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Abstract

This paper deals with range-only simultaneous localization and mapping (RO-SLAM), which is of particular
interest in aerial robotics where low-weight range-only devices can provide a complementary continuous
estimation between robot and landmarks when using radio-based sensors. Range-only sensors work at greater
distances when compared to other commonly used sensors in aerial robotics and they are low-cost. However,
the spherical shell uniform distribution inherent to range-only observations poses significant technological
challenges, restricting the approaches that can be used to solve this problem. This paper presents an
undelayed multi-hypothesis Extended Kalman Filter (EKF) approach based on Gaussian Mixture Models
(GMM) and a reduced parameterization of the state vector to improve its efficiency. The paper also proposes
a new robot-to-landmark and landmark-to-landmark range-only observation model for EKF-SLAM which
takes advantage of the reduced parameterization. Finally, a new scheme is proposed for updating hypothesis
weights based on an independence of beacon parameters. The method is firstly validated with simulations
comparing the results with other state-of-the-art methods and later validated with real experiments for 3D
RO-SLAM using several radio-based range-only sensors and an aerial robot.

Keywords: range-only simultaneous localization and mapping, robot localization, Kalman filtering,
Gaussian Mixture Models.

1. Introduction

Range-only simultaneous localization and mapping (RO-SLAM) aims to map the position of a set of
elements (landmarks) while at the same time localizing a mobile robot with respect to that map using
range-only observations. In contrast to other SLAM approaches, the main challenge of RO-SLAM is the
rank-deficiency of the range-only observation model. These observations consist of a single value which5

represents the distance between a pair of elements (robot or landmarks). Thus, given a single range-only
observation, the lack of bearing information between these two elements makes the relative position between
them follow a uniform spherical shell probability distribution as is shown in Fig. 1 for a single range-only
observation between an aerial robot and a landmark. Furthermore, in contrast to other schemes like bearing-
only SLAM [1], RO-SLAM presents an increased complexity for higher dimensionality (e.g. 3D SLAM10

in aerial robotics) due to the 1-rank observation model associated with range-only observations (azimuth
and elevation angle not observed) compared to other bearing-only models in which the only unobserved
parameter is the distance between the robot and one landmark, or other fully observable approaches like
RFID SLAM[2, 3]. Hence, when applying multi-hypothesis approaches, this rank-deficiency implies a higher
number of hypotheses/parameters in the state vector.15
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Figure 1: Spherical parameterization of a landmark position in 3D RO-SLAM. The yellow area represents the uniform spherical
shell distribution where the landmark might be located with a single range-only observation ρi between an aerial robot and
this landmark. The green object represents the real position of the landmark, whereas the center of the sphere is composed by
the position of the aerial robot at the time the range-only observation is received. The thickness of the 3D shell represents the
standard deviation of the range measurement σρi .

Range-only methods have gained research interest in the last decade particularly for robot/people/object
indoor localization and ubiquitous applications among others and more recently in aerial robotics for radio
frequency source localization in military, rescue, aerial manipulation or inspection scenarios. RO-SLAM
becomes especially interesting in aerial robotics due to the small size and low weight associated to these
kind of sensors. Additionally, most range-only sensors include a unique identifier in their signal that simplifies20

the common data association problem present in other SLAM schemes. RO-SLAM algorithms becomes a
good complement to other SLAM approaches where a direct line of sight between robot and landmark is
not always possible due to high altitudes or static/dynamic obstacles as is the case for cameras or LIDAR
sensors [4].

Depending on the kind of technology employed to measure the distance between a pair of sensors (e.g.25

radio-based or ultrasound range-only sensors), different ranging methodologies are proposed in the literature:
the most common is based on the radio signal strength of ranging messages [5, 6] (also known as Radio Signal
Strength Indicator or RSSI range-only sensors), or the time of arrival (TOA) or Time Differential of Arrival
(TDOA) of the signal [7, 8, 9] for radio and/or ultrasound range-only sensors.

The main research interest of range-only methods resides in how to cope with the spherical shell uni-30

form distribution of the position as shown in Fig. 1. Thus, in the case of range-only localization several
methods [10, 11, 12] are based on numerical optimization approaches which trilaterates the position of the
mobile robot employing 3 or more static ranging nodes (also known as anchors) at different positions. On
the other hand, [13] proposes a fingerprinting method using a neural network which is particularly useful
when RSSI-based devices are used. Fuzzy logic has also been used for range-only localization [12] employ-35

ing a Voronoi diagram to cope with common flip ambiguities in the probability distribution associated to
range-only estimations. Other range-only localization approaches are based on Bayesian filters [10, 14, 15]
or batch-processing techniques [16].

In the case of mapping problems, the estimated variables are the position of a set of static elements or
landmarks (also known as self-localization or network localization). Three common approaches are used for40

mapping: one based on the use of inter-node range-only observations to estimate the relative position of
static nodes, another based on the use of mobile robots with known position to trilaterate the position of each
individual landmark using non-linear optimization methods and finally, a hybrid approach which combines
the advantages of both methods. Some early works use batch-processing techniques like Multidimensional
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Scaling (MDS) [17] or Least square methods [18] to map the relative position of each node. However MDS45

methods require a high connectivity between static nodes to localize each of them, which is why other authors
proposed different approaches based on sub-map estimation [19] or the use of artificial nodes created from a
set of range measurements taken from different robot positions [20]. Other authors have used decentralized
inference to solve the mapping problem by means of multilateration from a mobile robot usign probablistic
frameworks like particle filters [21, 22]. Particle filters model the inherent spherical shell uniform distribution50

of range-only landmarks position by using Monte Carlo sampling methods.
In the case of Gaussian filters, authors tend to use two common approaches: the first and most common

consists on a delayed initialization of the Gaussian filter based on a pre-estimated position of landmarks [23,
21, 24] and the second approach uses undelayed initialization based on multi-hypotheses frameworks to cope
with the non-Gaussian distribution of landmark positions. However, in delayed initialization approaches,55

single estimation convergence will always depend on the robot’s trilateration with respect the landmark
so that important delays might be produced until these landmarks converge and can be integrated in
the Gaussian filter used to refine the robot position. On the other hand, undelayed approaches have the
advantage of integrating range-only observations into the Gaussian filter since the very beginning without
loss of information and, more importantly, they are able to improve the robot’s position estimation without60

requiring single solution convergence of landmarks. One of these undelayed approaches [25] is based on
a polar parameterization which allows the Gaussian filter to be initialized using a predefined variance
around the ρθ-space. The main drawback of this approach is the use of heuristics based on the robot
trajectory to split the initial unimodal distribution into two Gaussians which, in the case of 3D RO-SLAM,
becomes more complex. In [26] a method is proposed which integrates a Gaussian Mixture in an Extended65

