technique was developed in 
[5] where the expression for the stator winding coefficient is 
defined by the spatial distribution of all the coils. The stator 
winding coefficient of one phase winding is 
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where Ns is the number of slots that the winding is located in,  
Cw is the number of series winding turns in a slot, and y is the 
spatial location of the slot. k is the inverse of the average gap 
radius. The slot opening factor is defined by the slot opening 
bs so that 
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If the 3-phase supply is balanced with series connected stator 
windings, the MMF wave is 
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where, for a balanced 3-phase current set, and using the 

identity  2 /3ja e  , the MMF magnitude is 

  1 1 1 11 3n n n n n n n
st st s st sJ N a a a a I N I         (5) 



and the fundamental pole-pair number of the machine is pm.  
This will include winding harmonics n . 

The rotor conductor distribution is obtained in a similar 
manner to the stator phase windings. If (+C,-C) is a coil in the 
first phase winding in the rotor (r), Fig. 2, where x is the 
variation in the axial direction, and y/ is the variation in the 
tangential direction. If this is represented as having finite 
conductor width br (the rotor slot opening), the conductor 
density over the slot opening is the number of coil turns 
divided by the slot opening. Its distribution can be represented 
as a complex Fourier series using the definitions in Fig. 2. The 
winding coefficient is defined by the spatial distribution of all 
the coils 
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NR is the total number of slots on rotor, and Cr is the effective 
rotor turns per phase. The slot opening factor is defined by the 
rotor slot opening br (in m) so that 
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For a balanced three-phase rotor windings (r1, r2 and r3), the 
νth harmonic conductor density distributions are given by 
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  (8) 

 

 
Fig. 2. Single coil (+C,-C) positioned on Rotor. 

 
A particular nth harmonic current in the rotor will in turn set up 
a complete series of νth harmonic distribution in the airgap, so 
that 
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B. Coupling and Mutual Impedances  

The remainder of the section will be devoted to the 
determination of the impedances, then an extension of the 

impedance matrix to include external impedances and rotor 
voltages is put forward. 

1) Stator-stator coupling impedance: The airgap field can 
be expressed using (5) and hence the back-EMF in the stator 
winding. This can then be related to the supply current, by the 
stator-stator coupling impedance. The stator impedance can be 
written with reference to the forward rotating fluxes and 
backward rotating fluxes where 

 
 

,

, (1 2 )

f

b

s s s s ss

s s s s ss

Z R jX jX

Z R j s X jX

  

   
  (10) 

Ra and Xs are the stator resistance and leakage inductance. Xss 
is the magnetizing reactance for the three-phase winding: 
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2) Stator-rotor coupling impedance: Using (5) to provide an 
expression for air-gap field which produced by the stator 
winding: 
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the field magnitudes are 
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Transferring to a rotor reference frame, it becomes 
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Eq. (15) provides an expression for the stator-rotor coupling 
impedance, and it includes a conventional rotor skew factor ksk 
which is obtained from (16)  so that 
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The coupling impedances for the other rotor phases can be 
related to

1,r sZ  as 
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The EMFs induced in the rotor windings by the stator airgap 
flux wave which rotates backwards with respect to the rotor 
are of equal amplitude, but the phase progression is reversed. 
Thus, we can get , br sZ for the rotor phases. 

3) Rotor-stator coupling impedance: The rotor phase 
windings will have currents at slip frequency, which is 
appropriate to the stator field which induces it. The current in 
the rotor will be obtained from (9) and referred to the stator 
reference frame 
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where   1 1fs n s    ,  

1, 5,7,...n   , and 1, 3 5,...      

The rotor–stator coupling impedance is 
1,s rZ , and sf  = 1 so that 
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and ,bs rZ is equal to , 
fs rZ but multiplied by bs  instead of fs , 

where  2 1b fs s s  . 

4) Rotor-rotor coupling impedances: The rotor current 
produces a harmonic series distribution, which induce back-
EMFs into the rotor. These induced voltages can be summed 
together to produce an impedance in the same way in stator 
winding 
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Xrr represents the unreferred mth harmonic rotor magnetizing 
reactance. And the factor (2/3) converts magnetizing reactance 
from a three phase winding to a single phase winding. The 
mutual coupling impedances between the rotor phases are 
determined from 
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The rotor self-impedances are also modified to include 
resistance and the leakage inductance so that 
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C. Voltage Equations 