Kalman Filter (EKF) to represent the non-Gaussian distribution of the sensor’s bearing information. This
approach has the additional advantage of making the integration of inter-node range-only observations
without losing cross correlation information between landmarks possible as is the case of the decentralized
approach presented in [25]. The main drawback of multi-hypothesis methods is the computational burden of
keeping all possible hypotheses in the system. To cope with this drawback, [26] uses a pruning strategy which70

allows the computational burden of the multi-hypothesis approach to be reduced as landmarks converge to
a single solution. In a previous work, the authors of this article proposed an extended version of [26] which
deals with higher dimensionalities by using a reduced parameterization approach. The method proposed in
this paper extends the 3D approach presented in [27] by introducing a new observation model for range-
only measurements which only requires a single update equation as opposed to the Federated Information75

Sharing approach [1] inherited from [26]. The paper compares the computational burden and accuracy
obtained with the new correction model with respect to previous observation models based on Federated
Information Sharing. Also, this paper shows a scheme for updating Gaussian Mixture weights based on the
same independence assumption between beacon parameters proposed in [27]. This paper will show both
how the reduced parameterization and how the new range-only observation model might be used with other80

approaches (i.e. for example, how new observation model might be used with a Cartesian parametrization,
or how the reduced parameterization might be used with other classical range-only observation models).
The use of the reduced parameterization proposed in [27] does not imply an independence between beacon
parameters, so other classical approaches might be used to update the weights of the Gaussian Mixtures.

For the case of range-only simultaneous localization and mapping, different frameworks have been pro-85

posed in the literature. Some authors employ batch-processing methods like [28, 29] which solves the problem
as an optimization problem. Even though batch-processing methods present accurate results, they are not
suitable for online estimation. Other authors use probabilistic frameworks which are suitable for online
estimation and can model most belief distributions present in robotic applications [30]. A comparison of
most common SLAM frameworks is done in [31, 32], where the Unscented FastSLAM presents better per-90

formance results over other classical approaches like EKF-SLAM or UKF-SLAM. FastSLAM is based on
the factorization of the map using a Rao-blackwellization of the robot and map probability distribution,
allowing the estimation of individual landmarks position and the robot position to be separated. Instead of
using a Gaussian filter, FastSLAM factorizes the map by using a Monte Carlo sampling approach to model
the relation between the localization and map belief, thus having a different map probability distribution95

per localization sample.
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(a) (b)

Figure 2: ARCAS project: Aerial Robotics Cooperative Assembly System (http://arcas-project.eu). (a) aerial robots
endowed with manipulators grasping a bar and (b) bars with two embedded radio range-only sensors at the ends of bars so
that robots endowed with manipulators can estimate the pose of these bars.

Some solutions based on the FastSLAM framework use optimized particle filters not only to estimate
the position of the robot but also for landmarks position. These particle filters are optimized by means of
a reduction in the number of particles [33] or by using an adaptive resampling method [34]. FastSLAM is
typically implemented with EKFs for map estimation since it improves the efficiency of landmark estimation100

using both delayed [35, 36] and undelayed strategies [37]. However, when the system includes high correlation
constraints between landmarks, as is the case for those applications which includes range-only measurements
between landmarks, Rao-blackwellization can no longer be applied to factorize the map. As an example, in
the ARCAS project (http://arcas-project.eu) shown in Fig. 2, some radio-based range-only sensors are
embedded into structure parts so that they can be localized by different robots endowed with manipulators105

whose mission is to assemble a structure cooperatively. In this application, strong correlations are introduced
in the filter by using range-only observations between landmarks and integrating with a very low deviation
the known constraints in the relative position of landmarks embedded in the same structure part.

Some approaches have already included range-only observations between landmarks in their RO-SLAM
formulation [38, 25, 20] but without exploding the cross-correlation information of these landmarks. These110

range-only observations not only increase the speed of convergence of landmarks’ hypothesis but also improve
the mapping accuracy. This redundant information of inter-landmarks distance increases both reliability
and precision of the map as demonstrated in [39] for multi-sensor fusion in SLAM and, indirectly, the
localization of the robot through its correlation with landmarks. For this reason, range-only observations
between landmarks might become especially informative in a centralized framework [27, 26, 25] like EKF-115

SLAM. In previous work of the authors of this article [27], 2D RO-SLAM was extended to 3D RO-SLAM
by using the approach described in [26] in order to keep the correlation between landmarks. To the best
of the authors’ knowledge, there is no other implementation of centralized EKF for 3D RO-SLAM which
takes advantage of correlations between landmarks. For this reason, in this paper the classical Federated
Information Sharing approach has been implemented [1, 26] using three different parameterizations for120

comparison purpose. This paper extends the authors’ previous work by including a new observation model
for inter-landmark range-only measurements and shows how these measurements not only improves the
speed of convergence and accuracy of the map but also improves the robot localization results.

This article is an improved and extended version of authors previous work [27] with the following main
contributions:125

1. an improved update scheme used to compute the new weights of Gaussian Mixtures. This allows
to update one GMM weight taking into account other dependent GMM instead of just taking into
account the most probable one.

2. a novel observation model used with range-only observations which only requires a single equation.
This allows a huge reduction on the computational burden of the EKF correction stage per range-only130

observation and avoids having to split each observation variance as opposed to Federated Information
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Sharing approaches since the observation is not duplicated for each hypotheses.

3. a new approach to integrate inter-node range-only observations (i.e. range-only observations between
static range-only sensors) even when the filter has not yet converged to a single solution. This allows
a faster convergence of filter hypothesis (reducing computational burden of the filter at earlier stages),135

a higher relative mapping accuracy and an indirect reduced robot localization error.

4. extended validation with more comparisons and more simulated and real experiments including multi-
ple beacons (range sensors to be mapped), anchors (range sensors with known position) and an aerial
robot.

The rest of the paper is organized as follows. A brief overview and comparison of different parameteriza-140

tions with respect to the proposed reduced parameterization is presented in Sect. 2. A detailed description
of the method is given in Sect. 3. Simulation and real experiments with multiple radio-based range sensors
and an aerial robot are presented in Sect. 4. Finally, the paper is closed with some conclusions and future
work in Sect. 5.

2. RO-SLAM parameterization in a nutshell145

This section compares the reduced parameterization proposed in [27] with other RO-SLAM parameter-
izations used in the literature for multi-hypotheses approaches. Two important aspects should be taken
into account when comparing the parameterizations used for an EKF-SLAM approach: first, the computa-
tional complexity of the Gaussian filters, which in the case of EKF, is highly dependent on the number of
parameters of the state vector [30], and second, the scalability of the system with the number of landmarks.150

The most common parameterization used in the literature for landmarks position is the Cartesian param-
eterization [37, 24]. In this parameterization, each hypotheses j of a landmark i is composed by Cartesian
coordinates so that the total number of parameters for H hypotheses would be 2H (fij = [xij , yij ]

T ) for 2D
and 3H (fij = [xij , yij , zij ]

T ) for 3D.
On the other hand, [40] proposed a polar parametrization for 2D RO-SLAM where each landmark position155

is parametrized as fi = [xi, yi, ρi, θi]. Here, xi and yi are the center of the annulus distribution from which
the first range-only observation is received with a radius of ρi meters and the angle θi between the reference
frame of the robot and landmark i. This polar parameterization fits better with 2D RO-SLAM since it allows
the annular distribution of a single range-only observation to be represented using an elongated Gaussian in
polar coordinates (ρθ-space). However, to represent the flip ambiguity which appears with the second range-160

only observation, the authors use a heuristic method to split the unimodal distribution into two Gaussian
distributions as a result of the intersection between the first annulus distribution and the second generated
with a new range-only observation. Thus, to represent these 2 hypotheses, polar parameterization uses 8
parameters (4 for each hypotheses) compared to 4 parameters needed in Cartesian parameterization for the
same number of hypotheses. The main drawbacks of this parameterization are that it duplicates the common165

parameters xi, yi and ρi in both hypotheses and requires to delay the initialization of both hypotheses until a
good trilateration is achieved to split the initial Gaussian distribution into two Gaussians. This is especially
difficult in the case of 3D RO-SLAM where ambiguities are made worse. When inter-node range-only
observations are integrated [25], this polar parametrization requires up to 5 × 2m parameters to represent
the initial spherical shell uniform distribution with m being the number of landmarks. In addition, as [25]170

is based on a decentralized solution, so it does not take into account the correlations between landmarks.
An extension of this polar parameterization was proposed in [26] for 2D RO-SLAM, in this case the

authors use a Gaussian Mixture Model (GMM) to model the annular distribution of the landmark position
belief. GMMs are probability distributions that are convex combination of Gaussian distributions, they form
a semi-parametric alternative to non-parametric distributions, providing a better flexibility and precision175

when modeling the underlying statistics of range-only observations. In a GMM each mode i is a normal
distribution N (µi, σi) weighted by ωi, where 0 ≤ ωi ≤ 1 and

∑k
i=1 ωi = 1. Then, to represent the position

hypothesis of a landmark i azimuth angle θi with N modes, the probability mass function fθi(x) will look
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like:

fθi(x) =

N∑
j=1

ωθijN (x; θij , σθij ) (1)

With this parameterization, each landmark state is parameterized as fi = [xi, yi, ρi, θi1, ..., θiN ]T . Thus,180

when the number of hypotheses is H ≥ 4, the number of parameters of this reduced polar parameterization
is shorter with respect to classical Cartesian one (3 + H against 2H used in Cartesian parameterization).
The advantage of this reduced polar parameterization with respect to the polar alternative presented in [40]
is that it does not duplicate common hypothesis parameters xi, yi and ρi. Furthermore, unlike decentralized
filters [25], the single state-vector-parameterization of nodes used in [26] allows the cross correlations between185

landmarks to be taken into account.
However, as in RO-SLAM the number of hidden variables to be estimated increases with the dimension-

ality of the problem, for the case of 3D RO-SLAM, it is necessary to increase the state vector of landmarks to
estimate not only the azimuth angle of the landmark but also the elevation angle (see Fig. 1). A straightfor-
ward extension of previous polar parameterizations into spherical parameterization would consist of using190

a single GMM with multivariate Gaussian modes. Each mode would represent a single hypothesis with
azimuth angle θi and elevation angle φi. Then, the 3D state vector of a range-only landmark with Cartesian
(2) and the spherical (3) parametrization described would be:

fi = [xi1, yi1, zi1, xi2, yi2, zi2, ..., xiH , yiH , ziH ]T (2)

fi = [xi, yi, zi, ρi, θi1, φi1, θi2, φi2, ..., θiH , φiH ]T (3)

Hence, the required number of parameters per landmark with a 3D Cartesian parameterization (2) would
be 3n whereas with a spherical formulation using a single GMM (3) it would be 4+2H, being H the number195

of hypotheses.
The reduced parameterization proposed by authors of this paper in [27] is based on a generalization

of the spherical parameterization (3), which makes it suitable for different dimensionalities. This reduced
parameterization, instead of representing all hypotheses with a single GMM, uses one GMM per hidden
variable (i.e. in RO-SLAM, one GMM for each bearing parameter). Thus in the case of 3D RO-SLAM,200

hypotheses used to cover the spherical shell distribution shown in Fig.3 are parameterized using 3 parameters
for the center [xi, yi, zi]

T , another for the radius of the sphere ρi, N parameters to represent the azimuth
angle samples (modes of the first GMM θ) and M parameters for elevation angle samples (modes of the
second GMM φ). Thus, the number of parameters used for a landmark in 3D RO-SLAM would be 4+N+M ,
making the total number of hypotheses H = N ×M . In the case of 2D RO-SLAM, it would just use one205

GMM for the azimuth angle as in [26] with 4 +N parameters.
Then, for 3D parameterization, the complete state vector of a landmark i using this reduced parameter-

ization would be:

fi = [xi, yi, zi, ρi, θi1, ..., θiN , φi1, ..., φiM ]T (4)

Table 1 and Fig. 4 show a comparison in the number of parameters required to represent the spherical
shell distribution shown in Fig. 1 with the 3D Cartesian, the single-GMM spherical and the reduced param-210

eterization for different number of hypotheses. As can be seen, for example, to represent 1024 hypotheses
3072 parameters are needed in the case of 3D Cartesian, 2052 in the case of the single-GMM spherical and
only 68 parameters with the proposed reduced parameterization (4 plus 32 azimuth + 32 elevation angles
- Sect. 3 shows the details of state initialization).

However, the reduction of parameters in the reduced spherical parameterization limits the distribution of215

the hypotheses, i.e. while the azimuth and elevation samples are distributed uniformly on the range 0− 2π,
the joint hypotheses distribution is not uniformly distributed. So, a good covariance should be used for
the azimuth and elevation angles for each Gaussian to cover the entire spherical shell distribution of the
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Figure 3: Reduced parameterization for 3D RO-SLAM: The combination of the GMM used for the azimuth angle with the
GMM used for the elevation angle represent the set of hypotheses used to model the spherical shell distribution.
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Table 1: Comparison of different parameterizations for 3D RO-SLAM.

#Hyp\#Params 3D Cart. Spherical Reduced

4 12 12 8

32 96 68 16

64 192 132 20

512 1536 1028 50

1024 3072 2052 68

landmark position. The way in which these covariance matrices should be computed during the initialization
stage of a landmark will be shown in the following section.220

3. EKF-based 3D RO-SLAM

Most SLAM implementations, like visual SLAM (or bearing-only SLAM), tend to be more efficient when
using a FastSLAM approach. This SLAM scheme is based on the Rao-blackwellization of the map and robot
belief which makes an independence assumption between landmarks. However, although RO-SLAM might
also be implemented with a FastSLAM making the same independence assumption, the high constraints225

introduced by inter-landmark observations in RO-SLAM are better modeled using an EKF. Hence, this
paper uses a multi-hypotheses approach which integrates Gaussian Mixture Models (GMM) in an undelayed
EKF-SLAM scheme based on [26] approach.