The impedance matrix can be reduced to the following 
simplified form, so we can get one equivalent circuit for 
fundamental wave and single rotor phase when the rotor has a 
balanced three phase set: 
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Substituting for the impedance components and rearranging 
results in two voltage equations: 
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D. Electromagnetic Torque  

The impedance matrix is first assembled, and then modified 
to produce the desired fault condition. The power may be 
determined in a straightforward from the applied phase voltage 

and current. The electromagnetic torque that is developed by 
the machine can be determined from the current density 
distributions of the stator and rotor [7], which is produced as a 
result of the interaction between these two field components. 
The torque is given by  
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in which steady and pulsating components may be identified. 
The forwards components of the stator MMF were defined 

earlier and the backward components of the stator and rotor 
MMF are given as in [6]. So that 
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E. Inclusion of Rotor external circuits 

In order to consider any additional circuitry associated with 
non-supply frequency source impedance (stator winding), soft 
starting (extra rotor impedance), and slip energy recovery 
voltages from an inverter, then (1) can be further developed: 
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IV. EXPERIMENTAL WORK AND RESULTS 

A three-phase, four-pole wound rotor induction machine is 
utilized to evaluate the mathematical analysis. Data for this 
machine was given in Table I and some data was obtained from 
simulating the machine in CD-Adapco SPEED software. 

      It is not easy to obtain the impedance matrix using hand 
calculations, so it is reasonable for using MATLAB for 
calculations. The open circuit (running light test) and the short 
circuit (locked rotor test) were performed to obtain motor 
parameters. Based on these, an impedance parameter matrix is 
constructed. The windings coefficient turn ratio was 3.78, and 
this value is very close to measured one of 3.56. The 
magnetizing reactance and core losses were around the 
expected values. 

The measurement of the rotor current and torque were 
taken with the rotor shorted circuited. Figs. 3, 4, and 5 illustrate 
the measured values of the torque and current against 
predicated values with neglecting harmonics components. It is 
sufficiently close to indicate the validity of the analysis. In the 
next test, a set of resistors will be used with two of the phases 
shorted and the remaining phase connected to a small resistor. 



A loss of the steady torque and more oscillation will be 
introduced by an unbalanced rotor. This will be the subject of 
further work. Finally, voltages will be introduced to represent 
the inverter in a DFIG system. 

TABLE I.  MACHINE SPECIFICATION 

Name plate details 
Power [HP] 10  (or 7.46 kW) 
Speed [rpm] 1420 
Frequency [Hz] 50 
Stator voltage [V] 400/440 Delta 
Stator rated current [A] 13 
Rotor Voltage [V] 200 
Rated rotor current [A] 22 
Number of Poles 4 
Slip [p.u.] 0.0533 

Measured geometry [mm] 
Axial length rotor core 103.9 
Axial length stator core 100.9 
Stator outer diameter 353 
Stator inner diameter 228.15 
Rotor outer diameter 226.42 
Shaft diameter 120 
Airgap length 0.5 
Stator slots 48 
Stator slot opening 3.9 
Turns per slot 34 in series 
Stator wire diameter 1.725 – by calculation from SPEED 
Stator winding Single layer lap with 13 slot pitch 
Coils per pole per phase 2 
Stator slot depth 26.82 
Stator tooth width 8.22 
Rotor slot opening 3 
Rotor slot depth 22.5 
Slot width 3.5 
Rotor wire diameter 1.9 mm from SPEED 
Turns per coil 6 in series 
Coils per phase 12 
Rotor connection Star through 3 slip rings 

Measured resistances 
Rph stator (DC, cold) 1.82 ohm 
Rph rotor (DC, cold) 0.23 ohm  

 
 

 
Fig. 3. Experimental and predicted currents versus slip for balanced rotor. 

  

 
Fig. 4. Experimental and predicted currents versus speed characteristics for 
balanced rotor. 

 
 

 
Fig. 5. Experimental and predicted torque versus speed characteristics for 
balanced rotor. 

V. CONCLUSIONS  

 
Impedance matrices that explain the behavior of the wound 

rotor motor are presented. Then the electromagnetic torque can 
be determined from stator and rotor current density 
distributions. The analysis can be used in two ways when 
dealing with a symmetrical and asymmetrical rotor, 
additionally it can be used to detect stator asymmetries 
reflecting into the rotor, this will be suggested for further 
research. The impedance matrix can be further developed in 
order to incorporate eccentricity faults and rotor winding or 
DFIG faults in wound rotor machines. These will be the subject 
of further study. However, as illustrated here, the impedance 
method is flexible and powerful and very suitable for use as the 
basis as a condition monitoring system.  
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