EKF-SLAM gathers the robot and landmarks parameters in a single state vector, using the covariance
matrix to represent the cross correlations between robot and landmarks. The state vector of the proposed230
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EKF-SLAM for 3D RO-SLAM is composed of the following parameters:

xt = [xtr, f
t
1, f

t
2, . . . , f

t
m]T (5)

where xtr is the robot state which follows a unimodal Gaussian distribution (e.g. xtr = [xtr, y
t
r, z

t
r]
T ) and f ti

is the landmark i multi-modal Gaussian state.
The Extended Kalman Filter is based on the Markov independence assumption to implement the Gaus-

sian bayesian filter used to compute the belief:235

bel(xt+1) = p(zt+1|xt+1)

∫
p(xt+1|xt,ut+1)bel(xt)dx (6)

where ut+1 is the last system action and zt+1 the last range-only observation. In the case of EKF, the
prediction stage of bayesian filter is based on a marginalization of the current next state x̂t+1 with respect
last action ut+1 and previous state xt. Later, when the system receives new range-only observations zt+1,
it computes the belief by computing the conditional probability p(xt+1|zt+1). The EKF equations for
marginalization are formalized in the following expressions:240

x̂t+1 = g(xt,ut+1) (7)

P̂t+1 = GPtGT + R (8)

where G is the Jacobian of the non-linear robot dynamic model g(xt,ut+1) and R is the noise matrix of
the robot dynamic model. In this paper we will not focus on the prediction phase since any robot dynamic
model used for other SLAM approaches can also be used for RO-SLAM, like the quadrotor dynamic model
described in [41].

The update stage algorithm for the proposed RO-SLAM approach is summarized in Fig. 5. In the first245

step of this flow chart the reader may notice that range-only observations are pre-filtered before passing
them to the EKF-SLAM framework. This pre-filtering is highly recommended to filter range-only outliers
which might lead to EKF divergences. In this paper the pre-filtering technique described by authors of this
paper in [38] is used, though other techniques might also be applied, like the one proposed in [24]. The other
steps of the flow chart shown in Fig. 5 are detailed in the following subsections.250

3.1. Landmark initialization

For initialization of new landmarks this paper proposes an adaptive scheme which adapts to the first
range-only observation received at the current robot position. Thus, only range measurements between the
robot and one landmark are considered for initialization as shown in Fig. 5. Landmarks located further than
a certain distance threshold should be discarded to reduce the computational load, as range information255

worsen with distance normally.
New landmarks are initialized when the first range-only observation ri is received by the robot from a

landmark i. With this observation ri and the current position of the robot xr, the parameters of (4) are
initialized as:

xi = xtr (9)

ρi = rti (10)

θij =
2πj

N
− π j = 1, . . . , N (11)

φij =
πj

M
− π(M + 1)

2M
j = 1, . . . ,M (12)

where xi = [xi, yi, zi] is the robot position at the time the range-only observation ri is received.260

With (11) and (12), N azimuth and M elevation Gaussian modes are uniformly distributed within ranges
(-π, π] and (-π/2, π/2) respectively. However, the number of modes required to distribute all hypotheses in
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Figure 5: Flow chart describing the update stage of the proposed RO-SLAM algorithm upon receiving range measurements.

the spherical shell distribution depends on the radius of the sphere ρi and a desired density of hypotheses d
(in practice d = 0.18 gives good results). Thus, the appropriate number of azimuth and elevation modes for
both GMMs to cover the spherical shell distribution shown in Fig.1 might be computed from H∗ = 4πr2i d as265

H∗ = N ×M . Then, as hypotheses should be distributed with a spherical shell distribution, the number of
elevation samples required are M = N/2 and hence the number of azimuth samples can be computed from
the last two expressions as N = d

√
2H∗e. With this initialization strategy, the actual number of hypotheses

generated is H = N ×M ≥ H∗.
The next step is to initialize the covariance matrix of each Gaussian mode and their associated weights,270

ωθin and ωφim
. As both GMMs should approximate a uniform distribution around either the azimuth and

elevation space, the values of ωθin and ωφim
are easily initialized as ωθin = 1/N and ωφim

= 1/M .
The standard deviation of each variable of the state vector fi is initialized as follows. The covariance

matrix of parameters xi, yi and zi is initialized using the current covariance of the robot position. The
variance of ρi is initialized using the standard deviation of the range measurement as σ2

ρi = σ2
ri . Cross275

correlations with this variable are set to 0. Finally, the standard deviation of each Gaussian mode θin
and φim is identically initialized for each GMM according to the following expressions, setting initial cross
correlations to 0:

σθin =
2π

kθN
n = 1, . . . , N (13)

σφim =
π

kφM
m = 1, . . . ,M (14)

where values kθ and kφ of the expressions (13) and (14) are proportional factors computed using the Kullback-
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Figure 6: Experiments performed for the optimal selection of kθ and kφ factors. In (a) and (c) the Y axis represents the
Kullback-Leibler divergence factor and the X axis represents the standard deviation used for each simulated GMM. Each series
represents the simulation for a fixed number of modes in the GMMs. (b) and (d) shows an example of the GMM generated
using the optimal values of Kθ and Kφ respectively. The combination of both GMM, (b) and (d), gives the uniform spherical
shell distribution for a range measurement r = 5m received at coordinates [0, 0, 0].

Leibler (KL) distance between a Gaussian Mixtures and a target uniform distributions for θi and φi variables.280

The KL divergence factor is a statistic which comes from information theory and measures the amount of
additional information that is required to model a target distribution (in this case the uniform distribution)
given a proposal distribution (in this case a Gaussian Mixture). However, this statistic does not have a closed
form for Gaussian Mixtures, hence a Monte Carlo sampling method [42] can be used to get an approximation
of this statistic. When comparing two probability distributions, the best fit is that which has a information285

divergence (KL distance) equal to 0. Then, kθ and kφ were computed from a set of simulations where
different Gaussian Mixtures with different number of modes were used to model a uniform distribution over
(-π, π] for kθ and (-π/2, π/2) for kφ. For each Gaussian Mixture with k modes, different standard deviations
were tested to initialize each mode of the Gaussian Mixture. The standard deviations which had the KL
distance closest to 0 were selected as the optimal deviation for a given Gaussian Mixture with k modes.290
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These values are marked with circles in Fig. 6a and Fig. 6c. The selected standard deviations were used
to get the mean value of kθ and kφ using the expressions (13) and (14). The results of these experiments
are depicted in Fig. 6a and Fig. 6c, where the X axis represents the different standard deviations used for
each Gaussian Mixture with k modes and the Y axis represents the KL distance. The values that gave the
best fit were kθ = 1.7 and kφ = 2.5. Fig. 6b and Fig. 6d shows an example of the GMM generated for a295

range measurement of r = 5m received at position [0, 0, 0] using the initialization strategy explained in this
section and proportional factors kθ and kφ. The combination of both GMMs, Fig. 6b and Fig. 6d, results
in a uniform spherical shell distribution.

3.2. EKF and weights update

This section focuses on the correction stage of the EKF for range-only observations. The correction stage300

of a EKF computes the conditional probability p(zt+1|x̂t+1) using the following common EKF correction
equations:

xt+1 = x̂t+1 + K(zt+1 − h(x̂t+1)) (15)

Pt+1 = (I−KH)P̂t+1 (16)

where K is the Kalman gain computed as K = P̂t+1HT (HP̂t+1HT + Q)−1, and H is the Jacobian of the
observation model h(xt).

In this section only robot to landmark i observations (denoted as ri) are considered, the next subsection305

will detail the correction scheme for range-only observations between two static range-only sensors u and v
(denoted as ruv).

Once a landmark fi has been initialized using the first range-only observation, new observations ri are used
to correct the state vector of the EKF and the weights of GMMs for landmark i. Classical multi-hypothesis
approaches use one correction equation per hypothesis (i.e. N ×M equations) using Federated Information310

Sharing approach [1, 26, 27]. This approach is referenced here as Full Hypotheses Correction (FHC).
In the authors’ previous work [27], a correction scheme is proposed which reduces the required number of
correction equations from N×M to N+M with respect to classical FHC approaches, this method is referred
to here as Multi-Hypotheses Correction (MHC). This correction scheme reduces the computational
load of the innovation (or residual) matrix inversion in EKF, the dimensionality of which depending on the315

number of correction equations. In this paper, this correction scheme is improved with a small reduction
of accuracy to a single correction equation using a novel technique which the authors have called Gaussian
Mixture Correction (GMC). By using this technique, the inversion of the innovation matrix becomes a scalar
inversion when receiving a single range measurement at time t. The technique consists on the integration of
the complete GMMs in the correction equation by using the expectation of each Gaussian Mixture, so the320

weights of the GMMs are taken into account as constant variables when correcting the landmark hypothesis
states. The expectation (or overall mean) of a Gaussian Mixture GMM with k Gaussian modes N (µi, σi)
is computed as [43]:

E[GMM ] =

k∑
i=1

ωiµi (17)

Using GMC in 3D RO-SLAM is as easy as using the expectation of the azimuth E[θi] = θi and elevation
E[φi] = φi GMMs in the non-linear observation model of range measurements. The integration of expecta-325

tions θi, φi in the range-only observation model for the linearization point x = [xr, yr, zr, xi, yi, zi, ρi, θi, φi]
can be formulated as:

h(x) =
√
δ2x + δ2y + δ2z (18)
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where δx = (xfi − xr), δy = (yfi − yr), δz = (zfi − zr) and xfi , yfi and zfi stand for:

xfi = xi + ρicos(θi)cos(φi)

yfi = yi + ρisin(θi)cos(φi)

zfi = zi + ρisin(φi)

(19)

Notice that the use of this observation model for 2D RO-SLAM, in contrast to the MHC method used
in [26], is similar to 3D RO-SLAM but omits altitude terms z and with a fixed elevation value φi = 0 in330

(18) and (19).
With this correction scheme, it is no longer necessary to split the variance of the range measurement

among multiple equations using Federated Information Sharing approach. In general, including the weights
of GMMs in the observation model h(x) makes it more informative than MHC method, allowing a faster
convergence in the filter. With GMC approach all hypotheses are equally affected when they are uniformly335

distributed (i.e. all hypotheses have the same weight) but, as the weights are updated, those hypotheses
with higher likelihood are favored, making the whole GMMs converge to the most probable hypotheses.
GMC not only reduces the computational load required in the correction stage of multi-modal observation
models but also eases the implementation of multi-hypothesis solutions with respect other similar methods
in the literature.340

However, the efficiency and simplicity of this correction scheme comes at expense of a possible initial
reduction in the accuracy of the correction scheme with respect to other approaches. This small loss of
accuracy only happens in those cases where the initial GMM distributions make the Jacobian (18) lineariza-
tion point be far from the actual position of the landmark since this linearization point is computed as
the expectation value of each GMM. However, as will be shown later, this correction scheme compensates345

this loss of accuracy by accelerating the convergence time of hypotheses with respect to other approaches
and hence makes the linearization point converge to the real landmark position with only a few range-only
observations.

After the EKF state has been corrected, the weights ωθin and ωφim
of both GMMs must be updated

according to the current distribution of p(ri|xt+1
r ,xt+1

i , ρi, θi, φi). However, ωθin and ωφim
depends on the350

following marginal probabilities:

ωt+1
θin

= ωtθinp(r
t+1
i |xt+1

r ,xt+1
i , ρt+1

i , θtin) (20)

ωt+1
φim

= ωtφim
p(rt+1

i |xt+1
r ,xt+1

i , ρt+1
i , φtim) (21)

To compute these marginal distributions, this paper propose to use the following equations based on an
independence between landmark parameters as in [27] but using the Total Probability Theorem for dis-
crete random variables [30]. This method is referenced along this paper for comparison purpose as Total
Probability Update (TPU):355

p(ri|xr,xθin) =

M∑
m=1

p(ri|xr,xθin , φim)p(φim) (22)

p(ri|xr,xφim
) =

N∑
n=1

p(ri|xr,xφim
, θin)p(θin) (23)

where xθin = [xi, ρi, θin], xφim
= [xi, ρi, θim], p(θin) = ωtθin and p(φim) = ωtφim

. Conditional probabilities
p(ri|xr,xθin , φim) and p(ri|xr,xφim

, θin) are evaluated as Gaussian distributions, with mean computed with
(18) for each hypothesis composed by θin and φim modes, and variance σ2

ri .
TPU has the same computational complexity as the method proposed in [27], which is referenced in

this paper as Maximum Likelihood Update (MLU). The difference with MLU, is that TPU considers the360

complete multi-modal distribution of the azimuth and elevation angles instead of using the most probable

12



Gaussian mode, making the method more robust against noisy measurements. The main advantage of
considering azimuth and elevation samples as independent variables is that the weights of these parameters
can be stored with a storage complexity O(N + M) against the storage complexity required to store each
joint hypotheses weight O(N×M). The reduced spherical parameterization proposed in this paper might be365

used with the weights update strategies MLU and TPU. However, as neither the reduced parameterization
nor the new GMC observation model imply an independence between azimuth and elevation angles, the
parameterization might also be used with classical update strategies used in the literature by storing the
joint hypotheses weights instead of storing the weights of azimuth and elevation samples independently.

3.3. Inter-node range-only observations370

Previous paragraphs have described the observation model employed to correct the EKF state using robot
to landmark range-only observations. However, as Fig. 5 shows, there are two additional types of range-only
observations, namely those measured between static landmarks (also called inter-node observations), i.e.
those generated from one anchor (range-only sensors which position is given) to one landmark and those
generated between 2 landmarks (also called inter-node range-only observations).375

For the case of anchor-landmark range-only observations rAiu, the observation model of these measure-
ments is quite similar to (18) but with δx = (xfi − xAi

)2, δy = (yfi − yAi
)2 and δz = (zfi − zAi

)2. Thus, in
this case, as the robot state vector xr is not used, and xAi is not part of the state vector, the first terms of

jacobian relating to the robot position would be ∂h(x)
∂xr

= 0. On the other hand, the conditional probability
used to update the weights of the GMMs are no longer conditionally dependent on the robot position but380

on the fixed position of the anchor xAi
and will be computed again using TPU:

ωt+1
θin

= ωtθinp(r
t+1
i |xAi , x̂

t+1
i , ρt+1

i , θtin) (24)

ωt+1
φim

= ωtφim
p(rt+1

i |xAi
, x̂t+1
i , ρt+1

i , φtim) (25)

In the case of inter-landmark range-only observations ruv, this paper proposes to use (18) but with
δx = (xfu − xfv )2, δy = (yfu − yfv )2 and δz = (zfu − zfv )2.

The probability distribution functions employed to update the weights of both landmarks’ GMMs are:

ωt+1
θun

= ωtθun
p(rt+1

uv |f t+1
v ,xt+1

u , ρt+1
u , θt+1

un ) (26)

ωt+1
φum

= ωtφum
p(rt+1

uv |f t+1
v ,xt+1

u , ρt+1
u , φt+1

um ) (27)

ωt+1
θvn

= ωtθvn
p(rt+1

uv |f t+1
u ,xt+1

v , ρt+1
v , θt+1

vn ) (28)

ωt+1
φvm

= ωtφvm
p(rt+1

uv |f t+1
u ,xt+1

v , ρt+1
v , φt+1

vm ) (29)

In this case, conditional probabilities of (26)-(29) are again computed using Total Probability Theorem over385

variables φum, θvn and φvm for (26), variables θun, θvn and φvm for (27), variables φvm, θun and φum for
(28) and variables θvn, θun and φum for (29).

The update of landmarks’ GMMs weights might be computationally expensive in cases of inter-landmark
observations when these landmarks contains a high number of hypotheses, however, in practice, as landmarks
are static, this observations can be integrated in the EKF at a low frequency to avoid filter overconfidence390

regarding the landmarks positions. On the other hand, as will be shown during experimental validation,
inter-landmark observations, together with robot-landmark measurements, make the hypothesis convergence
faster. Thus, once landmarks converge to a single hypothesis, the application of (26)-(29) is as expensive as
integrating a range measurement between two positions, situation in which the weights do not need to be
updated.395

3.4. GMMs Reduction

As in other multi-hypothesis methods, it is highly recommended to prune hypotheses as they become
less probable or merge those similar. This reduction lowers the computational burden of multi-hypothesis
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methods which, in this case, only affects the length of the state vector but not the correction stage of the
EKF as commented above. The heuristics used in this paper to reduce the number of modes of one GM are400

based on the following rules:

• If a mode weight ωij is lower than a certain threshold δth then, the mode j is pruned. The threshold
used here is δth = 10−11/k, where k is the current number of modes in the Gaussian Mixture. The
value 10−11 has been selected experimentally looking for a trade-off between accuracy and efficiency.

• The second rule is used to merge similar modes. Two modes of the same GM are merged if their405

relative arc distance ρi|αin − αim| is bellow a certain threshold δd (in practice δd = 0.25m gives good
results), here αij represents two different modes of a single Gaussian Mixture (the azimuth or the
elevation GMM). In order to merge two similar modes, this section use the moment-preserve merge
procedure explained in [43] because, as its name suggests, it preserves the overall moment of the
Gaussian Mixture when merging two modes as compared to other methods [26, 27] which prune the410

one with lower weight without preserving the overall moment.

As might be noticed, as a consequence of the reduced parameterization proposed here, after pruning
a Gaussian mode θin from the θi GMM, actually M full hypotheses are pruned from the spherical shell
distribution (in the same way, N full hypotheses are deleted when pruning a mode φim).

4. Results415

This section is aimed at validating the different contributions of the RO-SLAM algorithm presented in
this paper. First, some simulations are used to compare the map scalability, the observation models and the
weights update strategies with respect to state-of-the-art RO-SLAM approaches. As the reader may notice,
there is not too much work on online 3D RO-SLAM, so the classical 3D RO-SLAM algorithms described
above have been implemented in ROS framework for comparison purposes. On the other hand, the results420

on a real dataset will be compared with a previous algorithm by the authors [27] based on MHC and
MLU. Finally, a comparison of RO-SLAM accuracy with and without inter-node range-only observations is
presented using simulated and real experiments. A video for one of the real experiments described below
is available (see Fig.9) showing the results of the algorithm described in this paper on indoor environments
(FADA-CATEC testbed shown in Fig.9a) with a real aerial robot.425

The methods presented in this paper and other state-of-the-art algorithms have been implemented in
C++ using the Robot Operating System (ROS) framework. During simulations, the simulated aerial robot
used is based on the hector model from one of the ROS packages. Simulated range-only sensors are based
on the characterization of range-only sensors used for real experimentation. These sensors are radio-based
range-only sensors (also called nodes) with a 0 mean error with standard deviation of 0.5 meters at 70Hz,430

which is similar to the characteristic of the range measurements generated by a real Nanotron range sensor
as shown in Fig.7b. Typically range measurements are limited to a maximum distance as the number of
outliers increase linearly with the distance between the range-only sensors as it is shown in Fig.7a.

During the real experiments, a Pelican quadcopter from Asctec was used with an onboard radio-based
range-only sensor (base node) from Nanotron [44] (see Fig. 9c). It is well-known that precise odometry is435

complex in aerial robots and hence, in order to localize the robot during these experiments, a set of static
sensor nodes with known position (anchors) were used to localize the robot. Some aerial robots use visual
odometry to cope with this problem [45]. In this paper, anchors allow the aerial robot to be localized by
multilateration of the robot position by using range measurements taken from the robot to the anchors. Even
though a precise prediction model might improve the results of the experiments presented in this paper, a440

simple prediction model has been implemented for these experiments which just increases the variance of
robot parameters with a very small value at a high frequency. At least 4 anchors are required to estimate
the three-dimensional position of the aerial robot. The range-only sensor is based on a development board
and has the following characteristics:

• General purpose ATMega 1284P microcontroller at 20MHz.445
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Figure 7: Nanotron range-only sensor characterization for indoor environments: (a) sensor characterization (b) error histogram.

• Radio transceiver 2.4 GHz ISM band. Up to 20dB transmission power.

• Ranging accuracy of 2 m indoors / 1 m outdoors.

• 128KB flash memory for programs and retrieved data.

• Distance measurements computed with the SDS-TWR method, based on the ToF method but without
needing any clock synchronization between nodes.450

An example of the pre-filtering [46] results for range-only observations between robot (node 25) and node
6 is shown in Fig.8 for a Nanotron radio-based range-only sensor in a real indoor experiment. The results of
the pre-filtering method are compared with the real distance between nodes 25 and 6. The real distance of
mobile node 25 is measured using the ground truth of the robot and the static node 6. Both ground truths
were measured using a VICON motion-tracking system (see Fig. 9b). This figure shows how this filter not455

only smooths the raw range-only observations (blue line) but also rejects most range outliers. With this
pre-filtering method, the filtered range-only observations (red line) get closer to the real distance measured
between nodes 25 and 6 (green line).

Additionally, to complement the poor trilateration of the aerial robot altitude, the onboard barometric
altimeter of the Pelican was used, including the estimation of the altimeter bias in the EKF (the equations460

of the altimeter bias have been omitted because it is out of the scope of this paper). The simulator generates
altitude measurements with a mean error biased throughout the time of the experiment and with a standard
deviation of 20mm at a frequency of 20Hz (similar to the barometric barometric altimeter sensor used in
real experiments).

4.1. Simulation results465

Simulation results are mainly used for comparison purposes between the proposed method and other
methods in the literature. The first experiments compare the scalability and accuracy of the proposed
reduced spherical parameterization (or RSP) against other classical parameterizations. Later, the GMC
observation model is compared with other models based on Federated Information Sharing. The indepen-
dence assumption made between azimuth and elevation parameters in MHU and TPU strategies will be470

validated by comparing the results with the common joint hypothesis weight update strategy where azimuth
and elevation parameters are considered as dependent random variables. As the main objective of these
experiments is to evaluate the mapping algorithm proposed for RO-SLAM, during simulation experiments
the position of the robot is given to avoid mapping errors coming from a bad localization of the aerial robot.
Real experiments will evaluate the complete SLAM approach showing localization and mapping results.475
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4.1.1. Map scalability

The scalability is validated using different simulations for up to 50 landmarks randomly distributed in
a region of 30 x 30 x 10 meters comparing the computational complexity and accuracy of the mapping
approaches using the large spherical parameterization (LSP) extended from [26], the 3D Cartesian parame-
terization used in [37] and the reduced parameterization proposed in [27].480

In Fig. 4 (shown above) a large improvement in the amount of parameters required to estimate the same
number of hypotheses with respect to other classical EKF representations was demonstrated. As stated
in [30], it is well known that the computational complexity of the EKF framework is directly related with
the number of parameters, thus the reduction of the state vector implies an improvement in the EKF-SLAM
framework. This theoretical results on computational complexity are validated with the simulation results485

shown in Fig. 10a. This figure shows the maximum processing time spent during the correction stage of the
EKF, i.e. during computation of equations (15) and (16). The maximum processing time is used since in
most of the cases it coincides with the case of a maximum number of parameters in the state vector. On the
other hand, Fig. 10b shows the average mapping error for different number of beacons. As can be seen, the
mapping error is approximately the same for all parameterizations but a clearly computational complexity490

reduction is shown in the case of the reduced parameterization shown in Fig. 4. Another characteristic of
the mapping error is how it increases with the number of landmarks which is mainly related with a reduced
convergence time of the solution due to the inter-landmark correlations introduced by EKF.

In this case, the scalability is studied with the number of landmarks (or beacons). However, the same
results might be reached by using just one beacon and increasing the initialization distance or the density495

of hypotheses d.

4.1.2. Observation model

The following simulations are aimed at comparing classical observation models used in centralized EKF-
SLAM approaches based on Federated Information Sharing [1, 26, 27] (FHC or MHC methods) with the
observation model proposed here (GMC). As there is no open implementation of FHC method for 3D500

RO-SLAM, this method has also been implemented in C++ along with MHC and GMC methods for the
sake of method comparison and benchmarking. For all these observation models the proposed reduced
spherical parameterization is used to demonstrate how this parameterization can also be used with classical
observation models. In this case, the results are compared against different initialization densities d (i.e.
different number of hypotheses per beacon) and with a fixed number of 10 beacons. The idea is to compare505

the processing time with a larger number of correction equations in the observation model and also with a
different number of parameters in the state vector.
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Figure 9: Setup used for indoor real experiments: (a) FADA-CATEC indoor testbed (b) anchors used for localization and
VICON system used for groundtruth (c) Pelican aerial robot from Asctec (d) 3 bars with 6 embedded beacons. Video available
at http://grvc.us.es/staff/caba/share/video.mp4

As shown in equation (16), the computational burden on the inversion of the innovation matrix depends
on the number of correction equations whereas the rest depends on the number of parameters in the state
vector. Fig. 11a shows the processing time taken not only in the correction stage of the EKF but also in510

computing the matrices of the range-only observation model (Jacobian, noise matrix, etc). The figure shows
a quadratic increase for FHC due to the quadratic dependence with the number of azimuth and elevation
angles while the other models are more linear. In the case of GMC the linear increment on the processing
time is because of the increment in the number of parameters on the state vector. MHC depends not only on
the number of parameters to model all hypotheses but on the number of correction equations used. On the515

other hand, Fig. 11b shows GMC has a faster convergence rate for reaching a single hypothesis compared
to the other models coming at the expense of the worst mapping error as shown in Fig. 11c. As this last
figure shows, the mapping error decreases as the density of hypotheses increases during initialization phase.
This decrease is lower for FHC and higher for MHC.

4.1.3. Weights update520

Despite the convergence time of beacons depends very much on the observation model implemented
(FHC, MHC or GMC), it is mainly related with the strategy used to update the weights of GMMs. The
correction strategies MHC and GMC can be combined with different methods used to update the weights
of GMM (e.g. MHC with MLU or MHC with TPU, etc). However, as MLU and TPU are based on the
assumption that azimuth and elevation angles are independent, the classical Cartesian and LSP parameteri-525

zations are not suitable for these update strategies. On the other hand, as the reduced parameterization does
not impose an independence between beacon parameters, this parameterization and the GMC observation
model proposed here can be still used with the classical approach used to update the weights of hypothe-
ses at expenses of a higher memory consumption. The following experiments compare the classical Full
Hypotheses Update (FHU) strategy used in the literature [47, 26, 1] for dependent azimuth and elevation530

parameters with the methods proposed by authors of this paper, Most Likely Update (MLU) and Total
Probability Update (TPU). In these experiments 10 beacons are used and the observation model used in
these experiments is GMC.

In this case, the results are also compared against different hypotheses densities d to check the update
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Figure 10: Comparison of the processing time and mapping error for the proposed Reduced Spherical Parameterization (RSP),
the Large Spherical Parameterization (LSP) and the classical Cartesian parameterization: (a) EKF correction stage maximum
processing time, (b) averaged mapping error.

processing time and the hypotheses convergence for the different strategies with a larger number of hy-535

potheses per beacon. The processing time measured is the time used to update the weights of the Gaussian
Mixtures plus the processing time taken by the prune strategy explained above.

As Fig. 12 there is not much difference between FHU and TPU methods and both have better perfor-
mance than MLU. However, TPU tends to be the most efficient in terms of processing time and memory
consumption. FHU consumes an amount of memory quadratic in the number of azimuth and elevation angles540

as explained above due to the dependence assumption made between landmark parameters. Additionally,
the independence assumption does not seem to affect the accuracy of the mapping results when using either
MLU or TPU.

4.2. SLAM accuracy

For real experimentation, 6 beacons embedded in 3 bars (2 beacons per bar) were used as shown in545

Fig. 9d. In this experiment, only MHC and GMC observation models are compared using MHC with MLU
as the RO-SLAM algorithm presented in [27] against the algorithm proposed in this paper using GMC
with TPU. The results obtained with this real dataset are shown in Fig. 14. The averaged localization
error is 0.54 meters and the averaged mapping error is 0.6 meters with an averaged horizontal error of 0.14
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Figure 11: Comparison of (a) the processing time, (b) hypotheses convergence time and (c) averaged absolute mapping error
for 10 beacons, different number of hypotheses and different range-only observation models.

meters for the MHC method, whereas for the GMC method the localization error is 0.54 meters and the550

averaged mapping error is 0.58 meters with an averaged horizontal error of 0.2 meters. Figure 13a shows
the localization results for GMC (the MHC results are similar). As shown in Fig. 15 with a red line, 75%
of the time the localization error is below 0.6 meters when not using inter-node range-only observations.
Furthermore, as Fig. 13b shows with a green dashed line, the localization estimation shown in blue is always
within the 3σ variance interval with respect the ground-truth of the aerial robot shown with a red line. As555

can be seen, the vertical error (Z axis) is higher than horizontal axis. The trilateration of the altitude is
affected by this lack of movement and distribution of sensors position along this axis on tis real experiment.

Mapping error is shown in Fig.14a for MHC and in Fig. 14b for GMC. In this case, as it was an indoor
experiment, the aerial robot only could fly in a range of 1.5-3 meters which is why the mapping error
presents a higher vertical mapping error. This is specially notable in the case of beacon 22 because of a lack560

of observability in the beacon altitude. Again, the SLAM results are quite similar in both methods with a
mapping error below 0.5 meters but with a reduced computational complexity in the case of GMC.

4.3. Inter-node range-only observations

This section validates the observation model for inter-node range-only observations in the EKF-SLAM
framework described above. The same synthetic and real datasets used before are reused now but inter-565
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landmark observations are integrated. Inter-landmark measurements rij are filtered so that they are inte-
grated in the filter at a frequency of 0.1Hz for the same pair of sensors i and j. This is necessary to reduce
redundant information which can lead to overconfident estimations. In this case, the method employed for
correction stage of the filter and to update the weights of hypotheses are GMC and TPU respectively.

The localization error using inter-node observations in the case of the synthetic dataset for 20 beacons570

goes from 0.63 meters to 0.49 meters, whereas in the case of real experiments the localization error goes
from 0.54 meters to 0.49 meters. The cumulative localization error in Fig. 15 shows how the localization
error throughout the whole experiment is reduced when inter-node range measurements are used. This
reduction in the localization error is a direct consequence of the reduction in the mapping errors but also
in the convergence time. It should be noted that, while a beacon does not converge, the corrections related575

with its observations are less precise due to the amount of hypotheses of the beacon.
On the other hand, in Fig. 16 can be seen how inter-node range measurements reduce the mapping error

by more than 45% for simulation and more than 6% for real experimentation. The convergence time is also
reduced with inter-node observations as shown in Fig. 16e and Fig. 16f in more than 55% in simulation and
more than 60% in real experimentation. The X axis represents the time stamps of the experiment and the580

Y axis the number of beacons which have converged to a single hypotheses. The blue line corresponds to the
convergence time using inter-node range measurements whereas the red line corresponds to the convergence
time without using inter-node range measurements. This reduction of the convergence time is dependent
on the frequency at which inter-node observations are integrated in the filter. Simulations performed at
different inter-node observation periods have shown that higher frequencies leads to faster convergences but585

may reduce filter stability.

5. Conclusion

This paper has presented a Range-only SLAM approach applied to aerial robotics based on the integration
of Gaussian Mixtures in a EKF with undelayed initialization. RO-SLAM poses significant technological
challenges with respect to other SLAM schemes because of the rank-deficiency of range-only observations590

which leads landmarks position to a spherical shell uniform distribution.
The RO-SLAM algorithm proposed in this paper inherits the advantages of the reduced parameterization

presented by authors in [27] and improves the correction stage of the EKF with a novel technique which
only requires a single correction equation. This observation model not only improves the computational
requirements of the correction stage but also reduces the convergence time of hypotheses. Furthermore, the595

paper presents an improved scheme to update the weights of hypotheses which is based on the same inde-
pendence assumption between landmark parameters made in [27] but presents better robustness, processing
times and convergence and accuracy. Finally, the additional integration of range-only observations between
static range sensors reduces the convergence time of hypotheses and improves the precision of mapping and
localization errors up to a 60%.600

The paper also benchmarked the proposed 3D RO-SLAM approaches with other state-of-the-art algo-
rithms:

1. three different parameterizations of landmark positions: Classical Cartesian parameterization [47], the
extended spherical parameterization [26] and the proposed reduced spherical parameterizations.

2. three different observation models: one based on classical Federated Information Sharing (FIS) [1],605

an extended version of FIS previously presented in [27], and the novel GMC model proposed in this
paper.

3. three different strategies to update the weights of hypotheses: classical strategy employed in [47, 26],
an improved version previously presented in [27], and the robust strategy proposed in this paper.

As there are no open-access implementations for centralized EKF 3D RO-SLAM, the authors imple-610

mented the classical and proposed approaches to compare the performance and accuracy of the methods.
Future work will be focused on the use of other filtering schemes like unscented Kalman filter for lin-

earization problems or Information filters for scalability improvements, in order to compare the advantages
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and disadvantages of these filters. The authors are also working on multi-SLAM and active perception
approaches which takes advantage of the reduced parameterization and the efficient correction approach615

presented in this paper. Finally, some recent methods for odometry estimation based on optical-flow with
UAVs [48] will be studied for the predictive stage of the filter.
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Figure 12: Comparison of (a) the processing time, (b) hypotheses convergence time and (c) averaged absolute mapping error
for 10 beacons, different number of hypotheses and different weights update strategies.
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Figure 13: Localization results for real dataset: (a) absolute localization error in blue and RMS error in red using GMC, (b)
localization error with GMC along X, Y and Z axis. In (b) the blue continuous lines are estimates, the groundtruth is drawn
with a red continuous line and the 3σ variance interval is drawn with a green dashed line. Localization errors are virtually the
same for MHC.
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Figure 14: Mapping results for real dataset: (a) mapping results with MHC method and (b) mapping results with GMC method.
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Figure 15: Cumulative distribution function of localization errors with (blue line) and without (blue line) inter-node range
measurements for real dataset.
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Figure 16: Experiments with inter-node range measurements: (a) simulation with 20 beacons and without inter-node observa-
tions, (b) real experiment without inter-node observations, (c) simulation with 20 beacons and inter-node observations, (d)
real experiment with inter-node observations, (e) convergence time of beacons with (blue line) and without (red line) inter-
node observations in synthetic dataset and (f) convergence time of beacons with (blue line) and without (red line) inter-node
observations in real experimentation.
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